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ABSTRACT. We show that if a countable Borel equivalence relation
is in the closure of the class of all smooth Borel equivalence rela-
tions under countable increasing union and countable intersection,
then it is measure hyperfinite.

Partially order the set N<N = U,en N by extension and let s ~ ¢
denote the concatenation of sequences s,t € N<N. A tree on N is a
non-empty set 7 C N<N that is closed under restriction. For all partial
functions f: T"— N, let T} denote the tree on N consisting of all t € T’
for which t(i) = f(¢ | i) whenever i € dom(t) and ¢ | ¢ € dom(f).

A tree T on N is well-founded if every element of N¥ has a maximal
restriction in 7. Let OT denote the set of all maximal elements of T'.
We say that T is fully branching if t ~ (n) € T for all n € N and
t € T\ OT. The pruning rank of such a tree is defined via transfinite
recursion by p({0}) = 0 and p(T') = sup{p(T,,) +1 | n € N} if T # {0},
where T, = {t e NN | (n) ~t € T} for all n € N.

Let [ J denote increasing union and P(X) the family of all subsets of
a set X. For our purposes here, a parse tree on X is a triple (F, O, T),
where T is a well-founded fully branching tree on N, F': T" — P(X),
O: T\oT = {UJ.N}, and F(t) = O(1),,cn F(t ~ (n)) for allt € T\OT.

Proposition 1. Suppose that X is a set, (F,0,T) is a parse tree on
X, and f: O"Y(J) = N. Then Necor, F(t) < F(0).

Proof. By transfinite induction on the pruning rank of 7' 0

Given a family F C P(X), we say that a set Y C X is hyper F if it
is a countable increasing union of elements of F. Let cl(F) denote the
closure of F under countable increasing union and countable intersec-

tion. A witness to the membership of a set Y C X in cl(F) is a parse
tree (F,0,T) on X for which F(9T) C F and Y = F(()).

Proposition 2. Suppose that X is a set and F is a family of subsets of
X. Then every set in cl(F) admits a witness to membership in cl(F).
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Proof. Simply observe that the family of subsets of X that admit wit-
nesses to membership in cl(F) contains F and is closed under countable
increasing union and countable intersection. U

A topological space is Polish if it is separable and admits a compat-
ible complete metric. A Borel space is a set equipped with a distin-
guished o-algebra of Borel subsets. Such a space is standard Borel if
these sets coincide with the o-algebra generated by a Polish topology
on the set. A function between Borel spaces is Borel if preimages of
Borel sets are Borel. A Borel probability measure on a Borel space is a
probability measure on its Borel subsets.

Following the usual abuse of language, we say that an equivalence
relation is countable if all of its equivalence classes are countable and
finite if all of its equivalence classes are finite.

Theorem 3. Suppose that X is a standard Borel space, E is a count-
able Borel equivalence relation on X, F is a family of Borel equivalence
relations on X that is closed under countable intersection and restric-
tion to Borel subsets of X, and p is a Borel probability measure on X.
If E € cl(F), then there is a p-conull Borel set C C X for which E | C
15 hyper F.

Proof. Proposition [2] yields a witness (F,O,T) to the membership of
E in cl(F). Fix €,; > 0 for which Y {e,; |n € Nand t € O~} )} <
oo. By the Lusin—Novikov uniformization theorem (see, for example,
[Kec95, Theorem 18.10]), there are Borel functions ¢,,: X — X with
E =,y graph(¢,). For all n € N, fix a function f,: O7'(|J) = N
with the property that, for all t € O~1(|J), the p-measure of the set

Boy={v e X |[Vi<n (z F(t) ¢i(x) = z F(t ~ (fu(t))) ¢i(2))}
is at least 1 — €,;. For alln € N, set €, = > {e,: |t € O71(J)} and
observe that the p-measure of the set B, = ({B,: |t € O~ Y(J)} is
at least 1 — ¢,, so the u-measure of the set C), ﬂm>n B,, is at least
L= on€m As D €m — 0, the set C' = J, y Cn is p-conull.

For all n € N, define F, ﬂt or,, F(t) and E, = ﬂm>nF As F
is closed under countable intersection and (En)nen is increasing, the
equivalence relation E, = J, oy En is hyper F. Proposition [I] ensures
that F, C F. To see that F | C' C E, it is sufficient to show that if
i < n are natural numbers and x € C,,, then z E,, ¢;(z). But if m > n,
then x € B, so z F(t) ¢;(z) for all t € Ty, by a straightforward
induction on the length of ¢, thus = F, ¢;(x). O

A reduction of an equivalence relation £ on X to an equivalence
relation FronY isamap m: X — Y suchthat x Fy < w(x) F n(y)
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for all z,y € X. A Borel equivalence relation on a standard Borel space
is smooth if it admits a Borel reduction to equality on 2. A Borel
equivalence relation on a standard Borel space is hyperfinite if it is a
countable increasing union of finite Borel subequivalence relations.

Theorem 4. Suppose that X is a standard Borel space, E is a count-
able Borel equivalence relation on X, F is the family of smooth Borel
equivalence relations on X, and p is a Borel probability measure on X.
If E € cl(F), then there is a p-conull Borel set C C X for which E | C
s hyperfinite.

Proof. As F is clearly closed under Borel restriction and countable
intersection, Theorem [3] yields a p-conull Borel set C' C X for which
E | C is hyper F, thus hyperfinite by [DJK94, Theorem 7.1]. O
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