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LECTURE II: HIORTH’S THEOREM
BENJAMIN MILLER

ABSTRACT. We give a classical proof of a generalization of the
Kechris-Solecki-Todorcevic dichotomy theorem [4] characterizing
analytic graphs of uncountable Borel chromatic number. Using
this, we give a classical proof of a generalization of Hjorth’s theo-
rem [2] characterizing smooth treeable equivalence relations.

In §1, we give two straightforward corollaries of the first separation
theorem. In §2, we give the promised classical proof of a generalization
of the Kechris-Solecki-Todorcevic [4] theorem. In §3, we use this to
establish a dichotomy theorem for metrized equivalence relations, and
derive from this Hjorth’s theorem [2]. In §4, we give as exercises several
results that can be obtained in a similar fashion.

1. COROLLARIES OF SEPARATION

Suppose that X, and X are sets and (R, ),ecw is a sequence of subsets
of Xo x Xj. A pair (Ag, A1) is eventually (Ry,)nen-discrete if Ag C Xo,
A} € X, and (Ag x A1) VR, = 0 for all but finitely many n € w.

Proposition 1. Suppose that Xo and X, are Hausdorff spaces, (Ry,)new
is a sequence of analytic subsets of Xo x Xy, and (Ao, A1) is an even-
tually (Ry,)new-discrete pair of analytic sets. Then there is an eventu-
ally (Ry,)new-discrete pair (By, B1) of Borel sets with the property that
Ao g BO and Al g Bl-

Proof. Fix m € w such that (A, A1) is R,-discrete for all n € w \ m.
For each such n, fix an R,,-discrete pair (By,,, B1,) of Borel sets such
that Ay C By, and A; C By,. Clearly the sets By = ﬂnEw\m By, and
B, = ﬂnew\m By ,, are as desired. X

Suppose that X is a set and (G, )new 1S a sequence of graphs on X.
A set A C X is eventually (Gn)neo-discrete if it is G,-discrete for all

but finitely many n € w.
1
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Proposition 2. Suppose that X is a Hausdorff space, (Gp)new 1S a
sequence of analytic graphs on X, and A C X is an eventually (G,)new-
discrete analytic set. Then there is an eventually (G, )new-discrete Borel
set B C X such that A C B.

Proof. By Proposition 1, there is an eventually (G, )ne.-discrete pair
(By, B1) of Borel subsets of X such that A C By and A C B;. It is
easily verified that the set B = By N By is as desired. X

2. A GENERALIZATION OF THE KECHRIS-SOLECKI-TODORCEVIC
THEOREM

For each set I C <“2, let G;,, denote the graph on “2 consisting of
all pairs (s™i"x, s77"x), where ¢ € 2, s € I "2, and x € “2.

Proposition 3. Suppose that I C <“2is dense and A C “2is non-
meager and has the Baire property. Then the set A is not eventually
(G1.n)new-discrete.

Proof. Fix s € <*2 such that A is comeager in N. Given any m € w,
there exists n € w \ m and t € I N ™2 such that's C ¢. Then there
exists © € “2 such that t707z,t"17x € A, As (t707z,t717x) € Gr,p,
it follows that A is not eventually (G, )ne,-discrete. %4

Fix sequences s,, € "2 such that the set I = {s,, | n € w} is dense.
Define Gy, = G A (k-)coloring of (G, )ne, is a function ¢: X — &
such that ¢ '({a}) is eventually (Gy)ne.-discrete for all a € k.

Suppose that ¢ € “w and n € =“w. We say that 7 is (-fast if n(n) >
max,en ¢ on(m) for all n € w. For n € “w, an n-homomorphism from
(Gn)new t0 (Hp)new is a homomorphism from (G, )new t0 (Hym))new- A
(-fast homomorphism from (G, )new t0 (Hp)new i an n-homomorphism
from (G,)new t0 (Hp)new, where 1 is (-fast.

Theorem 4. Suppose that ( € “w, X is a Hausdorff space and (G,,)new
15 a sequence of analytic graphs on X. Then exactly one of the following

holds:

(1) There is a Borel w-coloring of (Gn)new-
(2) There is a continuous (-fast homomorphism from the sequence
(Gon)new to the sequence (Gn)new-

Proof. To see that (1) and (2) are mutually exclusive suppose, to-
wards a contradiction, that ¢: X — w is an w-universally Baire col-
oring of (Gp)new, N € “w, and m: “2 — X is a Baire measurable n-
homomorphism from (G, )new 10 (Gn)new. Then co 7 is a Baire mea-
surable coloring of (Go,)new, SO there exists k € w such that the set
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(com) ' ({k}) is non-meager and eventually (G, )neco-discrete, which
contradicts Proposition 3.

It remains to show that at least one of (1) and (2) holds. We can
clearly assume that each G, is non-empty. Fix continuous functions
©g, : “w — X x X such that G, = ¢g, (“w) for all n € w, as well as a
continuous function ¢x: “w — X such that {J, ., dom(G,) C ¢x(“w).

A global (n-)approximation is a triple of the form p = (e?, uP, vP),
where e € "w is (-fast, u”: "2 — "w, and vP: <"2 — "w. Fix an
enumeration (p,)ne. of the set of all global approximations.

An extension of a global m-approximation p is a global n-approxim-
ation ¢ with the property that e? C e, s, C s, == uP(s,) T u(s,),
and t, C t, = vP(t,) C vi(t,) for all s, € "2, s, € "2, t, € <2, and
ty € <"2 with n —m = |t,| — |t,]. When n ="m + 1, we say that ¢ is a
one-step extension of p.

A local (n-)approzimation is a triple of the form | = (¢!, f!, g'), where
el € "w is (-fast, f': "2 — “w, and ¢': <"2 — “w, such that

6.1 0 6'(1) = (px ouf (sk071), ipx o fl(557178))

for all k € n and t € "~*+D2 We say that [ is compatible with a global
n-approximation p if e? = €', uP(s) T fl(s), and vP(t) C ¢'(¢) for all
s €2 and t € <"2. We say that [ is compatible with a set Y C X if
pxo fi("2) CY.

Suppose now that « is a countable ordinal, Y C X is a Borel set, and
c:Y° — w-ais a Borel coloring of (G, )new | Y. Associated with each
global n-approximation p is the set L, (p,Y") of local n-approximations
which are compatible with both p and Y.

A global n-approximation p is Y -terminal if L, 1(q,Y) = 0 for all
one-step extensions ¢ of p. Let T(Y) denote the set of such approxi-
mations. Set A(p,Y) =, {eox o fi(sa) |1 € Lu(p,Y)}.

Lemma 5. Suppose that p is a global approximation and A(p,Y) is
not eventually (G )new-discrete. Then p ¢ T'(Y').

Proof of lemma. Fix n € w such that p is a global n-approximation,
as well as e > max,,e, ¢ 0 €’(m) and local n-approximations ly,l; €
L, (p,Y) with (pxof(s,), oxof""(sn)) € Ge. Then there exists z € “w
such that ¢g. (z) = (px o f(sn), vx o f1*(sn)). Let [ denote the local
(n + 1)-approximation given by €' [ n = e?, e!(n) = e, f'(s74) = fli(s),
g (0) = x, and ¢'(t7i) = ¢li(t) for i € 2, s € "2, and t € <"2. Then [ is
compatible with a one-step extension of p, thus p is not Y-terminal. &

Proposition 2 and Lemma 5 ensure that for each p € T'(Y), there is
an eventually (G, )ne.-discrete Borel set B(p,Y) C X with A(p,Y) C
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B(p,Y). Set Y =Y\IH{B(p,Y) |peT(Y)}. Foreachy € Y\Y’, put
n(y) =min{n € w|p, € T(Y) and y € B(py,Y)}. Define ¢’z (Y')* —
w-(a+1) by

y) = {c(y) if y € Y° and

w-a+n(y) otherwise.

Lemma 6. The function ¢ is a coloring of (Gn)new | (V')

Proof of lemma. Note that if 3 € w - a then (¢)"'({8}) = ¢ 1({3}),
and if § € w-(a+1)\w-a then there exists n € w with = w-a+n, so
pn € T(Y) and (¢)"1({83}) C B(p,,Y). Then ()71 ({8}) is eventually
(Gn)new-discrete for all § € w - (o + 1), thus ¢ is a coloring of the
sequence (Gp)new | (Y')C. b

Lemma 7. Suppose that p is a global approximation whose one-step
extensions are all Y -terminal. Then p is Y'-terminal.

Proof of lemma. Fix n € w such that p is a global n-approximation.
Suppose, towards a contradiction, that there is a one-step extension ¢
of p for which there exists | € L,1(g,Y”). Thenpxof'(s,.1) € B(q,Y)
and B(q,Y)NY’ =0, thus px o f{sn+1) ¢ Y, a contradiction. X

Recursively define Borel sets Y, € X and Borel colorings ¢, : Y —
w - a of (Gp)new | Y by

(X,0) if a =0,
(Yo, ca) = (Yﬁ,cﬁ) if a =03+1, and
(Njea Yo, limpa c5) if @ is a limit ordinal.

As there are only countably many approximations, there exists a € wq
such that T'(Yy) = T(Yai1)-

Let p° denote the unique global 0-approximation. As dom(G)NY, C
A(p°,Y,), it follows that if p° is Y,-terminal, then ¢, extends to a Bor-
el (w-a + 1)-coloring of (G,)new, thus there is a Borel w-coloring of
(gn>n€w-

Otherwise, by repeatedly applying Lemma 7 we obtain global n-
approximations p" = (e",u™ v") with the property that p"*! is a
one-step extension of p” for all n € w. Note that the sequence n =
lim,, ., e" is (-fast, and define continuous functions 7: “2 — “w and
TR Y2 — “w for k € w by

7(x) = lim u™(z | n) and m(z) = lim v*™" (2 | n).

n—w n—w
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To see that ¢y o is an n-homomorphism from (G, )new t0 (Gn)new,
it is enough to show that

©6,u © T(x) = (px o T(s,707x), px o w(s,"17x))

for all £ € w and x € “2. By continuity, it is enough to show that every
open neighborhood U x V' of (my(x), (m(sx~07x), 7(s,"17x))) contains
a point (z, (20, 21)) such that ¢g , (2) = (px(20),px(21)). Towards
this end, fix n € w sufficiently large that Nys+nt1(yp,) € U'and

Nuk""”‘*l(sk“ﬂ”(z{n)) X Nu’“’"“'l(sk"l“(xrn)) C V.

Fix | € Lpyn(p"™*1)Y,), and observe that z = g¢'(x |} n), zp =
FYsx07(x [ n)), and 2z, = fY(sp"17(x | n)) areas desired. =

3. HIORTH’S THEOREM

Suppose that X is a set and F is an equivalence relation on X. An
E-quasi-metric is a function d:E — [0, 00) such that:
(1) Ve € X (d(z,x) =0).
(2) Yo,y € X (d(x,y) = d(y,x)).
(3) Va,y,z € X (zEyEz = d(xyz) < d(z,y) + d(y, z)).
We say that d is an E-metric if Vo,y € X (v = y <= d(z,y) = 0).
We say that a set A C X is d-bounded if d(E | A) C n for some
n € w. Let dy denote the Ey-metric given by

do(z,y) =min{n € w | Vm € w\ n (z(m) = y(m))}.

Proposition 8. Suppose that A C “2 is dy-bounded and has the Baire
property. Then A is meager.

Proof. Fix m € w such that do(E [ A) C n, and note that for each
s € "2, the set Ay = ANN, is a partial transversal of Fy. As any such
set is meager, 8o too is A. X

We say that a homomorphism 7: “2 — X from Ey to F is d-
expansive if do(x,y) < d(w(z),n(y)) for all (x,y) € Ey.

Theorem 9. Suppose that X is a Hausdorff space, E is an ana-
lytic equivalence relation on X, and d is an E-quasi-metric such that
d~1(n,00) is analytic for alln € w. Then exactly one of the following
holds:

(1) There is a cover of X by countably many d-bounded Borel sets.
(2) There is a continuous d-expansive embedding of Ey into E.
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Proof. Proposition 8 easily implies that (1) and (2) are mutually exclu-
sive. For each n € w, set G, = {(z,y) € X x X |z # y and d(z,y) =
n}. As every eventually (G, ),e,-discrete set is d-bounded, it follows
that if there is a Borel w-coloring of G, then X is the union of countably
many d-bounded Borel sets.

Define ¢ € “w by ((n) = 8n. By Theorem 4, we can assume that
there is a (-fast sequence n € “w for which there exists a continuous
n-homomorphism ¢ from (Go.n)new 10 (Gn)new-

Lemma 10. Suppose that (z,y) € Ey \ A(X). Then
d(p(x), p(y)) < 2n(do(z,y) = 1).

Proof of lemma. By induction on n = do(x,y). To handle the case
n = 1, observe that if dy(z,y) = 1, then (x,y) € Gop, so it follows
that d(¢(x),¢(y)) = n(0). Suppose now that n. € w \ 1 and we have
established the lemma for do(x,y) < n. Given w,v € "2 and z €
“2,set * = u~07z and y = v~172. The triangle inequality and two
applications of the induction hypothesis ensure that

d(e(x), p(y)) < d(p(u™072), p(s,7072)) +
d(p(sn~072), p(sn7172)) +
d(p(sn172), 0(v7172))
< 2n(n —1) +n(n) +2n(n — 1)
< 2n(n),
which completes the proof. X
It isclear that ¢ is a homoemorphism from Ej to E.
Lemma 11. The homomorphism ¢ is d-expansive.

Proof of lemma. Suppose that (z,y) € Ey\ A(“2) and set n = dy(z,y).
Clearly we can assume that n > 2. After reversing the roles of x and
y if necessary, we can assume that there exist u,v € "2 and z € “2
with = ©v~07z and y = v~172. The triangle inequality and two
applications of Lemma 10 ensure that

n(n) = d(e(sn"072), p(s,"172))
< d(p(sn7072), p(u"072)) +
d(e(u™072),p(v"172)) +
d(p(v"172), (s,7172))
< 2n(n —1) +d(e(2), ¢(y)) +2n(n — 1),
so d(p(z),¢(y)) > n(n)/2, thus ¢ is d-expansive. X
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Set F' = (¢ x @) (E) and e(z,y) = d(p(x), ¢(y)).
Lemma 12. The equivalence relation F' is meager.

Proof of lemma. By the Kuratowski-Ulam theorem, it suffices to show
that every F-class is meager. Suppose, towards a contradiction, that
there exists x € “2 such that [z]p is non-meager. Then there exists
n € w such that the set

A={y€[z|r|e(z,y) =n}

is non-meage, so there exists (y, z) € Gy, [ A for some m € w\ (2n+1).
Then e(y, z) > 2n, so the triangle inequality implies that e(x,y) > n
or e(x, z) > n, the desired contradiction. =

Lemma 12 easily implies that there is a continuous dy-expansive ho-
momorphism ¢ from (Ey, ES) into (Ey, F), and it follows that ¢ o1 is
a continuous d-expansive embedding of Ej into E. X

Suppose that G is a graph on X and n € w. A G-path of length n
is a sequence (;)iens1 € "X such that (z;,z,.¢) € G for all i € n.
We say that G is acyclic if there is no G-path of length at least three
whose initial and terminal points are the same. We use Eg to denote
the equivalence relation consisting of those pairs which are the initial
and terminal points of a G-path.

We say that E is analytic treeable if there is an acyclic analytic graph
T such that £ = E7. A transversal of E is a set which intersects every
E-class in exactly one point.

Theorem 13. Suppose that X is a Hausdorff space and E is an ana-
lytic treeable analytic equivalence relation on X. Then at least one of
the following holds:

(1) There is a co-analytic transversal of E.
(2) There is a continuous embedding of Eq into E.

Proof. Fix an analytic treeing 7 of E, and let d denote the E-metric
obtained by putting d(x,y) = n whenever there is an injective 7-path
from x to y of length n.

Lemma 14. Suppose that B C X is a d-bounded Borel set. Then there
is an E-invariant analytic set A C X such that B C A and E | A has
a co-analytic transversal.

Proof of lemma. We say that a set A C X is (d,n)-bounded if d(E |
A) Cn. Fix n € w such that B is (d, 2n)-bounded.
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Set By = B. Given a 2(n — i)-bounded Borel set B; C X, let A;
denote the set of points which lie strictly 7-between two points of B;,
and observe that the set

A ={r € A [ [Ain N T, > 2}

is 2(n — (i + 1))-bounded. Fix a 2(n — (i + 1))-bounded Borel set
Bi+1 Q X such that A;—l—l Q Bi—l—l-
Fix a Borel linear ordering < of X, and for ¢« € n define C; C B; by

C;={z € B;\ U g|Vy € B; (xEy =z <y)}
jew\(i+1)

It is clear that the set C' = J,., C; is the desired transversal. 53

1EN
By Theorem 9, it is enough to show that if X is the union of count-

ably many d-bounded Borel sets, then there is a co-analytic partial
transversal of E, which follows from Lemma 14. X

We say that F is Borel treeable if there is an acyclic Borel graph 7°
such that £ = Er.

Theorem 15 (Hjorth). Suppose that X is a Polish space and E is
a Borel-treeable equivalence relation-on X. ‘Then exactly one of the
following holds:

(1) There is a Borel transversal of E.
(2) There is a continuous embedding of Eq into E.

Proof. 1t is'clear that (1) and (2) are mutually exclusive. Fix an acyclic
Borel graph 7 such that E-= E7, and let d denote the FE-metric
obtained by putting d(x,y) = n whenever there is an injective 7-path
from x to y. By Theorem 9, it is enough to show that if B is a bounded
Borel set, then there is a Borel transversal of £ [ [B]g.

Towards this end, suppose that B C X is a Borel set which is 2n-
bounded, i.e., the distance between any two E-related elements of B is
strictly less than 2n. Set By = B. Given a 2(n — i)-bounded Borel
set B; C X, let A;,1 denote the set of points which lie 7-between two
points of B;, and observe that the set A}, ; = {z € A;41 | |[Aip1 NT,| >
2} is 2(n — (i + 1))-bounded. By the first reflection theorem, there is a
2(n — (¢ + 1))-bounded Borel set B; 1, 2 A} ;.

Set Ci = Bi \ U c(ns1)\i+1)|Cile- 1t is clear that C; intersects every
E-class in at most two pomts, thus the Borel treeability of E ensures
that C; is Borel. It follows that C' = Uie” +1 Ci is a Borel set which
intersects every E-class in at most two points. As B C [C]g, it follows
that there is a Borel partial transversal of E | [B]g. =
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4. EXERCISES

Exercise 16. Show that if X and Y are Hausdorff spaces and (G,,)new
is a sequence of analytic subsets of X x (Y xY') whose vertical sections
are graphs, then exactly one of the following holds:
(1) There is a Borel function ¢: X xY — w such that for all z € X,
the map c,(y) = ¢(x,y) is a coloring of ((Gn)z)new-
(2) For some x € X, there is a continuous homomorphism from

(gO,n)nEw to ((gn)x)nEw

We say that E is smooth if there is a Borel reduction of £ to A(“2).
We say that E is hypersmooth if it is of the form ., Fn, where (£}, )pne,
is an increasing sequence of smooth equivalence relations.

Exercise 17 (a special case of Harrington-Kechris-Louveau [1]). Show
that if X is a Hausdorff space and FE is a hypersmooth analytic equiv-
alence relation on X, then exactly one of the following hold:

(1) The equivalence relation E is smooth.
(2) There is a continuous embedding of Ej into E.

Exercise 18. State and prove generalizations of all of the results men-
tioned thus far to xK-Souslin w-universally Baire structures.
Hint: The proofs are virtually identical!
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