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ABSTRACT. We examine the circumstances under which certain analytic
equivalence relations on Polish spaces have definable transversals.

1. INTRODUCTION

Suppose that X is a Polish space and F is a ] equivalence relation on X. A
transversal of E is a set B C X which intersects every equivalence class of E in
exactly one point. Our goal here is to provide some insight into the circumstances
under which E admits a definable transversal.

A reduction of E to another equivalence relation F' on a Polish space Y is a
function 7 : X — Y such that

Vai,z9 € X (.’ElEZ'Q ~ 7T(£L’1)F7T(.’E2)).

An embedding is an injective reduction. Given a pointclass I' of subsets of Polish
spaces, we write ' <p F' to indicate the existence of a I'-measurable reduction of £
to F', and we write ¥ Cr F to indicate the existence of a I'-measurable embedding
of F into F. Following standard convention, we use the subscripts ¢ and B as
shorthand for the classes of open and Borel sets in Polish spaces, respectively.

The diagonal on a Polish space Y is given by

AY) ={(y1,92) €Y XY 1 y1 = y2}.

We say that E is I'-smooth if E <p A(NY). We say that E is smooth if it is Borel
smooth. From the descriptive set-theoretic point of view, these are the simplest
equivalence relations. Let Ey denote the equivalence relation on 2V given by

aEyf < In € N¥m > n (a(m) = S(m)).

Harrington-Kechris-Louveau [3] have shown that Ej is the <p-minimal non-smooth
Borel equivalence relation, and Hjorth-Kechris [5] have shown a similar theorem for
31 equivalence relations, in the presence of mild large cardinals.

Following standard terminology, we say that E is countable if all of its equiva-
lence classes are countable, and we say that E is I'-treeable if T’ contains an acyclic
graph G such that £ = Eg, where Eg denotes the equivalence relation whose classes
are the connected components of G. We say that E is treeable if it is Borel-treeable.
Our main result is the following:
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Theorem. Assume that Vo € R (¥ erists). Suppose that X is a Polish space, E
is a X1 equivalence relation on X, and at least one of the following holds:

(a) E is Borel;
(b) E is countable;
(c) E is X1-treeable.
Then exactly one of the following holds:
1. E admits a TI transversal;
2. Ey C. E.

Moreover, if (a) holds and either (b) or (c) holds, then (1) is equivalent to the
existence of a Borel transversal of E.

Remark 1.1. Tt seems worth noting that condition (c¢) can be weakened to:
(¢/) E is the union of countably many Xi-treeable equivalence relations.
This is a consequence of a straightforward generalization of our arguments here.

Case (a) follows easily from Theorem 1 of Harrington-Kechris-Louveau [3]. Case
(a) + (b) is well known, and case (b) follows from case (a), case (a) + (b), and a
result of Lecomte-Miller [9] regarding ] graphs of uncountable Borel chromatic
number. We give the proofs of these cases in §2. Case (a) + (c) follows from
Theorem 1 of Harrington-Kechris-Louveau [3] and a recent result of Hjorth [4]. In
83, we prove a technical modification of the main dichotomy theorem of Kechris-
Solecki-Todoréevié [8] regarding 37 graphs of uncountable Borel chromatic number,
which we use in §4 to prove case (c) and give a new proof of case (a) + (c).

2. TRANSVERSALS IN THE BOREL AND COUNTABLE CASES

We begin with the case of Borel equivalence relations, which has already been
essentially dealt with by Harrington-Kechris-Louveau [3]:

Theorem 2.1. Suppose that X is a Polish space and E is a Borel equivalence
relation on X. Then at least one of the following holds:

1. E admits a TI transversal;
2. By C. E.

Proof. If Ey Z. E, then Theorem 1 of Harrington-Kechris-Louveau [3] ensures
that there is a finer Polish topology 7 on X, compatible with its underlying Borel
structure, such that E is 7-closed. Fix a closed set C € NN and a continuous
bijection f: C' — X (see, for example, Exercise 15.3 of Kechris [7]), and define

al'f < f(a)Ef(B),
for a, B € C. Tt is clear that F is closed, and it follows that the set
B={aeC:Vpel (aFf= a<xf)}

is a IT} transversal of F, thus f[B] is a I1} transversal of E. ]
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It is not hard to see that under ZFC + A1l Al sets of reals are Baire
measurable, if £ admits a IT transversal, then E is Al-smooth. As Vz € R (aF
exists) implies X1 determinacy, which in turn implies that all 31 sets of reals are
Baire measurable, it follows from the well-known fact that Ey is not BP-smooth
that conditions (1) and (2) are mutually exclusive. This completes the proof of case
(a) of our main theorem.

We next turn our attention to the countable case. We say that a set B C X is
a partial transversal of E if it intersects every equivalence class of E in at most one
point. The following consequence of the Glimm-Effros dichotomy is well known:

Theorem 2.2. Suppose that X is a Polish space and E is a countable Borel equiv-
alence relation on X. Then exactly one of the following holds:

1. X is the union of countably many Borel partial transversals of E;
2. Eh C. E.
Case (a) + (b) of our main theorem is therefore a consequence of the following:

Proposition 2.3. Suppose that X is a Polish space and E is a countable 1 equiv-
alence relation on X. Then the following are equivalent:

1. X is the union of countably many Borel partial transversals of E;
2. E admits a TI} transversal.
Moreover, if E is Borel, then (1) is equivalent to the existence of a Borel transversal.

Proof. To see (1) = (2), suppose that there are countably many Borel partial
transversals B, C X which cover X. The E-saturation of a set B C X is given by

[Blg={x € X :3y € B (xFy)}.

For each n € N, define C,, = B, \ U,,,.,,[Bm] &, and observe that the set (J, .y Cn
is a IT transversal of E. Moreover, if E is Borel, then so too is C.

To see (2) = (1), suppose that B C X is a TI1 transversal of E. As the property
of having countable sections is II} on X1, it follows from the first reflection theorem
(see, for example, Theorem 35.10 of Kechris [7]) that E is contained in a Borel set
R C X x X with countable sections. The Lusin-Novikov uniformization theorem
(see, for example, Theorem 18.10 of Kechris [7]) implies that the transitive closure F
of the symmetrization of R is a countable Borel equivalence relation, and Theorem
1 of Feldman-Moore [1] implies that there are Borel automorphisms f, : X — X
such that F' = J, oy graph(f,). For each n € N, define 4, C X by

A, ={zeX:zEf,(x)}.

Given a graph G on X, we say that a set A C X is G-discrete if GN(A x A) = ().
A (NN-valued) coloring of G is a function ¢ : X — NN such that each of the sets
¢ Y(y) is G-discrete. The I'-measurable chromatic number of G, or xr(G), is the
least cardinal of the form |c[X]|, where ¢ is a I'-measurable coloring of G.

Let G = E'\ A(X), noting that a set is a partial transversal of E if and only if
it is G-discrete, thus the disjointification of the sets of the form f,[A,, N B] witness
that X,(s1)(E \ A(X)) < Ro. Theorem 6.3 of Kechris-Solecki-Todorcevi¢ [8] then
implies that xp(E \ A(X)) < Ng, thus X is the union of countably many Borel
partial transversals of F. |
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In order to obtain case (b) of our main theorem, it is now sufficient to prove the
following generalization of Theorem 2.2:

Theorem 2.4. Suppose that X is a Polish space and E is a countable £} equiva-
lence relation on X. Then exactly one of the following holds:

1. X is the union of countably many Borel partial transversals of E;

2. By C. E.

Proof. To see that (1) and (2) are mutually exclusive, fix a cover of X by countably
many Borel partial transversals B, C X, and suppose that 7 : 2¥ — X is a
continuous embedding of Fy into E. Fix n € N such that 7=!(B,,) is non-meager,
and observe that 7=1(B,,) is a partial transversal of Ey, which contradicts the well
known fact that Ey does not admit a non-meager Baire measurable transversal.

It remains to show —(1) = (2). Let G = E\ A(X). If (1) is false, then
xB(G) > Ro, and Proposition 3.12 of Lecomte-Miller [9] ensures that there is a
Borel set B C X such that G|B is Borel and xp(G|B) > Ry. The Lusin-Novikov
uniformization theorem then implies that F|B is Borel. Fix a finer Polish topology
7 on X, compatible with its underlying Borel structure, such that B is 7-clopen (see,
for example, Theorem 13.1 of Kechris [7]), and observe that Theorem 2.2 implies
that Fo C. E|BC. E. O

3. BOREL CHROMATIC NUMBERS OF SEQUENCES OF GRAPHS

Suppose that G = (G%);c; is a sequence of graphs on a set X. We say that a set
A C X is G-discrete if G' N (A x A) = 0, for some i € I. A (NN-valued) coloring
of G is a function ¢ : X — NN such that each of the sets ¢~!(y) is G-discrete. The
I-measurable chromatic number of G, or xr(G), is the least cardinal of the form
|e[X]|, where ¢ is a T-measurable coloring of G.

Fix sequences s,, € 2" such that Vs € 2<N3n € N (s C s,,), set

Gy = U {(smia, spic) : i € {0,1} and a € 2V},

m>n

and define Gy = (GJ')nen-
Proposition 3.1. If A C 2V is a non-meager Borel set, then xgp(Go|A) > No.

Proof. Fix s € 2<N such that A is comeager in N,. It is enough to show that no
Baire measurable subset of A is both non-meager in N; and G¢-discrete. Towards
this end, suppose that B C A is Baire measurable and non-meager in N, and fix
t O s such that B is comeager in N;. Given m € N, fix u D t such that m < |ul,
and fix n € N such that v C s, noting that m < n. Then there are comeagerly
many « € 2" such that (s,0q, s,1a) € GI' N (B x B), so B is not GJ'-discrete, thus
B is not Go-discrete. O

Suppose that G = (G")neny and H = (H™)nen are decreasing vanishing se-
quences of graphs on X and Y, respectively, and fix a strictly increasing sequence
k€ NN, A k-homomorphism from G to H is a function 7 : X — Y such that

Vi € NVay, @0 € X ((21,22) € 6"\ G = (n(an), m(wa)) € Hb2n \ Hbnsn).
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Given f: NN — N, we say that k is evenly f-dominating if
Vn e N (k‘Qn > f(k‘o, ki,..., k’gnfl)).

We write G =</ H if there is a continuous k-homomorphism from G to H,, for some
strictly increasing, evenly f-dominating sequence k.

Theorem 3.2. Suppose that X is a Polish space, G = (G")nen is a decreasing
vanishing sequence of X1 graphs on X, and f : N<N — N. Then exactly one of the
following holds:

1. xB(G) < Ro;
2. Gy =l g.

Proof. As Proposition 3.1 implies that (1) and (2) are mutually exclusive, it is
enough to prove —(1) = (2). In fact, it is enough to prove the special case of
—(1) = (2) in which X = NN, as can be easily seen by appealing to the fact that
every Polish space is the continuous injective image of a closed subset of NN. From
this point forward, we will therefore assume that X = NV and x5(G) > No.

Lemma 3.3. Every G-discrete 31 set is contained in a G-discrete Borel set.
Proof. Simply note that a set A C X is G-discrete if and only if

IneNVe,ye X (x¢ Aory ¢ Aor (z,y) ¢ G").
As this is II} on X1, the lemma follows from the first reflection theorem. O

By the first reflection theorem, there is a decreasing vanishing sequence H =
(H™)nen of Borel graphs such that ¥n € N (G" C H™). For each pair of natural
numbers k < £, fix a tree T on N x (N x N) such that p[TF0] = G+ \ H*.

For each pair of natural numbers m < n, set

Imon = {(sm0t, sm1t) € 2" x 2" : t € 2n*m71},

as well as J, = J Imn and J<p, = Uy, Je. For i,n € N and s € 2°, set

G = {((z2), () € X2 % X¥': (2,,95) € G,

and define G* = (G&) (s,n)e2i xN-
We will recursively find ko, ..., k2, € N, (us) € (N)?" and (vs,) € (N*)7»,
from which we obtain the 31 set X,, of sequences (x,)sc2n such that:

(a) Vs € 2" (x5 € Ny, );

(b) ¥m < n¥(s,t) € Jpn (xs,34) € p[T 2 Femt1)))

(Us‘t’(us -,ut))

We begin by fixing ko > f(0) and setting uy = (). Suppose now that we have found
(kiYi<on, (Us)sea<n, and <Us’t>(5’t)eJSH which satisfy the following conditions:

L Vi <n (x(G'1X:) > No);
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2. Vi <n (kai—1 > koi—o and ko; > max(kai—1, f(ko, ..., k2i-1)));
3. Vi<nVs €2 (ug C uso, Us1);

4. Vi <nV(s,t) € J; (Vs C V50,40, Vs1,01);

5. Vi <nV¥m < iV(s,t) € i (Vs (ug,up)) € Th2mkem1)),

Let P denote the set of triples
p= (K", (ug), (v ;)
in N x (N*F1)2"" 5 (N7 +1)Jut1 which satisfy the following conditions:
2. kP > kop;
3. Vs e 2™ (us Culy,ul);
4" V(s,t) € Ty (Vs C 8 40, V81 1)
. m < n¥(5,8) € e (05 (1, 1)) € Tlhon b))
6. V(s,t) € Jpnt1 ((v(f’t, (ul,ub)) € T[kQ"*kp)).
For each p € P, let Y}, denote the set of sequences (ys)scon+1 such that:

(af) Vs € 271 (y, € Nir);

(b)) Vm < nV(s,t) € Jmns1 ((ys,ye) € p[T 2 Fame1) )y,

(0% o> (uguy))

kon kP
() V(5.1 € Jusr (s 0) € PITLE(02 o))

t

Lemma 3.4. There exists p € P such that xg(G" ' |Y,) > Ro.

Proof. Suppose, towards a contradiction, that Vp € P (xg(G"™|Y,) < ¥g). Then

for each p € P, there are G"'-discrete Borel sets A, C X2 such that Y, C
Unen Ap,m- For each p € P and m € N, fix 7 € {0, 1} such that the set

proj;[Ap,m] = {{zsi)se2n : (¥s) € Apm}

is G"-discrete, and set iy, = i. By Lemma 3.3, there are G"-discrete Borel sets
Bym 2 proj;  [Apm]. Then the set

A=X,\ U Bym
peEP,meN

is 1 and x5(G"|A) > Ng. In particular, it follows that A is not G"-discrete.

Fix ((ys0), (ys1)) € G¥27|A. Then there exists k¥ > kg, such that (ys,0,¥s,1) ¢
H*. For each s € 2", set ul = y,|(n + 1). For each m < n, (s,t) € Jy.n, and
i € {0,1}, fix o7, ,; D vs4 in N1 such that

sttt =

) ) [k:Qm ,k2m+1)
(Ysi> yti) € p[T(vP (uil,ufi))]'

si,t17 i
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As (Ys,0,Ys,1) € G \ HF", there exists vf ;, ; € N1 such that

kon kP
(y8n07 ysnl) € p[IW([vg :

P P .
en 0,051 (S, 00U8,1))

It is clear that p = (kP, (u?), (v¥,)) is in P, and since (ys) € Y,,, there exists m € N

s,t

such that (ys) € Apm, thus (ys,,,) € Bpk, which contradicts the definition of A,
and therefore completes the proof of the lemma. a

Fix p € P as in Lemma 3.4. Set kapt1 = kP, (us)scan+1 = (uP)gcon+1, and
<IU37t>(S,t)6Jn+1 = <vf,t>(5,t)€c]n+1' Fix k2n+2 > max(k2n+1, f(ko, cey k2n+1))- Then

Xn+1 =Y}, so condition (1) holds, and conditions (2) — (7) follow from the defini-
tions of I’ and Y),. This completes the recursive construction.
Condition (3) ensures that the function 7 : 2N — X given by

m(a) = lim ug,
n—oo
is well-defined and continuous. Condition (2) ensures that the sequence k = (k) is
strictly increasing and evenly f-dominating, so it only remains to check that 7 is a
homomorphism from GJ* \ Q(’)”H to Gham \g’”m“, for all m € N. Given a € 2V, fix
n > m, set k = n—m, and observe that the pair (s,,0(a|k), s;m1(alk)) is in Jp pt1-
Condition (5) then ensures that

(Vs,,0(alk) 51 (alk)> (s, 0(alk) s sy 1(alk))) € TH2mF2ms1),
thus condition (4) implies that
(m(8m00), T(spm 1)) € GF2m \ HFzm+r C Gham \ Ghamer,
which completes the proof of the theorem. O

It is not difficult to modify the above proof so as to obtain new proofs of The-
orems 6.3 and 6.6 of Kechris-Solecki-Todoréevié [8] which do not require the use of
effective descriptive set theory.

We say that a set A C X is globally Baire measurable if for every Polish space
Y and continuous function 7 : Y — X, the set 77!(A) is Baire measurable. Let
GB denote the class of all such sets. We will use Theorem 3.2 to study maps
C +— d¢ which assign a metric do on C' to each equivalence class C' of a GB-smooth
31 equivalence relation E. We say that such a map is X1 if the graph of the
corresponding function d : E — R given by d(z,y) = djy, (z,y) = djy, (2, y) is 2.
We say that a set A C X is d-bounded if there exists n € N such that

Va,y € A (xBy = d(z,y) <n).

Theorem 3.5. Suppose that X is a Polish space, E is a GB-smooth £ equivalence
relation on X, and C — d¢ is a £} assignment of metrics to the equivalence classes
of E. Then X is the union of countably many d-bounded Borel sets.

Proof. For each n € N, let G™ denote the graph on X given by

G" ={(z,y) € E:d(z,y) > n},
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and set G = (G"),en. Note that a set is d-bounded if and only if it is G-discrete,
so it is enough to show that xp(G) < Ny. Suppose, towards a contradiction, that
xB(G) > Vo, and fix f: NN — N such that

vn €N (f(ko, ... kan—1) = 2"ky +2" kg + -+ + 2kop_1).

By Theorem 3.2, there is a strictly increasing, evenly f-dominating sequence k and
a continuous k-homomorphism 7 : 2¥ — X from G, to G.

Fix a globally Baire measurable reduction ¢ : X — NY of E to A(NY). Then
the composition ¢ o 7 is Baire measurable, so there is a dense G5 set C C 2" such
that ¢ o 7|C' is continuous. Then the set

R={(pom(a),n(a) e N x X :a € C}

is 31, so the Jankov-von Neumann uniformization theorem (see, for example, The-
orem 18.1 of Kechris [7]) ensures the existence of a o(X])-measurable function
Y pom[C] — 7[C] such that

Va € C (r(a)EY o p o mw(a)).

As opon|C is o(X1)-measurable, there is a comeager Borel set D C C such that
Yo pom|D is Borel. Then for each n € N, the set

D, ={aeD:d(n(a),opon(a)) <n}

is G3"-discrete, thus Xg(zi)(go\D) < Wg, which contradicts Proposition 3.1. O

4. TRANSVERSALS IN THE TREEABLE CASE

Suppose that G is an acyclic X1 treeing of E. Associated with G is the corresponding
graph metric dg, as well as the sequence G = (G"),en, where G" = {(z,y) € E :
dg(z,y) > n}. The G-convex closure of a set A C X is the set [A]g of points which
lie along an injective G-path from one point of A to another. We say that a set is
G-convex if it is equal to its convex closure.

Proposition 4.1. Suppose that X is a Polish space, E is an equivalence relation
on X, G isa E% treeing of E, and A C X is a G™-discrete 2% set. Then there is a
G-convex G™-discrete Borel set B D A.

Proof. Set Ag = A, and given a G"-discrete X1 set A, C X, appeal to Lemma 3.3
to obtain a G"-discrete Borel set B,, 2 A,. Then the set A, 11 = [B,]g is 1. Tt
follows that the set B = |, B is Borel and G"-discrete, and since B = J,, ¢y An,
it is also G-convex. O

The G-interior of a set A C X is the set of all x € A for which there is an
injective G-path xg,z1,...,z, such that zg,z, € A and = € {z1,...,2,-1}. A
partial quasi-transversal of E is a set which intersects every equivalence class of F
in at most two points.
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Proposition 4.2. Suppose that X is a Polish space, E is an equivalence relation
on X, G is a 1 treeing of E, and A C X is a G*"-discrete £ set. Then there are
G-convex Borel sets By, By, ...,B, C X such that the corresponding sets

C; :Bz\[Bl+1UUBn}E
are partial quasi-transversals and A C [CoU---UC,]E.

Proof. Set Ay = A. Given i < n and a G2("~9_discrete 31 set A; C X, appeal
to Proposition 4.1 to obtain a G-convex G2("~")_discrete Borel set B; D A;, and
observe that the X} set A; 1, = B is G2»~(+D)_discrete.

To see that the corresponding sets C; are as desired, not first that C; C B; \
[Bi]g. As the latter set is Gl-discrete, so too is the former. As G!-discrete sets
are necessarily partial quasi-transversals of F, it follows that C; is a partial quasi-
transversal of E. It only remains to observe that if x € A, then there is a maximal
i < n such that x € [B;]g is non-empty, from which it follows that = € [C;]g. O

We say that a set B C X is an E-complete section if it intersects every E-class.

Theorem 4.3. Suppose that X is a Polish space, E is a GB-smooth equivalence
relation on X, and G is a X1 treeing of E. Then there are G-convex Borel sets
B,, € X such that:

1. UneN B,, is an E-complete section;

2. Vn € N (B, \U,,,<,[BmlE is a partial quasi-transversal of E).

Proof. By Theorem 3.5, there are countably many dg-bounded Borel sets B, C X
which cover X. For each n € N, fix k,, € N such that B,, is G**»-bounded, and fix
Borel sets Bpo, Bni, ..., Bk, as in Proposition 4.2. Then the sets By, - - -, Boo,
Bik,,...,Bio,... are as desired. |

We can now give a new proof of case (a) 4+ (c¢) of our main theorem:

Theorem 4.4 (Hjorth). Suppose that E is a treeable equivalence relation on a
Polish space X. Then exactly one of the following holds:

1. E admits a Borel transversal;
2. EgC. E.
Proof. To see (1) = —(2), fix a Borel transversal B of E, and define 7 : X — B by
m(x) =y < (zFEy and y € B).

Then 7 is Borel. It follows that if ¢ : 2N — X is a continuous embedding of Ej into
E, then 7o ¢ is a Borel reduction of Ey to A(Y'), a contradiction.

It remains to show —(2) = (1). By Theorem 1 of Harrington-Kechris-Louveau
[3], if Ey Z. E, then E is smooth. By Theorem 4.3, there are G-convex Borel sets
B,, C X such that:

1. UneN B,, is an E-complete section;
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2. Vn € N (By \ U,,<,[Bm]E is a partial quasi-transversal of E).

As E-saturations of G-convex Borel sets are Borel, it follows that the set

B= UBn\ U[BM]E

neN m<n

is Borel. Fix a linear ordering < of X, and observe that
C={xeB:VyeB (zBy=1z<y)}

is a transversal of E. As the Lusin-Novikov uniformization theorem implies that C'
is Borel, this completes the proof of the theorem. O

Before going further, we will need the following corollary of Hjorth-Kechris [2]:

Theorem 4.5. Assume that Vo € R (x* exists). Suppose that X is a Polish space
and E is a 31 equivalence relation on X. Then exactly one of the following holds:

1. E is GB-smooth;
2. EgC. E.

Proof. Let A(2<“1) denote the equivalence relation on 2Y*N x 2N given by

(z1,22) A2 ) (y1,y2) & (w1,91 € WO or (21, 22) = (y1,92)),

where (x1,22) = (y1,y2) indicates the existence of a bijection 7 : N — N such
that Vm,n € N (z1(m,n) = y1(7(m),m(n)) and z2(n) = ya2(w(n))). As noted
by Hjorth-Kechris [2], the equivalence relation A(2<¢!) is not “definably” smooth
under appropriate determinacy hypotheses. However, we do have the following:

Lemma 4.6. A(2<“!) is GB-smooth.

2N><N

Proof. Let A(w;) denote the equivalence relation on given by

rA(w1)y & (z,y ¢ WO or z 2 y),

~

where x 2 y indicates the existence of a bijection 7 : N — N such that Vn €
N (z(n) = y(7(n))). Fix a reduction ¢ : 28N — NN of A(w;) to A(NY). For each
ordinal a < wy, let Cp, = {z € 28N . » = o} (where = « indicates that the order
type of x71(1) is ), fix z, € Cy, and define ¢, : Cp x 28N — 2N by

VYo, (r1,22) =y & (21,72) = (74,Y)-

For the remaining A(wi)-class C, define ¢ : C x 2N — 2N by o (21, 22) = 0.
For each equivalence class C' of A(w;), define 7¢ : C x 2N — NN x 2N by

mo (71, 72) = (p(21), Yo (71, 72)),

and define 7 : 28N x 2N NN x 2N by

7T(.’£1,£L’2) = F[xl]A(Wl)(xl,.’ﬂQ).
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It is clear that 7 is a reduction of A(2<%1) to A(NYN x 2N), so it only remains to
show that 7 is globally Baire measurable. That is, we must show that for every
open set U C NN x 2N every Polish space X, and every continuous function f :
X — 2NN 5 9N the set f~1(7~1(U)) is Baire measurable. Towards this end, fix a
Borel set B C f~1(WO x 2N) such that f~}(WO x 2Y) \ B is meager, and set

A={zeX:3yeB (f(z) = fy)}

It is enough to show that both f~1(7=1(U))\ f~{(WO x 2%) and f~* (=~ 1(U))N A
are 31. The former set is clearly 31, since it is either empty or X \ f~1(WO x 2N).
To see that the latter set is 1, note that the Kunen-Martin theorem (see, for
example, Theorem 31.1 of Kechris [7]) ensures the existence of an ordinal o < wyq
such that Vo € A (projousn(f(z)) < «), thus

[lEO)NA = FNEN ) N flA)
= U @ty n 1A,

BLa

which is clearly 31. |

As it is well known that Ey is not BP-smooth, it is enough to show —(2) = (1).
Theorem 1 of Hjorth-Kechris [2] ensures that if Ey [Z. E, then there is a A}
measurable reduction ¢ of E to A(2<*1). Our assumption that Vo € R (2¥ exists)
ensures that X1 determinacy holds, so all 31 sets are Baire measurable, thus ¢
is globally Baire measurable. By Lemma 4.6, there is a globally Baire measurable
reduction 3 of A(2<¢1) to A(NV), and since the composition of globally Baire
measurable functions is globally Baire measurable, the theorem follows. O

We can now establish case (c) of our main theorem:

Theorem 4.7. Assume that Yo € R (2f exists). Suppose that E is a X1 trecable
equivalence relation on a Polish space X. Then exactly one of the following holds:

1. E admits a TI transversal;
2. EyC, E.
Proof. To see (1) = —(2), fix a II] transversal C of E, and define 7 : X — C by
m(z) =y < (xEy and y € C).

Then 7 is A measurable, thus our assumption that Vo € R (z* exists) implies that

7 is globally Baire measurable, and Theorem 4.5 implies that condition (2) fails.
It only remains to show —(2) = (1). Theorem 4.5 implies that if Ey Z, E, then

E is GB-smooth. By Theorem 4.3, there are G-convex Borel sets B,, C X such that:

1. U, en Bn is an E-complete section;
2. Vn € N (B, \ U,,,<n[Bm]E is a partial quasi-transversal of E).
Fix a linear ordering < of X, and for each n € N; set
Cp={zeB,:Yye B, By =z <y)}.
Then the set C = U, ey Cn \ U,p<pn[Bmle is the desired II} transversal of E. O
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