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Abstract

We study the circumstances under which an aperiodic countable Borel
equivalence relation is generated by a Borel action of a free product of
countable groups which is faithful on every equivalence class.

An action of a group G on a set X is faithful if Vg € Gz € X (g -x # x).
The orbits of a G-action are the sets of the form [z]¢ = {g -z : g € G}. We say
that an action is everywhere faithful if its restriction to each orbit is faithful.
The orbit equivalence relation associated with a G-action is given by

tEiy <39 G (g-2=1).

We say that an equivalence relation E on X is faithfully generated by a G-action
if E= EJ and the G-action is everywhere faithful.

A Polish space is a separable, completely metrizable topological space. An
equivalence relation on such a space is countable if each of its equivalence classes
is countable, and aperiodic if each of its equivalence classes is infinite. Our main
goal here is to provide some insight into the circumstances under which a given
countable Borel equivalence relation on a Polish space is faithfully generated by
a Borel action of a given non-trivial free product of groups.

In §2, we consider compressible equivalence relations. A Borel set B C X
is an E-complete section if it intersects every E-class, and F is compressible if
there is a Borel injection f : X — X such that graph(f) C E and X\ f(X) is an
E-complete section. The full group of E is the group [E] of Borel automorphisms
f: X — X such that graph(f) C F. A measure p on X is E-invariant if every
element of [E] is p-preserving. By a remarkable theorem of Nadkarni [10], a
countable Borel equivalence relation is compressible if and only if it does not
admit an invariant probability measure. In the absence of such measures, we
can essentially always find the sorts of actions we desire:

Theorem. Suppose that G and H are non-trivial countable groups such that
G H 2 (Z/2Z) « (Z/2Z). Then every compressible Borel equivalence relation
18 faithfully generated by a Borel action of G x H.



An equivalence relation F is finite if all of its equivalence classes are finite,
and hyperfinite if there are finite Borel equivalence relations Fy C F; C - - such
that £ = (J,cy Frn. Our assumption above that G« H % (Z/27) * (Z/27Z) is
necessary, as an equivalence relation is faithfully generated by a Borel action of
(Z)2Z) * (Z/2Z) if and only if it is aperiodic and hyperfinite.

In §3, we prove a selection theorem which will allow us to perform certain
constructions off of a set on which the equivalence relation in question is com-
pressible. Although this fact has essentially appeared elsewhere (see Miller [8]
and Miller [9]), we provide the proof here for the sake of completeness.

In §4, we turn our attention to incompressible hyperfinite equivalence rela-
tions. Let Ey denote the equivalence relation on 2N given by

xEpy < In € NVm > n (z(m) = y(m)).

The usual product measure po on 2V is Ep-invariant, thus Ey is incompressible.
The measure-theoretic full group of (E, p) is the group [E], obtained from [E]
by identifying automorphisms which agree u-almost everywhere. It is clear that
if there is a Borel action of G * H that faithfully generates Ey, then both G and
H embed into [Ey],,. The converse also holds:

Theorem. Suppose that X is a Polish space, E is an aperiodic incompressible
hyperfinite equivalence relation on X, and G and H are mon-trivial countable
groups. Then the following are equivalent:

1. E is faithfully generated by a Borel action of G x H;
2. G and H embed into the measure-theoretic full group of (Fo, o).

A well known theorem of Ornstein-Weiss [11] implies that every countable
amenable group can be embedded into [Ey),,. As every countable group resid-
ually contained in [Ey],, can be embedded into [Ey),,, it follows that every
aperiodic hyperfinite equivalence relation is faithfully generated by a Borel ac-
tion of every non-trivial free product of residually amenable groups.

In §5, we show that if an aperiodic countable Borel equivalence relation is
generated by equivalence relations F,, which are themselves faithfully generated
by Borel actions of G, then E is faithfully generated by a Borel action of
*peny Gn. As a corollary, we obtain the following:

Theorem. Suppose that Gy, Gy, ... are non-trivial countable groups. Then the
following are equivalent:

1. Every aperiodic countable Borel equivalence relation is faithfully generated
by a Borel action of *p,en Gp;

2. Fach G,, embeds into the measure-theoretic full group of (Fo, o).

In particular, condition (1) holds if each G, is residually amenable.



1 Compressible equivalence relations

In this section, we determine completely the circumstances under which a given
compressible equivalence relation is faithfully generated by a Borel action of a
given non-trivial free product.

We need first some notation. Let I(X) = X x X denote the maximal
equivalence relation on X. The product of equivalence relations £ and F on X
and Y is the equivalence relation £ x F' on X X Y given by

(r1,91)E X F(x2,y2) & w120 and y1 Fys.

The join of equivalence relations E and F on the same space is the smallest
equivalence relation F V F which contains both E and F.

Before getting to the main results of this section, we consider first the only
amenable non-trivial free product:

Proposition 1. Suppose that X is a Polish space and E is an aperiodic count-
able Borel equivalence relation on X. Then the following are equivalent:

1. E is freely generated by a Borel action of (Z/27) * (Z/27Z).

2. E is faithfully generated by a Borel action of (Z/27) * (Z/27Z).
3. E is generated by a Borel action of (Z/27) x (Z/2Z).

4. E 1is hyperfinite.

Proof. 1t is clear that (1) = (2) = (3). To see (3) = (4), let ¢ and j be the
generators of (Z/2Z) « (Z/2Z), and observe that £ = graph(i) Ugraph(j) is as in
Remark 6.8 of Kechris-Miller [7], thus FE is hyperfinite. To see (4) = (1), appeal
to Proposition 7.4 of Kechris-Miller [7] to find a Borel equivalence relation F C E
whose classes are all of cardinality 2. Let i : X — X be the involution which
sends x to the other element of its F-class, fix a Borel linear ordering < of X, and
set B={z € X : z <i(x)}. By Theorem 6.6 of Kechris-Miller [7] (which is due
to Slaman-Steel [12] and Weiss [13]), there is a Borel automorphism f : B — B
generating F|B. Define j : X — X by

oy [ iofHz) ifxeB,
J(m)—{ foi(x) otherwise.

This clearly induces the desired action of (Z/27Z) x (Z/27Z). O

As E is hyperfinite if and only if E x I(N) is hyperfinite, it follows that
if F is not hyperfinite, then E x I(N) is not generated by a Borel action of
(Z)2Z) * (Z/2Z). In contrast, we have the following:

Proposition 2. Suppose that X is a Polish space, F is a countable Borel equiv-
alence relation on X, and G and H are non-trivial countable groups such that
Gx H 2 (Z/2Z) * (Z/2Z). Then E x I(N) is faithfully generated by a Borel
action of G x H.



Proof. By reversing the roles of G and H if necessary, we can assume that
|H| > 3. We say that equivalence relations F; and F; on X are independent
if for all zg,x1,...,29, € X such that zoF\x1F5... Foxe, = xg, there exists
i < 2n such that x; = z;11.

Lemma 3. There are independent equivalence relations Fg and Fgr on N x 3
which satisfy the following conditions:

1. I(Nx3) = Fg V Fy;

Every Fg-class is of cardinality |G|;

The sets N x {0}, N x {1}, and N x {2} are Fy-invariant;
Every equivalence class of Fr|(N x {0}) has cardinality 1;
Every equivalence class of Frr|(N x {1}) has cardinality |H| — 1;

Every equivalence class of Frr|(N x {2}) has cardinality |H|;

NS G o

For everyn € N, there exists k € N such that the n-fold iterated saturation
[ [[(&,2)]FaFy - - | Fe )y lies entirely within N x {2};

8. N x {1} contains infinitely many Fp-classes.
Proof. This follows from a straightforward inductive construction. O

Fix Fg and Fg as in Lemma 3. Condition (8) ensures that we can recursively
define k,, € N by setting kg = 0 and

knt1 = mln{k €N: (kv 1) ¢ Uigkn[(iv ]‘)]FH}'

By the proof of Theorem 1 of Feldman-Moore [3], there are Borel involutions
in : X — X such that E = J, cygraph(i,). Define Eq = A(X) x Fg, and
let Ey be the equivalence relation generated by A(X) x Fy and the function
v : X x (Nx{0}) = X x (N x {1}) given by ¢(z,(n,0)) = (in(z), (kn,1)).
Condition (1) ensures that E x I(N x 3) = Eg V Ey. Condition (2) ensures
that Eg is freely generated by a Borel action of G, and conditions (3) — (6)
ensure that Fy is freely generated by a Borel action of H. Condition (7) and
the independence of Fz and Fy then ensure that the corresponding action of
G H on X x (Nx 3) is everywhere faithful, and since F x I[(N) 25 Ex I(Nx3),
the proposition follows. O

We say that E is (Borel) reducible to F, or E <p F, if there is a Borel
function 7 : X — Y such that V1,29 € X (z1Exy & ww(x1)Fr(zg)). We say
that E and F are (Borel) bi-reducible, or E ~p F,if E <p F and F <p E.

Proposition 4. Suppose that G and H are non-trivial countable groups such
that G« H 2 (Z/2Z) % (Z/27). Then every countable Borel equivalence relation
is bi-reducible with one which is faithfully generated by a Borel action of G* H.



Proof. As E ~p E x I(N), this follows from Proposition 2. O
We are now ready for the main result of this section:

Theorem 5. Suppose that G and H are non-trivial countable groups such that
G« H 2 (Z)27) « (Z/2Z). Then every compressible equivalence relation is
faithfully generated by a Borel action of G x H.

Proof. We say that countable Borel equivalence relations E and F are (Borel)
isomorphic, or £ =2p F| if there is a Borel bijection 7 : X — Y such that
Yoy, 22 € X (v1Fzy < w(x1)Fr(x2)). By the proof of Lemma 4.4.1 of Becker-
Kechris [1], a countable Borel equivalence relation F is compressible if and only
if E~p E x I(N), so the theorem follows from Proposition 2. O

We close by noting a much stronger fact in the hyperfinite case:

Theorem 6. Suppose that X is a Polish space and E is countable Borel equiv-
alence relation on X. Then the following are equivalent:

1. E is freely generated by a Borel action of every countably infinite group.
2. E is faithfully generated by a Borel action of every countably infinite group.
8. E is compressible and hyperfinite.

Proof. Tt is clear that (1) = (2). To see (2) = (3), note that E must be
aperiodic, since infinite groups cannot act faithfully on finite sets. Proposition
1 then implies that F is hyperfinite. The proof of Proposition 4.14 of Kechris
[6] implies that no aperiodic hyperfinite equivalence relation which carries an
invariant probability measure is generated by a Borel action of every countable
group. It follows that E does not admit an invariant probability measure, thus
the theorem of Nadkarni [10] implies that F is compressible.

To see (3) = (1), suppose that F is a compressible and hyperfinite, and fix
a countably infinite group G. We say that E is smooth if it admits a Borel
transversal, i.e., a set which intersects every F-class in exactly one point. As
the case that F is smooth is a straightforward consequence of the Lusin-Novikov
uniformization theorem (see, for example, §18 of Kechris [5]), we can assume
that F is non-smooth. Let X denote the free part of the action of G on 2.
As EJ is generically non-smooth, it follows from Theorem 12.1 (which is due
to Hjorth-Kechris [4]) and Corollary 13.3 of Kechris-Miller [7], as well as the
Dougherty-Jackson-Kechris [2] classification of hyperfinite equivalence relations,
that there is a comeager, Eé(—invariant Borel set C' C X such that F =p Eg\C,
and we obtain the desired action by pulling back through this isomorphism. [

2 Selection

Let [E]<*° denote the standard Borel space of all finite sets S C X with the
property that Va1, zo € S (z1Ex2). We say that B C [E]<° is pairwise disjoint



ifvS,T € B(S#T = SNT = (). While the axiom of choice ensures the
existence of maximal pairwise disjoint subsets of any given subset of [E]<>°, the
following useful fact is perhaps a bit surprising:

Proposition 7. Suppose that X is a Polish space and E is a countable Borel
equivalence relation on X. Then every Borel subset of [E]<*° has a mazimal
pairwise disjoint Borel subset.

Proof. This is a rephrasing of Proposition 7.3 of Kechris-Miller [7]. O

The restriction of B C [E]<* to B C X is given by B|B = BN [E|B]<*.
Although the following fact is essentially a rephrasing of Proposition 4.7 of Miller
[9], it is sufficiently different that we include a proof here:

Proposition 8. Suppose that X is a Polish space, E is an aperiodic countable

Borel equivalence relation on X, and By, By, ... C [E]<*° are Borel. Then there
1s an E-invariant Borel set B C X and pairwise disjoint Borel sets By, By, ... C
X such that:

1. E|(X \ B) is compressible.
2. Vn € NVz € B (By,|[z]g # 0 = B,|(B, N [z]g) # 0).

Proof. Let P(X) denote the standard Borel space of Borel probability measures
on X. We say that such a measure p is E-invariant if every element of [E|
is p-measure preserving, and we say that p is E-ergodic if every E-invariant
Borel set is p-null or p-conull. We use Zg to denote the set of all E-invariant
probability measures, and we use £Z g to denote the set of such measures which
are also E-ergodic. As we can clearly assume that F is incompressible, it fol-
lows from Nadkarni [10] that Zr # (). Fix a Farrell-Varadarajan-style ergodic
decomposition 7 : X — EZg (see, for example, §3 of Kechris-Miller [7]).

By Proposition 7, we can assume that each of the sets B, is pairwise disjoint.
Define equivalence relations E,, on B,, by setting

SE,T<3xeX (SUT C [z]g).

Note that if B C B,, is Borel and E,|B is smooth, then E||JB is also smooth,
thus E|[J B]g is compressible. It follows that, after throwing out an E-invariant
Borel set on which F is compressible, we can assume that each of the equivalence
relations FE,, is aperiodic. By Lemma 6.7 of Kechris-Miller [7], there are Borel
E,,-complete sections By 2 Bf D --- such that (), B}' = 0.

For each pu € T g, let u, be the (possibly trivial) measure on B,, given by

pn(B) = (U B).

While these measures need not be FE,-invariant, they are certainly F, -quasi-
invariant, i.e., the F,-saturations of u,-null sets are u,-null. In particular, it
follows that if p,(B,) > 0, then p,(B!) > 0, for all i € N.



Recursively define functions k, : EZg — N by letting k(1) be the least
natural number such that, for all natural numbers i < n,

Extend 7 to [E]<> by setting 7(S) = w(x), for some (equivalently, all) z € S,
and for each n € N, define A,, C B,, by

An = {S S [E]<OO ;S € BZH(W(S)) and Vm > nVT € B;Cnm(ﬂ(s)) (S NnT = @)}

Observe now that if 4 € EZx and wu(B,) > 0, then u(A,) > 0 as well, so
the set Cp, = By \ [An]E, is pn-null, thus the restriction of E to the set B =
Unen UCn]e admits no invariant, ergodic probability measure. The theorem
of Nadkarni [10] then implies that E|B is compressible, and it follows that the

sets B, = |J A, are as desired. O

3 Hyperfinite equivalence relations

In this section, we study the circumstances under which an aperiodic incom-
pressible hyperfinite equivalence relation is faithfully generated by a Borel ac-
tion of a free product of a given pair of countable groups. We begin by studying
a weaker notion. We say that a G-action is E-faithful if Eé C FE and its
restriction to each equivalence class of E is faithful.

Proposition 9. For every countable group G, the following are equivalent:
1. G can be embedded into the measure-theoretic full group of (Eq, o).
2. There is an Ey-faithful Borel action of G.

Proof. To see (2) = (1), simply note that if G acts Ep-faithfully on X, then
the map which associates with each g € G the equivalence class of the function
x — g - x is the desired embedding.

To see (1) = (2), suppose that 7 : G — [Ep|,, is an embedding, and for
each g € G, let p(g) be a Borel automorphism in the equivalence class of 7(g).
Then the set

A={zreX:Vg,hed (plgh)l(z) = [e(g)] e [p()](x))}

is of full measure. Let G act on A via g-x = [¢(g)](z), and observe that the set

B={zecA:Vge G\ {l¢}Ty € [z]r, (9-y#y)}

is also of full measure. As the action of G on B is (Ep|B)-faithful, it is enough
to build an Ey|(X \ B)-faithful action of G. As pg is the unique Ey-invariant,
Ey-ergodic probability measure, it follows that Eo|(X \ B) does not admit an
invariant probability measure. The theorem of Nadkarni [10] then implies that
Ep|(X \ B) is compressible. If G is infinite, then Theorem 6 implies that



Ep|(X \ B) is freely generated by a Borel action of G. If G is finite, then
Proposition 7.4 of Kechris-Miller [7] ensures that there is a Borel equivalence
relation F' C Ep|(X \ B) whose classes are all of cardinality |G|. The Lusin-
Novikov uniformization theorem implies that F' is freely generated by a Borel
action of G, and any such action is necessarily Ey|(X \ B)-faithful. O

We see next that the existence of E-faithful Borel actions is a notion that
behaves nicely with respect to free products:

Proposition 10. Suppose that X is a Polish space, E is an aperiodic countable
Borel equivalence relation on X, and G and H are countable groups. Then the
following are equivalent:

1. There are E-faithful Borel actions of G and H;

2. There is an E-faithful Borel action of G * H with the property that, for
every reduced (G * H)-word w = gghy...g1h1 and every x € X, there
exists y € [x]g such that the points y,hy -y, g1h1 - Yy, gkhi .. g1h1 -y
are pairwise distinct.

Proof. Tt is enough to show (1) = (2). By the proof of Theorem 5, it is enough
to show that (2) holds off of an E-invariant Borel set on which E is compressible.
For each g € G, define X, C X by

Xg={reX: g9 -z#ax},
and define A, C X by
Ay ={z e X :|X,N[z]p| <No}.

As the action of G is E-faithful, it follows that E|A, is smooth. As E is
aperiodic, it follows that E|[A4]g is compressible. By throwing out each of the
sets [A4] g, we can therefore assume that for every g € G other than 1¢, the set
X4 intersects each equivalence class of I in an infinite set.

Similarly, we can assume that for every h € H other than 1y, the set

Yi={yeX:h-y#y}

intersects each equivalence class of E in an infinite set.

We will assume also that both G and H are non-trivial, since otherwise the
proposition trivializes.

Given a partial injection m on X, k€ GUH, and = € X, set

k™ ox=mkr ! x.

More generally, let kTnk "1 - k[t - o=k - (k)7 (- (K[ ) -+ +)).

Suppose that w = gghy ---g1h1 is a non-trivial reduced (G * H)-word. We
say that a tuple (S, z, ¢, 1) is a w-witness if it satisfies the following conditions:

1. S e [E]<>;



2. ¢ and 1t are permutations of S;
3. x, hlf -a:,g‘fhib -z, ... ,gfh}f . ~gfh1f - are pairwise distinct elements of S.

Let By, denote the Borel set of S € [E]<> for which there exist z € S and
permutations ¢ and % of S such that (S, z, ¢, 1) is a w-witness.

Lemma 11. The set B, covers X.

Proof. Fixx € X. We will recursively define pairwise distinct yo, x1,41,...,Yx €
[] g, as well as finite partial injections ¢y, ..., pr and ¥, ..., ¥, such that:

1. Vi <k (y; & range(v;)).
2. Vi<k (1‘7;_;,_1 = h;ﬁ:{l “ Y and Yir1 = gﬁi_{l . :Ei+1).

We begin by setting yo = = and ¢o = 9y = 0.
Suppose now that we have yg,z1,91,-..,Y:, as well as @; and 1;, for some

i < k. Since [y;]p NY},,,, is infinite, there exists

vi € ([yile N Yaiiy) \ (dom(s) U kil (dom(yy))),

and since [y;] g is infinite, there exists

Tiv1 € [yile \ (range(y;) Urange(pi) U {yo, T1, -, ¥i})-

As yl, hiy1 - yi are distinct points outside of dom(t);), and ;41,y; are distinct
points outside of range(v;), we obtain a partial injection by setting

Yi(y) if y € dom(v);),
Yir1(y) = vi ify=uyj,
Tip1 iy =hiy -y

Similarly, since [z;+1]g N X,,,, is infinite, there exists

i+1
i1 € ([Bip1]e N Xg,,,) \ (dom(p;) U g;7}, (dom(py))),
and since [z;41]g is infinite, there exists
Yi+1 € [ziy1]E \ (range(p;) Urange(Yiv1) U {yo, z1, ..., Yi, Tiv1}).

As x§+1,gi+1 -x§+1 are distinct points outside of dom(yp;), and x;41,y;4+1 are
distinct points outside of range(p;), we obtain a partial injection by setting
¢i(x) if x € dom(y;),
pir1(z) = ¢ iy =z,
Yirr iz =gip1-zi,.
This completes the recursive construction. Note that y;4+1 & range(i;41),

Vi —1
hit' - yi = Yisrhin¥i - Y = Tiga,



and

gff{l “Tipl = 80i+1gi+1%_+11 *Tit1l = Yit+l-
Let S = {yo,z1,Y1,---, Yk}, fix extensions ¢ and ¢ of ¢ and ¥y, to permu-
tations of S, and observe that (S, z, v, ) is a w-witness. O

Proposition 8 ensures that, after throwing away an E-invariant Borel set on
which F is compressible, there are pairwise disjoint Borel sets B,,, such that
each By, |B,, contains a subset of every equivalence class of FE. By the Lusin-
Novikov uniformization theorem, there is a Borel map S — (zg, ¢s,1s) such
that, for each S € |, Bw|Bw, the tuple (S,zs,¢s,1%s) is a w-witness. Fix
¢ € [E] and ¢ € [E] which simultaneously extend each of the permutations ¢g
and g, respectively. Then the conjugates of the actions of G and H by ¢ and
1 yield the desired action of G x H. O

We are now ready to connect the existence of E-faithful Borel actions with
the existence of everywhere faithful Borel actions:

Proposition 12. For non-trivial countable groups G and H, the following are
equivalent:

1. G and H can be embedded into the measure-theoretic full group of (Eo, o).
2. Ey is faithfully generated by a Borel action of G x H.

Proof. Proposition 9 implies (2) = (1), so it is enough to show (1) = (2). By
Proposition 9, there are Fy-faithful Borel actions of G and H. By Proposition
10, we can fix an Ey-faithful Borel action of G * H such that, for every reduced
(G * H)-word w = gghy ...g1h1 and every x € X, there exists y € [z]g such
that the points y,h1 -y, 91h1 - ¥y, ..., gxhk ... g1h1 - y are pairwise distinct.

For each reduced (G+H )-word w = gghy . .. g1h1, let By, denote the collection
of sets S € [E]<*> which are made up of pairwise distinct points z, hy - z, g1h1 -
ZTyoooygkhr .. g1h1 -, y1, Y2, 21, 22, where ylEégn and 21E§2’2. By Proposition
8, after throwing out an E-invariant Borel set on which E is compressible (which
we are free to do by Theorem 5), there are pairwise disjoint Borel sets B,, C X
such that each B,|B,, contains a subset of every E-class. Set B = J,, Bw|Buw,
and let £ denote the equivalence relation on B given by

SET & Jx € X (SUT C [x]5).

Then £ ~p Ey, thus £ is hyperfinite. As £ is clearly aperiodic, it follows from
Proposition 1 that £ is freely generated by a Borel action of (Z/2Z) x (Z/27Z).
Let a and b denote the generators of (Z/27Z) x (Z/2Z).

By the Lusin-Novikov uniformization theorem, there is a Borel map S +—
(25,97, y5, 27, 25 ) such that every S € B is made up of the pairwise distinct

10



points %, hy - %, g1hy - 2°, ..., grhi ... g1h1 - xs,yf,yf,zf,zg. Fix a Borel
linear ordering < of B, define ¢ € [E] by

y? if3SeB(z=2%and S<a-S9),
o) =1¢ y3° if3SeB(zr=2%anda-S < 09),
xr  otherwise,

and similarly, define ¢ € [E] by

2% ifJIw3SE€B, (r=w-2°and S < b-9),
Y(x) =14 259 ifFw3SeB, (r=w-2%andb-S < 9),
xr  otherwise.

Now consider the conjugates of the actions of G and H by ¢! and ¢!, re-
spectively. Let B denote the set of x € X such that this new action of G x H
on [x]g.p is faithful. Then the set B intersects every equivalence class of Ey,
and as a consequence, the equivalence relation F' on B generated by the new
action is hyperfinite, incompressible, and faithfully generated by a Borel action
of Gx H. Tt follows from the Dougherty-Jackson-Kechris [2] classification of hy-
perfinite equivalence relations that F' is of the form Ey x A(Y), for some Polish
space Y, and this implies that Ej is faithfully generated by a Borel action of
G« H. O

As a corollary, we obtain the main result of this section:

Theorem 13. Suppose that X is a Polish space, E is an aperiodic incompress-
ible hyperfinite equivalence relation on X, and G and H are non-trivial countable
groups. Then the following are equivalent:

1. G and H can be embedded into the measure-theoretic full group of (Eo, o).
2. E is faithfully generated by a Borel action of G « H.

Proof. In light of Proposition 12, it is enough to check that F is faithfully
generated by a Borel action of G % H if and only if Ej is faithfully generated by
a Borel action of G *x H, and this follows from the Dougherty-Jackson-Kechris
[2] classification of aperiodic hyperfinite equivalence relations. O

Of course, this theorem will become useful only when we have specified
a reasonable collection of countable groups which can be embedded into the
measure-theoretic full group of (Ey, po).-

Proposition 14. FEvery amenable group can be embedded into the measure-
theoretic full group of (Eo, o).

Proof. Suppose that G is an amenable group. If G is finite, then Proposition 7.4
of Kechris-Miller [7] ensures that there is a Borel equivalence relation F' C Ej
whose classes are all of cardinality |G|, thus F is freely generated by a Borel
action of G. As any such action is necessarily Fy-faithful, it follows that G can
be embedded into [Ep],,-

11



If G is infinite, then let G act on X = 2¢ via the shift, and let u denote
the usual product measure on 2¢. The theorem of Ornstein-Weiss [11] ensures
that there is an E3-invariant Borel set B C X of full measure such that EX|B
is hyperfinite. The Dougherty-Jackson-Kechris [2] classification of aperiodic
hyperfinite equivalence relations then implies that Eg is freely generated by a
Borel action of G, and the desired result follows from Proposition 9. O

Recall that if P is a property of groups, then a group G is said to be residually
P if, for every g # 1g in G, there is a group H with property P and an
epimorphism ¢ : G — H such that ¢(g) # 1. We prove next a descriptive
analog of Proposition 4.13 of Kechris [6]:

Proposition 15. Suppose that G is a countable group which is residually con-
tained in the measure-theoretic full group of (Ey, po). Then G embeds into the
measure-theoretic full group of (Ey, o).

Proof. Fix an enumeration gg, g1, ... of G, and for each n € N, fix a homomor-
phism ¢, : G — [Ep],, such that ¢, (g,) # id. Set H,, = ¢,(G) and X,, = Non1.
By Proposition 9, there are (Ey|X,,)-faithful Borel actions of H,,. By pulling
back the action of H,, on X,, through ¢, and insisting that G acts trivially on
0°°, we obtain an Fy-faithful Borel action of GG, and it follows from Proposition
9 that G’ embeds into the measure-theoretic full group of (Eq, o). O

As a corollary, we obtain the following;:

Theorem 16. Suppose that X is a Polish space, E is an aperiodic hyperfinite
equivalence relation on X, and G and H are non-trivial residually amenable
groups. Then E is faithfully generated by a Borel action of G« H.

Proof. This follows from Theorem 13 and Propositions 14 and 15. O

4 The general case

In this section, we show that every aperiodic countable Borel equivalence rela-
tion is faithfully generated by a Borel action of every free product of infinitely
many non-trivial countable groups. We note first the following fact:

Proposition 17. Suppose that X is a Polish space, E is an aperiodic countable
Borel equivalence relation on X, G and H are countable groups equipped with
everywhere faithful Borel actions on X, and Eé{ V E¥ = E. Then there is an
E-invariant Borel set B C X and conjugates of the actions of G and H by
elements of the full group of E such that:

1. E|(X \ B) is compressible.

2. The corresponding action of G x H on B faithfully generates E|B.
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Proof. For each g € G, define X, C X by
Xg={reX g9 -z#a},
and define A; C X by
Ay ={z e X | X,N[z]a] <No}.

As the action of G is everywhere faithful, it follows that EX |4, is smooth.

If G is infinite, then the fact that the action of G is everywhere faithful also
ensures that Eé{ is aperiodic. This easily implies that Eé( |A4 is compressible,
thus E|[A4]g is compressible. By throwing out each of the sets [A4]g, we can
therefore assume that if G is infinite, then for every g € G other than 1, the
set X, intersects each G-orbit in an infinite set.

Similarly, we can assume that if H is infinite, then for every h € H other
than 1z, the set

YVi={yeX:h-y#y}

intersects each H-orbit in an infinite set.

We will assume also that both G and H are non-trivial, since otherwise the
proposition trivializes.

Suppose that w = gghy -+ - g1h1 is a non-trivial reduced (G * H)-word. We
say that a tuple (S, z, ¢, 1) is a w-witness if it satisfies the following conditions:

1. S € [E]<>;
2. ¢ and 9 are permutations of S;
3. graph(y) C E¥ and graph(4) C E;
4z, By -, gthY . gfhY gty -z e S;
5. x#glhy gt -
Let B, denote the Borel set of S € [E]<* for which there exist z € S and

permutations ¢ and ¥ of S such that (S, z, ¢, 1) is a w-witness.
Lemma 18. The set B,, covers X.

Proof. To see that a point x € X is contained in some element of 5, it is
enough to find yo € [z]p and finite partial injections ¢ and v of [z]g, whose
graphs are contained in EZ and Ej, respectively, such that g,fh}f o gfhY -y
is defined and distinct from yo. The exact manner in which we accomplish this
depends upon whether G and H are infinite.

We handle first the case that both G and H are infinite. We recursively
define yo,91,...,yx € [x]E, as well as finite partial injections ¢y, ..., ¢, and
Yo, . - ., Yk, such that:

1. Vi < k (y; & range(1;)).
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2. Vi <k (g7 hYI -y = yira).

We begin by setting yo = = and ¢o = 1o = 0.
Suppose now that we have yg, y1, ..., y;, as well as p; and ¥;, for some ¢ < k.

Since [y;| g N Y, is infinite, there exists

Yi € ([ila 0 Ynpo) \ (dom(vy) U hiyly (dom(vy))),

and since [y;] g is infinite, there exists

Tiv1 € [yi]m \ (range(y;) Urange(p;) U {y;}).

As yl, hiy1 - yi are distinct points outside of dom(t);), and ;41,y; are distinct
points outside of range(1);), we obtain a partial injection by setting

VYi(y) if y € dom(vy),
Yir1(y) = yvi ify=uy;,
zipr iy =hiy -y

Similarly, since [z;41]¢ N X is infinite, there exists

git1
x;+1 € ([xiJrl]G N Xgi+1) \ (dom(QDZ) U gi_+11 (dOIn<<pi)))7

and since [z;41]¢ is infinite, there exists

Yir1 € [Tira]a \ (range(p;) U range(viv1) U {yo, Tiv1})-

As $§+179i+1 'x;H are distinct points outside of dom(yp;), and x;11,y;4+1 are
distinct points outside of range(p;), we obtain a partial injection by setting

wi(z) if 2 € dom(yp;),
pir1(r) = zip1 ifz=a] 4,
Yirr fx=gip1-2,,.

This completes the construction. Note that y; 1 & range(¢;+1) and

gfﬂlhzbﬂl Sy = <Pi+1gi+190i_+11wi+lhi+11/}i_+l1 “Yi = Yit1-
Set ¢ = ¢ and 1 = ¢y, and observe that yo # yp = g,fh}f o gfRY .

We handle next the case that exactly one of G and H are infinite. By
reversing the roles of G and H if necessary, we can assume that G is finite and
H is infinite. We recursively define yo,y1,...,yr € [2]g, as well as finite partial
injections g, ..., g and ¥y, ..., Yy, such that:

1. Vi < k (y; & range(1;)).

2. Vi<k (gfﬁlhzbﬁl “Yi = Yir1)-

14



We begin by setting yo = = and g = 19 = 0.
Suppose now that we have yg, y1, ..., y;, as well as y; and ;, for some i < k.

Since [y;]g N Yh,,, is infinite, there exists

y; € ([yZ]H N Yh11+1) \ (dom(wl) U hz_Jrll (dom(wl)))v

and since [y;] g is infinite and G is finite, there exists

Tit1 € [yi]m \ [dom (i) Urange(p;) U range(y:) U {yo, i }]c-

As yi, hit1 -y} are distinct points outside of dom(v);), and z;41,y; are distinct
points outside of range(v;), we obtain a partial injection by setting

Yi(y) if y € dom(v;),
Yiy1(y) = vi ify=uy,
Tip1 iy =hiq -y

Fix zi ) € [wip1]e N Xg,, and yiy1 € [wia]e \{zisa}. As afy, gi1 - 27, are
distinct points outside of dom(yp;), and x;11,y;+1 are distinct points outside of
range(y; ), we obtain a partial injection by setting

wi(z) if z € dom(yp;),
pitr(r) = g1 ifz=al
Yir1 Mz =git1 2.
This completes the recursive construction. Note that y;11 & range(;11) and
gfﬁlhfﬁl Vi = Pit19ir19 1 irthi ¥ Y = i

Set ¢ = ¢, and 1 = vy, and observe that yo # yp = g,fhf o gfRY .

It remains to handle the case that both G and H are finite. We say that
there is a (G % H)-path from x to y that avoids S if there exist ¢{,...,q, € G
and h},...,h, € H such that g/,h! ---gih} - = y, and none of the points
Ry -x,gihy -x,...,gLhl -+ gih} - x are in S. Recursively define yo,z1,...,yx €
[*] g such that:

1. For all ¢ < k, there are (G * H)-paths from y; to infinitely many points of
[2]p which avoid U, <, < [2i]n UU, < [viles

2. For all ¢ < k, there are (G % H)-paths from x; to infinitely many points of
[z] 5 which avoid U, ;< [wiln UU;<x [vila-

For each i < k, fix y] € [y;]g N Yh,,, and 2} € [x;]q N X, . Set
z; if z=ual,
z) = .
w(®) { yi if o =gip1 -,
and
_ v ify=uy,
v { Tiy1 ify=hia -y
It is clear that ¢ and 1 are as desired. O
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Proposition 8 ensures that, after throwing away an E-invariant Borel set on
which F is compressible, there are pairwise disjoint Borel sets B,,, such that
each B, |B, contains a subset of every equivalence class of E. By the Lusin-
Novikov uniformization theorem, there is a Borel map S — (zg, ¢s,¥s) which
assigns to each S in some B,,|B,, a triple (zg, ps,%s) such that (S, zg, g, s)
is a w-witness. Fix ¢ € [EX] and ¢ € [Ej] which simultaneously extend all
of these permutations. Then the conjugates of the actions of G and H on X
by ¢ and # still generate the same equivalence relations, and the corresponding
action of G« H on X is everywhere faithful. U

Remark 19. Proposition 17 implies its strengthening in which we only con-
jugate the action of H by an element of the full group of E. For if ¢ and ¢
witness Proposition 17, then so too do id and ¢~ 1.

We are now ready for the main theorem of this section:

Theorem 20. Suppose that Gy, G1, ... are non-trivial countable groups. Then
the following are equivalent:

1. Every aperiodic countable Borel equivalence relation is faithfully generated
by a Borel action of *,en Gp;

2. Fach G,, embeds into the measure-theoretic full group of (Fo, o).

Proof. Tt is enough to show (2) = (1). Rewrite the groups as Go, Hy, G1, Hy, . . .,
and fix aperiodic hyperfinite equivalence relations Fy, Fy,... € FE such that
E =, ey Fn- Theorem 13 implies that F), is faithfully generated by a Borel
action of G, * H,. By repeated application of Proposition 17 (and Remark
19), we can find id = mg, 71, ... € [E] such that, for each n € N, the action of
(Go * Hy) x - - - * (G, * Hy) obtained by conjugating the action of G; * H; by m;,
faithfully generates Fy V ---V Fj,. It follows that the action of x,cn Gy, * Hy,
obtained by conjugating the action of G; * H; by m;, faithfully generates £. [
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