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Abstract. We show that recurrence conditions do not yield invariant Borel prob-

ability measures in the descriptive set-theoretic milieu, in the strong sense that if a

Borel action of a locally compact Polish group on a standard Borel space satisfies

such a condition but does not have an orbit supporting an invariant Borel proba-

bility measure, then there is an invariant Borel set on which the action satisfies the

condition but does not have an invariant Borel probability measure.

Suppose that X is a Borel space and T : X → X is a Borel au-
tomorphism. Given a set S ⊆ Z, a set Y ⊆ X is S-wandering if
Tm(Y ) ∩ T n(Y ) = ∅ for all distinct m,n ∈ S, and weakly wandering
if there is an infinite set S ⊆ Z for which it is S-wandering. We say
that a set Y ⊆ X is T -complete if it intersects each orbit of T , and a
Borel probability measure µ on X is T -invariant if µ(B) = µ(T (B))
for all Borel sets B ⊆ X.

It is well-known that if ν is a Borel probability measure on X,
then the inexistence of a weakly-wandering ν-positive set yields a T -
invariant Borel probability measure µ� ν (see [Zak93] for the gener-
alization to groups of Borel automorphisms). In light of this and his
own characterization of the existence of invariant Borel probability
measures (see [Nad90]), Nadkarni asked whether the inexistence of
a weakly-wandering T -complete Borel set yields a T -invariant Borel
probability measure in the special case that X is a standard Borel
space.

We say that a set Y ⊆ X is T -invariant if Y = T (Y ), and a Borel
probability measure µ on X is T -ergodic if every T -invariant Borel
set is µ-conull or µ-null. When X is a standard Borel space, a Borel
equivalence relation F on X is smooth if there is a standard Borel
space Z for which there is a Borel function π : X → Z such that
x F y ⇐⇒ π(x) = π(y) for all x, y ∈ X.
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Eigen-Hajian-Nadkarni negatively answered Nadkarni’s question
by providing a standard Borel spaceX, a Borel automorphism T : X →
X, and a smooth Borel superequivalence relation F of the orbit
equivalence relation EX

T such that there is no weakly-wandering T -
complete Borel set, but for each F -class C there is a weakly-wandering
(T � C)-complete Borel set (see [EHN93]). To see that the latter
condition rules out the existence of a T -invariant Borel probability
measure, observe that the ergodic decomposition theorem ensures
that the existence of a T -invariant Borel probability measure yields
the existence of a T -ergodic T -invariant Borel probability measure
(see [LM97, Theorem 3.2] for the generalization to analytic equiva-
lence relations), the smoothness of F implies that every T -ergodic
Borel measure concentrates on some F -class C, and the existence of a
weakly-wandering (T � C)-complete Borel set rules out the existence
of a (T � C)-invariant Borel probability measure.

However, Eigen-Hajian-Nadkarni also noted that this leaves open
the question as to whether the inexistence of such an equivalence
relation yields a T -invariant Borel probability measure.

The T -saturation of a set Y ⊆ X is given by [Y ]T =
⋃
n∈Z T

n(Y ).
When X is a topological space, a homeomorphism T : X → X is
topologically transitive if for all non-empty open sets U, V ⊆ X there
exists n ∈ Z such that T n(U)∩ V 6= ∅, and minimal if every orbit is
dense. The odometer is the isometry of 2N given by σ((1)n a (0) a
c) = (0)n a (1) a c for all c ∈ 2N and n ∈ N. Let m denote the
Borel measure on 2N given by m(Ns) = 1/2|s| for all s ∈ 2<N. It is
easy to see that the odometer is minimal, and therefore topologically
transitive, and that m is the unique σ-invariant Borel probability
measure.

As noted in [Mil04, Example 3.13], if C ⊆ 2N is a non-meager m-
null Borel set and X = [C]σ, then σ � X also yields a negative answer
to Nadkarni’s question. To see that there is no weakly-wandering
(σ � X)-complete Borel set, observe that if B ⊆ 2N is a non-meager
set with the Baire property, then there is a non-empty open set U ⊆
2N in which B is comeager (see, for example, [Kec95, Proposition
8.26]), and the fact that σ is a homeomorphism ensures that the
set M = [U \ B]σ is meager (see, for example, [Kec95, Exercise
8.45]). Note also that the compactness of 2N and minimality of σ
yield a finite set Z ⊆ Z such that 2N =

⋃
n∈Z σ

n(U), in which case
2N =

⋃
n∈Z σ

n(σk(U)) for all k ∈ Z. In particular, it follows that
if x ∈ X \ M , then for all k ∈ Z there exists n ∈ Z such that
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σ−n(x) ∈ σk(U). Letting O denote the orbit of x under σ, the
pigeon-hole principle therefore ensures that there is no set S ⊆ Z
of cardinality strictly greater than that of Z for which U ∩ O is
S-wandering, thus the same holds of B ∩ O.

The transformation σ � X also yields a negative answer to the
subsequent question of Eigen-Hajian-Nadkarni, as the topological
transitivity of σ ensures that every σ-invariant Borel set is comeager
or meager, thus every smooth Borel superequivalence relation of EX

σ

has a comeager equivalence class.
Following [Tse15], we say that a set Y ⊆ X is locally weakly-

wandering if its intersection with each orbit of T is weakly wandering.
As noted by Tserunyan, the transformation σ � X also yields a
negative answer to the question as to whether the inexistence of a
locally-weakly-wandering T -complete Borel set yields a T -invariant
Borel probability measure. This is a direct consequence of the above
proof that there is no weakly-wandering (σ � X)-complete Borel set.

We say that a set Y ⊆ X is very weakly wandering if there are arbi-
trarily large finite sets S ⊆ Z for which it is S-wandering. The above
arguments also yield negative answers to the analogous questions in
which weak wandering is replaced with very weak wandering.

Here we generalize these observations from Borel actions of Z to
Borel actions of locally compact Polish groups, and from Borel prob-
ability measures that are invariant with respect to a Borel action to
Borel probability measures that are invariant with respect to a Borel
cocycle. We also show that not only are there examples of Borel
actions yielding negative answers to the generalizations of the ques-
tions considered by Nadkarni, Eigen-Hajian-Nadkarni, and Tserun-
yan, but that it was wholly unnecessary to search for them in the first
place, as they lie within every Borel action that could possibly con-
tain them. Moreover, rather than just establishing this for variants
of weak wandering, we show that no recurrence condition whatsoever
yields the existence of an invariant Borel probability measure.

In §1, we establish the basic properties of the recurrence spectrum
of a Borel action of a Polish group on a standard Borel space, which
codifies the suitably robust forms of recurrence that it satisfies.

In §2, we show that locally-compact non-compact Polish groups
have free Borel actions on Polish spaces with maximal recurrence
spectra.
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In §3, we show that the existence of weakly-wandering and very-
weakly-wandering suitably-complete Borel sets, as well as suitably-
complete Borel sets satisfying the minimal non-trivial notion of tran-
sience corresponding to the failure of the strongest notion of recur-
rence, in addition to the Eigen-Hajian-Nadkarni-style refinements
thereof, can be characterized in terms of the recurrence spectrum.
Our arguments also yield complexity bounds leading to implications
between many of these notions. For instance, it follows that if X is
a standard Borel space, T : X → X is a Borel automorphism, and
there is no smooth Borel superequivalence relation F of EX

T with the
property that there is a weakly-wandering (T � C)-complete Borel
set for every F -class C, then there is no locally-weakly-wandering
T -complete Borel set.

In §4, we generalize the generic compressibility theorem of Kech-
ris-Miller (see [KM04, Theorem 13.1]) to Borel actions of locally
compact Polish groups on standard Borel spaces. We simultane-
ously replace comeagerness with a stronger notion under which the
recurrence spectrum is invariant, thereby insuring that no condition
on the latter yields an invariant Borel probability measure.

§1. The recurrence spectrum. Suppose thatGy X is a group
action. We say that a set Y ⊆ X is complete if X = GY , and
σ-complete if there is a countable set H ⊆ G for which X = HY .
The following observation ensures that, under mild hypotheses, these
notions coincide on open sets.

Proposition 1.1. Suppose that G is a topological group, H ⊆ G
is dense, X is a topological space, G y X is continuous-in-G, and
U ⊆ X is open. Then GU = HU .

Proof. Suppose that g ∈ G and x ∈ U . As Gy X is continuous-
in-G, there is an open neighborhood V ⊆ G of 1G for which V x ⊆ U .
Fix an open neighborhood W ⊆ G of g for which W−1g ⊆ V . As
H is dense, there exists h ∈ H ∩W , and it only remains to observe
that h−1g ∈ V , so h−1g · x ∈ U , thus g · x ∈ hU .

Let E0 denote the equivalence relation on 2N given by c E0 d ⇐⇒
∃n ∈ N∀m ≥ n c(m) = d(m). We will abuse language by saying that
a subset ofX is ℵ0-universally Baire if its pre-image under every Bor-
el function from a Polish space to X has the Baire property, and an
ℵ0-universally-Baire equivalence relation E on X is smooth if there
is no Borel function π : 2N → X such that c E0 d ⇐⇒ π(c) E π(d)
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for all c, d ∈ 2N. The Harrington-Kechris-Louveau generalization
of the Glimm-Effros dichotomy (see [HKL90, Theorem 1.1]) ensures
that this is compatible with the usual notion of smoothness for Borel
equivalence relations on standard Borel spaces.

When X is a topological space, a continuous-in-X action G y X
is topologically transitive if for all non-empty open sets U, V ⊆ X
there exists g ∈ G such that gU ∩ V 6= ∅, and minimal if every orbit
is dense.

Proposition 1.2. Suppose that G is a group, X is a Polish space,
G y X is continuous-in-X, B ⊆ X is EX

G -invariant, C ⊆ X is an
EX
G -invariant Gδ set for which Gy C is topologically transitive and

in which B is comeager, and F is a smooth ℵ0-universally-Baire
superequivalence relation of EB

G . Then there is an F -class that is
comeager in C.

Proof. Fix a dense Gδ set C ′ ⊆ C contained in B, and note that
F has the Baire property in C ′×C ′, thus in C×C. The straightfor-
ward generalization of the Becker-Kechris criterion for continuously
embedding E0 from orbit equivalence relations induced by groups
of homeomorphisms (see [BK96, Theorem 3.4.5]) to superequiva-
lence relations of such orbit equivalence relations (see, for example,
[KMS14, Theorem 2.1]) ensures that the union of F and (C \ B) ×
(C \ B) is non-meager in C × C, so the Kuratowski-Ulam theorem
(see, for example, [Kec95, Theorem 8.41]) yields an F -class that is
non-meager and has the Baire property in C, thus comeager in C by
topological transitivity.

For each set Y ⊆ X, define ∆(Y ) = {g ∈ G | Y ∩ gY 6= ∅}. The
following fact is the obvious generalization of Pettis’s Lemma (see,
for example, [Kec95, Theorem 9.9]) to group actions.

Proposition 1.3. Suppose that G is a group, X is a Baire space,
G y X is continuous-in-X, U ⊆ X is non-empty and open, and
B ⊆ U is comeager. Then ∆(U) ⊆ ∆(B).

Proof. Note that for all g ∈ G, the fact thatGy X is continuous-
in-X ensures that gU is open and gB is comeager in gU . In particu-
lar, it follows that if U ∩ gU is non-empty, then B ∩ gB is comeager
in U ∩ gU , in which case the fact that X is a Baire space ensures
that B ∩ gB is also non-empty, thus ∆(U) ⊆ ∆(B).

Given an upward-closed family F ⊆ P(G) and any family Γ ⊆
P(X), we say that an action Gy X is F-recurrent on Γ if ∆(B) ∈ F
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for all B ∈ Γ. This generalizes the usual notion of recurrence in
topological dynamics, where one says that a continuous-in-X action
of a group on a topological space X is F-recurrent if it is F -recurrent
on non-empty open sets. We next note that, under mild hypotheses,
this latter notion propagates to recurrence on non-meager sets with
the Baire property.

Proposition 1.4. Suppose that G is a group, X is a Baire space,
F ⊆ P(G) is upward closed, and G y X is continuous-in-X and
F-recurrent. Then G y X is F-recurrent on non-meager sets with
the Baire property.

Proof. If B ⊆ X is a non-meager set with the Baire property,
then there is a non-empty open set U ⊆ X in which B is comeager,
and Proposition 1.3 ensures that ∆(U) ⊆ ∆(B), thus ∆(B) ∈ F .

When X is a Polish space, the decomposition into minimal compo-
nents of a continuous action G y X is the equivalence relation on
X given by x FX

G y ⇐⇒ Gx = Gy. It is easy to see that FX
G is Gδ

and smooth (although the latter is also a direct consequence of the
former and [HKL90, Corollary 1.2]), and that for each FX

G -class C,
the action Gy C is minimal.

When G is Borel, the recurrence spectrum of a Borel action G y
X is the collection of all upward-closed families F ⊆ P(G) such
that every smooth Borel superequivalence relation F of EX

G has an
equivalence class C for which G y C is F -recurrent on σ-complete
Borel sets. As a theorem of Becker-Kechris ensures that every Borel
action of a Polish group on a standard Borel space is Borel isomorphic
to a continuous action on a Polish space (see [BK96, Theorem 5.2.1]),
the following observation ensures that, under mild hypotheses, the
notion of recurrence spectrum is robust, in the sense that it does
not depend on the particular underlying notion of definability, and
in the sense that it is invariant under passage to sufficiently large
EX
G -invariant subsets.

Proposition 1.5. Suppose that G is a separable group, X is a
Polish space, G y X is continuous, F ⊆ P(G) is upward closed,
and B ⊆ X is EX

G -invariant and comeager in every FX
G -class. Then

the following are equivalent:

1. Every smooth ℵ0-universally-Baire superequivalence relation F
of EB

G has a class C for which G y C is F-recurrent on σ-
complete ℵ0-universally-Baire sets.

2. There is an FX
G -class C for which Gy C is F-recurrent.
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Proof. To see (1) =⇒ (2), fix an FX
G -class C for which Gy B∩C

is F -recurrent on σ-complete open sets. To see that G y C is F -
recurrent, suppose that U ⊆ C is a non-empty open set, and note
that the minimality of G y C ensures that U is complete, and
therefore σ-complete by Proposition 1.1, thus ∆(U) ∈ F .

To see (2) =⇒ (1), fix an FX
G -class C for which G y C is F -

recurrent, and suppose that F is a smooth ℵ0-universally-Baire su-
perequivalence relation of EB

G . Proposition 1.2 then yields an F -class
D that is comeager in C. To see that G y D is F -recurrent on σ-
complete ℵ0-universally-Baire sets, suppose that A ⊆ D is such a
set, and note that σ-completeness ensures that A is non-meager in
C. Fix a dense Gδ set C ′ ⊆ C contained in D, and note that A∩C ′
has the Baire property in C ′, so A has the Baire property in C, thus
Proposition 1.4 ensures that ∆(A) ∈ F .

Let Γ̆ denote the family of sets whose complements are in Γ, let
Γ \ Γ denote the family of differences of sets in Γ, and let Γσ denote
the family of countable unions of sets in Γ.

The horizontal sections of a set R ⊆ X × Y are the sets of the
form Ry = {x ∈ X | x R y} for y ∈ Y , whereas the vertical sections
of a set R ⊆ X × Y are the sets of the form Rx = {y ∈ Y | x R y}
for x ∈ X. We say that F is Γ-on-open if {x ∈ X | Ux ∈ F} ∈ Γ for
all open sets U ⊆ G×X.

Given a superequivalence relation E of EX
G , we say that an action

G y X is E-locally F-recurrent on Γ if for all B ∈ Γ, there is an
E-class C such that ∆(B ∩ C) ∈ F . We next note that, under
mild hypotheses, the recurrence spectrum can also be characterized
in terms of local recurrence of Gy X itself.

Proposition 1.6. Suppose that G is a separable group, X is a
Polish space, G y X is continuous, Γ ⊆ P(X) is a family of ℵ0-
universally-Baire sets containing the open sets and closed under finite
intersections and finite unions, and F ⊆ P(G) is upward closed and

Γ̆-on-open. Then the following are equivalent:

1. There is an FX
G -class C for which Gy C is F-recurrent.

2. The action G y X is FX
G -locally F-recurrent on σ-complete

(Γ \ Γ)σ sets.

Proof. To see ¬(2) =⇒ ¬(1), observe that if B ⊆ X is a σ-
complete (Γ \ Γ)σ set such that ∆(B ∩ C) /∈ F for every FX

G -class
C, then it is non-meager and has the Baire property in every such
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class, so there is no FX
G -class C for which G y C is F -recurrent by

Proposition 1.4.
To see ¬(1) =⇒ ¬(2), fix a basis (Un)n∈N for X. For all n ∈ N,

define Vn = {(g, x) ∈ G × X | Un ∩ gUn ∩ [x]FXG 6= ∅}. Observe

that if (g, x) ∈ Vn, then the minimality of G y [x]FXG yields h ∈ G
for which h · x ∈ Un ∩ gUn, so the continuity of G y X yields
open neighborhoods Ug ⊆ G of g and Ux ⊆ X of x such that hUx ∪
U−1
g hUx ⊆ Un, thus Ug × Ux ⊆ Vn, hence Vn is open. It follows that

the FX
G -invariant sets An = {x ∈ GUn | V x

n /∈ F} are in Γ, so the sets
Bn = An \

⋃
m<nAm are in Γ \ Γ, thus the set B =

⋃
n∈NBn ∩ Un

is in (Γ \ Γ)σ. But if there is no FX
G -class C for which G y C

is F -recurrent, then B is complete, and therefore σ-complete by
Proposition 1.1, thus G y X is not FX

G -locally F -recurrent on σ-
complete (Γ \ Γ)σ sets.

We next show that, under an additional mild hypothesis on G,
Propositions 1.3, 1.4, and 1.5 can be strengthened so as to show that
the recurrence spectrum is also robust in the sense that it does not
depend on whether the underlying notion of recurrence is local.

The following fact is a somewhat more intricate generalization of
the special case of Pettis’s Lemma for second-countable groups to
continuous actions of such groups.

Proposition 1.7. Suppose that G is a second-countable Baire group,
X is a second-countable Baire space, G y X is continuous, U ⊆ X
is non-empty and open, and B ⊆ U is comeager. Then ∆(U ∩Gx) ⊆
∆(B ∩Gx) for comeagerly many x ∈ X.

Proof. We write ∀∗x ∈ X φ(x) to indicate that {x ∈ X | φ(x)} is
comeager. As the fact that G y X is continuous-in-X ensures that
it is open, it follows that {(g, x) ∈ G×X | g ·x /∈ U \B} is comeager,
so the set C = {x ∈ X | ∀∗g ∈ G g · x /∈ U \ B} is comeager by
the Kuratowski-Ulam theorem. Observe that if h ∈ G and x ∈ X,
then {g ∈ G | g · x /∈ h(U \ B)} = h{g ∈ G | g · x /∈ U \ B}, so
the fact that G y X is continuous-in-X also ensures that if x ∈ C,
then ∀∗g ∈ G g · x /∈ (U \ B) ∪ h(U \ B), in which case the fact
that (U ∩ hU) \ (B ∩ hB) ⊆ (U \ B) ∪ h(U \ B) therefore implies
that ∀∗g ∈ G g · x /∈ (U ∩ hU) \ (B ∩ hB). Note now that for all
h ∈ G, the fact that Gy X is continuous-in-X ensures that U ∩hU
is open, so the fact that G y X is continuous-in-G implies that if
x ∈ X and U ∩ hU ∩Gx is non-empty, then there are non-meagerly
many g ∈ G for which g ·x ∈ U ∩hU . In particular, it follows that if
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x ∈ C and U ∩ hU ∩Gx is non-empty, then so too is B ∩ hB ∩Gx,
hence ∆(U ∩Gx) ⊆ ∆(B ∩Gx) for all x ∈ C.

We next note that, under mild hypotheses, F -recurrence of topo-
logically transitive actions not only propagates to F -recurrence on
non-meager sets with the Baire property, but to its EX

G -local strength-
ening.

Proposition 1.8. Suppose that G is a second-countable Baire group,
X is a second-countable Baire space, F ⊆ P(G) is upward closed,
and Gy X is continuous, F-recurrent, and topologically transitive.
Then Gy X is EX

G -locally F-recurrent on non-meager sets with the
Baire property.

Proof. Suppose that B ⊆ X is a non-meager set with the Baire
property, and fix a non-empty open set U ⊆ X in which B is comea-
ger. The topological transitivity of G y X ensures that the set
C = {x ∈ X | Gx is dense} is comeager, and Proposition 1.7 im-
plies that the set D = {x ∈ X | ∆(U ∩ Gx) ⊆ ∆(B ∩ Gx)} is
comeager. So it only remains to observe that if x ∈ C ∩ D, then
∆(U) ⊆ ∆(U ∩Gx) ⊆ ∆(B ∩Gx), thus ∆(B ∩Gx) ∈ F .

We can now establish the promised robustness result.

Proposition 1.9. Suppose that G is a second-countable Baire group,
X is a Polish space, G y X is continuous, F ⊆ P(G) is upward
closed, and B ⊆ X is EX

G -invariant and comeager in every FX
G -class.

Then the following are equivalent:

1. Every smooth ℵ0-universally-Baire superequivalence relation F
of EB

G has a class C for which Gy C is EC
G-locally F-recurrent

on σ-complete ℵ0-universally-Baire sets.
2. There is an FX

G -class C for which Gy C is F-recurrent.

Proof. Exactly as in the proof of Proposition 1.5, but replacing
the use of Proposition 1.4 with that of Proposition 1.8.

§2. The strongest notion of recurrence. Given a set S ⊆ G,
we say that a set Y ⊆ X is S-transient if Y ∩ SY = ∅.
Proposition 2.1. Suppose that G is a topological group, X is a

Hausdorff space, G y X is continuous, K ⊆ G is compact, and
x ∈ X is not fixed by any element of K. Then there is a K-transient
open neighborhood of x.

Proof. For each g ∈ K, the fact that X is Hausdorff yields dis-
joint open neighborhoods Vg ⊆ X of x and Wg ⊆ X of g · x, and the



10 MANUEL J. INSELMANN AND BENJAMIN D. MILLER

continuity of G y X yields open neighborhoods Ug ⊆ G of g and
V ′g ⊆ Vg of x for which UgV

′
g ⊆ Wg, thus UgV

′
g ∩ V ′g = ∅. The com-

pactness of K then yields a finite set F ⊆ K for which K ⊆
⋃
g∈F Ug,

in which case
⋂
g∈F V

′
g is a K-transient open neighborhood of x.

It follows that upward-closed families whose corresponding notions
of recurrence are realizable by suitable free actions necessarily con-
tain all co-compact neighborhoods of the identity.

Proposition 2.2. Suppose that G is a topological group and F ⊆
P(G) is an upward closed family for which there is an F-recurrent
continuous free action of G on a Hausdorff space. Then F contains
every co-compact neighborhood of 1G.

Proof. This is a direct consequence of Proposition 2.1.

Given sets Y, Z ⊆ X, define ∆(Y, Z) = {g ∈ G | gY ∩ Z 6= ∅}.
When X is a topological space, we say that a continuous-in-X action
G y X is topologically mixing if ∆(U, V ) is co-compact for all non-
empty open sets U, V ⊆ X.

Proposition 2.3. Suppose that G is a topological group, X is a
topological space, F ⊆ P(G) is the family of co-pre-compact subsets
of G containing 1G, and G y X is continuous-in-X, F-recurrent,
and topologically transitive. Then Gy X is topologically mixing.

Proof. Given non-empty open sets U, V ⊆ X, the topological
transitivity of Gy X yields g ∈ G for which gU ∩V 6= ∅, so the fact
that G y X is F -recurrent ensures that ∆(gU ∩ V ) is co-compact.
As h ∈ ∆(gU ∩ V ) =⇒ hgU ∩ V 6= ∅ =⇒ hg ∈ ∆(U, V ), it follows
that ∆(gU ∩ V )g ⊆ ∆(U, V ), so ∆(U, V ) is co-compact.

It follows that the existence of a suitable free Borel action of G
whose recurrence spectrum contains the family F of co-pre-compact
subsets of G containing 1G is equivalent to the existence of a suitable
continuous topologically-mixing free action of G.

Proposition 2.4. Suppose that G is a separable group, X is a
Polish space, G y X is continuous, and F ⊆ P(G) is the family
of co-pre-compact subsets of G containing 1G. Then F is in the
recurrence spectrum of Gy X if and only if there is an equivalence
class C of FX

G for which Gy C is topologically mixing.

Proof. This is a direct consequence of Propositions 1.5 and 2.3.
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To our suprise, we were unable to find a proof in the literature of
the fact that locally-compact non-compact Polish groups have free
topologically-mixing continuous actions on Polish spaces. In a pair
of private emails, Glasner-Weiss suggested that the strengthening in
which the underlying space is compact should be a consequence of
generalizations of the results of [Wei12] to locally compact groups,
and that a substantially simpler construction should yield the afore-
mentioned result. However, we give an elementary proof by checking
that the action of G by left multiplication on the space F (G) of closed
subsets ofG is topologically mixing, where F (G) is equipped with the
Fell topology generated by the sets VK = {F ∈ F (G) | F ∩K = ∅}
and WU = {F ∈ F (G) | F ∩ U 6= ∅}, where K ⊆ G compact and
U ⊆ G open. It is well-known that F (G) is a compact Polish space
(see, for example, [Kec95, Exercise 12.7]).

Proposition 2.5. Suppose that G is a locally-compact non-compact
Polish group. Then there is a Polish space X for which there is a
free topologically-mixing continuous action Gy X.

Proof. While it is well-known that G y F (G) is continuous, we
will provide a proof for the reader’s convenience. Towards this end, it
is sufficient to show that if g ∈ G, F ∈ F (G), and UgF ⊆ F (G) is an
open neighborhood of gF , then there are open neighborhoods Ug ⊆ G
of g and UF ⊆ F (G) of F for which UgUF ⊆ UgF . Clearly we can
assume that UgF = VK for some compact K ⊆ G, or UgF = WU for
some open set U ⊆ G. In the former case, it follows that F ∩g−1K =
∅, so the local compactness of G ensures that for all h ∈ K there
are a pre-compact open neighborhood Ug,h ⊆ G of g and an open

neighborhood Vg,h ⊆ G of h such that F ∩ Ug,h
−1
Vg,h = ∅, and the

compactness of K yields a finite set L ⊆ K such that K ⊆
⋃
h∈L Vg,h,

in which case the sets Ug =
⋂
h∈L Ug,h and UF = V

Ug
−1
K

are as

desired. In the latter case, there exists h ∈ F for which gh ∈ U , so
there are open neighborhoods Ug ⊆ G of g and Uh ⊆ G of h such
that UgUh ⊆ U , thus the sets Ug and UF = WUh are as desired.

To see that G y F (G) is topologically mixing, it is sufficient to
show that if U = VK ∩

⋂
i<mWUi and U ′ = VK′ ∩

⋂
j<nWU ′j

are non-

empty, where K,K ′ ⊆ G are compact and Ui ⊆ ∼K and U ′j ⊆ ∼K ′
are open for all i < m and j < n, then {g ∈ G | gU ∩ U ′ = ∅} is
compact. Towards this end, note that for all i < m and j < n, the
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sets

Li = {g ∈ G | gUi ⊆ K ′} =
⋂
h∈Ui{g ∈ G | gh ∈ K

′} =
⋂
h∈Ui K

′h−1

and

L′j = {g ∈ G | U ′j ⊆ gK} =
⋂
h∈U ′j
{g ∈ G | h ∈ gK} =

⋂
h∈U ′j

hK−1

are compact, set L =
⋃
i<m Li∪

⋃
j<n L

′
j, and observe that if g ∈ ∼L,

then there exist gi ∈ gUi \K ′ for all i < m and g′j ∈ U ′j \ gK for all
j < n. But then the set F = {gi | i < n}∪{g′j | j < n} is in gU ∩U ′.

The free part of the action G y F (G) is the set X of F ∈ F (G)
that are not fixed by any non-identity element of G. The local-
compactness and separability of G ensure that X is the intersection
of countably-many sets of the form XK = {F ∈ F (G) | ∀g ∈ K gF 6=
F}, where K ⊆ G\{1G} is compact. As Proposition 2.1 ensures that
each XK is open, it follows that X is Gδ, and therefore Polish. To
see that G y X is the desired action, it only remains to establish
that X is comeager. And for this, it is sufficient to show that if
K ⊆ G \ {1G} is compact, then XK is dense. Towards this end,
suppose that U = VL ∩

⋂
i<nWUi is non-empty, where L ⊆ G is

compact and Ui ⊆ ∼L is open for all i < n, and fix gi ∈ Ui for all
i < n. As G is locally compact, by passing to open neighborhoods
of gi contained in Ui, we can assume that each of the sets Ui is pre-
compact. As G is not compact, there exists g ∈ ∼(L∪

⋃
i<nK

−1Ui).
Then the set F = {g} ∪ {gi | i < n} is in U , and the fact that
F ∩Kg = ∅ ensures that F ∈ XK .

§3. Transience. Following the usual convention, let Σ0
1 denote

the pointclass of open sets, and recursively define Π0
n to be the

pointclass of complements of Σ0
n sets, and Σ0

n+1 to be the pointclass
of countable unions of Π0

n sets. It is well known that (Σ0
n \ Σ0

n)σ,
(Π0

n \ Π0
n)σ, and Σ0

n+1 coincide on metric spaces (see, for example,
[Kec95, §11.B]).

Given a set S ⊆ G, we use FS to denote the family of sets T ⊆ G
for which S ∩ T 6= ∅.

Proposition 3.1. Suppose that G is a separable group, X is a
Polish space, Gy X is continuous, and S ⊆ G. Then the following
are equivalent:

1. The family FS is not in the recurrence spectrum of Gy X.
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2. There is a smooth ℵ0-universally Baire superequivalence F of
EX
G for which each action G y [x]F has an S-transient σ-

complete ℵ0-universally-Baire set.
3. The action Gy X has an S-transient σ-complete Σ0

2 set.

Proof. As a set Y ⊆ X is S-transient if and only if ∆(Y ) /∈ FS,
Proposition 1.5 yields (1) ⇐⇒ (2). Note that if U ⊆ G × X and
x ∈ X, then Ux ∈ FS ⇐⇒ x ∈

⋃
g∈S Ug, so FS is Σ0

1-on-open.

As a set Y ⊆ X is S-transient if and only if ∆(C ∩ Y ) /∈ FS for all
equivalence classes C of FX

G , Proposition 1.6 yields (1) ⇐⇒ (3).

Given a set S ⊆ P(G), we say that a set Y ⊆ X is S-transient if
there is a set S ∈ S for which Y is S-transient.

Proposition 3.2. Suppose that G is a separable group, X is a Po-
lish space, Gy X is continuous, and S ⊆ P(G). Then the following
are equivalent:

1. There exists S ∈ S for which the family FS is not in the recur-
rence spectrum of Gy X.

2. There exist S ∈ S and a smooth ℵ0-universally Baire superequiv-
alence F of EX

G for which each action G y [x]F has an S-
transient σ-complete ℵ0-universally-Baire set.

3. The action Gy X has an S-transient σ-complete Σ0
2 set.

Proof. This is a direct consequence of Proposition 3.1.

Given a set S ⊆ G, we say that a set Y ⊆ X is S-wandering if
gY ∩ hY = ∅ for all distinct g, h ∈ S, and weakly wandering if there
exists an infinite set S ⊆ G for which Y is S-wandering.

Proposition 3.3. Suppose that G is a separable group, X is a
Polish space, G y X is continuous, and S is the family of sets of
the form S−1S \ {1G}, where S ⊆ G is infinite. Then the following
are equivalent:

1. There exists S ∈ S for which the family FS is not in the recur-
rence spectrum of Gy X.

2. There exist an infinite set S ⊆ G and a smooth ℵ0-universally
Baire superequivalence F of EX

G for which each action Gy [x]F
has an S-wandering σ-complete ℵ0-universally-Baire set.

3. The action Gy X has a weakly-wandering σ-complete Σ0
2 set.

Proof. Observe that if S ⊆ G, then a set Y ⊆ X is S-wandering
if and only if it is (S−1S \{1G})-transient, and appeal to Proposition
3.2.
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A subset of a standard Borel space is analytic if it is the image
of a standard Borel space under a Borel function, and co-analytic
if its complement is analytic. A result of Lusin-Sierpiński (see, for
example, [Kec95, Theorem 21.6]) ensures that analytic subsets of
standard Borel spaces are ℵ0-universally Baire. Let Σ1

1 denote the
pointclass of analytic sets, and let Π1

1 denote the pointclass of co-
analytic sets.

Given a superequivalence relation E of EX
G , we say that a set Y ⊆

X is E-locally weakly-wandering if its intersection with each E-class
is weakly wandering. Given a set S ⊆ P(G), define FS =

⋂
S∈S FS.

Proposition 3.4. Suppose that G is a Polish group, X is a Po-
lish space, G y X is continuous, and S is the family of sets of the
form S−1S \ {1G}, where S ⊆ G is infinite. Then the following are
equivalent:

1. The family FS is not in the recurrence spectrum of Gy X.
2. There is a smooth ℵ0-universally Baire superequivalence F of
EX
G for which each action G y [x]F has an EX

G -locally-weakly-
wandering σ-complete ℵ0-universally-Baire set.

3. The action G y X has an FX
G -locally-weakly-wandering σ-

complete (Σ1
1 \ Σ1

1)σ set.

Proof. As a set Y ⊆ X is EX
G -locally weakly-wandering if and

only if ∆(C∩Y ) /∈ FS for all equivalence classes C of EX
G , Proposition

1.9 yields (1) ⇐⇒ (2). Note that if U ⊆ G ×X and x ∈ X, then
Ux ∈ FS ⇐⇒ ∀(gi)i∈N ∈ GN∃i 6= j (gi = gj or g−1

i gj ∈ Ux), so
FS is Π1

1-on-open. As a set Y ⊆ X is FX
G -locally weakly-wandering

if and only if ∆(C ∩ Y ) /∈ FS for all equivalence classes C of FX
G ,

Proposition 1.6 yields (1) ⇐⇒ (3).

We say that a set Y ⊆ X is very weakly wandering if there are
arbitrarily large finite sets S ⊆ G for which Y is S-wandering.

Proposition 3.5. Suppose that G is a separable group, X is a
Polish space, G y X is continuous, and S is the family of sets of
the form

⋃
n∈N S

−1
n Sn \ {1G}, where Sn ⊆ G has cardinality n for all

n ∈ N. Then the following are equivalent:

1. There exists S ∈ S for which the family FS is not in the recur-
rence spectrum of Gy X.

2. There exist sets Sn ⊆ G of cardinality n and a smooth ℵ0-
universally Baire superequivalence relation F of EX

G for which
each action Gy [x]F has a σ-complete ℵ0-universally-Baire set
that is Sn-wandering for all n ∈ N.
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3. The action Gy X has a very-weakly-wandering σ-complete Σ0
2

set.

Proof. Observe that if Sn ⊆ G for all n ∈ N, then a set Y ⊆ X is
Sn-wandering for all n ∈ N if and only if it is (

⋃
n∈N S

−1
n Sn \ {1G})-

transient, and appeal to Proposition 3.2.

Although we are already in position to establish the analog of
Proposition 3.4 for very weak wandering, the following observations
will allow us to obtain a substantially stronger complexity bound.

Proposition 3.6. Suppose that G is a topological group, X is a
topological space, Gy X is continuous, and U ⊆ X is a non-empty
open set. Then there exist a non-empty open set V ⊆ U and an open
neighborhood W ⊆ G of 1G for which W∆(V )W−1 ⊆ ∆(U).

Proof. The continuity of G y X yields a non-empty open set
V ⊆ U and an open neighborhood W ⊆ G of 1G for which WV ⊆ U .
To see that W∆(V )W−1 ⊆ U , note that if g ∈ ∆(V ) and gx, gy ∈ W ,
then there exist x, y ∈ V for which g ·x = y, in which case the points
x′ = gx · x and y′ = gy · y are in U , so the fact that gygg

−1
x · x′ = y′

ensures that gygg
−1
x ∈ ∆(U).

Proposition 3.7. Suppose that G is a topological group, X is a
topological space, Gy X is continuous, and S ⊆ G. Then every S-
wandering non-empty open set U ⊆ X has a non-empty open subset
V ⊆ U such that for all dense sets H ⊆ G, there is an injection
φ : S → H with the property that V is φ(S)-wandering.

Proof. By Proposition 3.6, there exist a non-empty open set V ⊆
U and an open neighborhood W ⊆ G of 1G for which W∆(V )W−1 ⊆
∆(U). Note that if g, h ∈ S and (gW )−1(hW )∩∆(V ) 6= ∅, then the
fact that (gW )−1(hW ) = W−1g−1hW yields that g−1h ∈ W∆(V )W−1 ⊆
∆(U), thus g = h. But if H ⊆ G is dense, then there is a function
φ : S → H with the property that φ(g) ∈ gW for all g ∈ S, and it
follows that φ is injective and V is φ(S)-wandering.

Given a superequivalence relation E of EX
G , we say that a set Y ⊆

X is E-locally very-weakly-wandering if its intersection with each
E-class is very weakly wandering.

Proposition 3.8. Suppose that G is a Polish group, X is a Polish
space, Gy X is continuous, and S is the family of sets of the form⋃
n∈N S

−1
n Sn \ {1G}, where Sn ⊆ G has cardinality n for all n ∈ N.

Then the following are equivalent:
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1. The family FS is not in the recurrence spectrum of Gy X.
2. There is a smooth ℵ0-universally Baire superequivalence F of
EX
G for which each action G y [x]F has an EX

G -locally very-
weakly-wandering σ-complete ℵ0-universally-Baire set.

3. The action G y X has an FX
G -locally very-weakly-wandering

σ-complete Σ0
4 set.

Proof. As a set Y ⊆ X is EX
G -locally very-weakly-wandering if

and only if ∆(C ∩ Y ) /∈ FS for all equivalence classes C of EX
G ,

Proposition 1.9 yields (1) ⇐⇒ (2). The fact that every FX
G -

locally very-weakly-wandering set Y ⊆ X is EX
G -locally very-weakly-

wandering yields (3) =⇒ (2). To see (1) =⇒ (3), fix a countable
dense set H ⊆ G, and let T denote the family of sets of the form⋃
n∈N T

−1
n Tn \ {1H}, where Tn ⊆ H has cardinality n for all n ∈ N.

Now observe that if condition (1) holds, then Proposition 1.5 en-
sures that there is no equivalence class C of FX

G for which Gy C is
FS-recurrent, so Proposition 3.7 implies that there is no equivalence
class C of FX

G for which G y C is FT -recurrent, thus FT is not in
the recurrence spectrum of G y X. Note that if U ⊆ G × X and
x ∈ X, then Ux ∈ FT ⇐⇒ ∃n ∈ N∀(hi)i<n ∈ Hn∃i 6= j (hi =
hj or h−1

i hj ∈ Ux), so FT is Σ0
3-on-open. As every set Y ⊆ X with

the property that ∆(C ∩ Y ) /∈ FT for all equivalence classes C of
FX
G is FX

G -locally very-weakly-wandering, Proposition 1.6 yields con-
dition (3).

We say that a set Y ⊆ X is non-trivially transient if there is a
non-pre-compact set S ⊆ G for which Y is S-transient.

Proposition 3.9. Suppose that G is a separable group, X is a
Polish space, Gy X is continuous, and S is the family of non-pre-
compact sets S ⊆ G. Then the following are equivalent:

1. There exists S ∈ S for which the family FS is not in the recur-
rence spectrum of Gy X.

2. There exist a non-pre-compact set S ⊆ G and a smooth ℵ0-
universally Baire superequivalence F of EX

G for which each ac-
tion G y [x]F has an S-transient σ-complete ℵ0-universally-
Baire set.

3. The action G y X has a non-trivially-transient σ-complete Σ0
2

set.

Proof. Observe that a set Y ⊆ X is non-trivially transient if and
only if it is S-transient, and appeal to Proposition 3.2.
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Although we are already in position to establish the analog of
Proposition 3.4 for non-trivial transience, we will again first establish
an observation yielding a substantially stronger complexity bound.

Proposition 3.10. Suppose that G is a locally compact group, X
is a topological space, G y X is continuous, and S ⊆ G is not pre-
compact. Then every S-transient non-empty open set U ⊆ X has a
non-empty open subset V ⊆ U such that for all dense sets H ⊆ G,
there is a function φ : S → H with the property that φ(S) is not
pre-compact and V is φ(S)-transient.

Proof. By Proposition 3.6, there exist a non-empty open set V ⊆
U and an open neighborhood W ⊆ G of 1G for which ∆(V )W−1 ⊆
∆(U). As G is locally compact, we can assume that W is pre-
compact. As H ⊆ G is dense, there is a function φ : S → H with
the property that φ(g) ∈ gW for all g ∈ S. Then S ⊆ φ(S)W−1, so
φ(S) is not pre-compact. And ∆(V )W−1 ∩ S ⊆ ∆(U) ∩ S = ∅, so
∆(V ) ∩ φ(S) ⊆ ∆(V ) ∩ SW = ∅, thus V is φ(S)-transient.

Given a superequivalence relation E of EX
G , we say that a set Y ⊆

X is E-locally non-trivially-transient if its intersection with each E-
class is non-trivially transient.

Proposition 3.11. Suppose that G is a locally compact Polish
group, X is a Polish space, G y X is continuous, F is the fam-
ily of co-pre-compact sets S ⊆ G containing 1G, and S is the family
of non-pre-compact sets S ⊆ G. Then the following are equivalent:

1. The family F is not in the recurrence spectrum of Gy X.
2. The family FS is not in the recurrence spectrum of Gy X.
3. There is a smooth ℵ0-universally Baire superequivalence F of
EX
G for which each action G y [x]F has an EX

G -locally non-
trivially-transient σ-complete ℵ0-universally-Baire set.

4. The action G y X has an FX
G -locally non-trivially-transient

σ-complete Σ0
4 set.

Proof. As FS is the family of co-pre-compact sets S ⊆ G, the fact
that 1G ∈ ∆(Y ) for all Y ⊆ X yields (1) ⇐⇒ (2). As a set Y ⊆ X
is EX

G -locally non-trivially-transient if and only if ∆(C∩Y ) /∈ FS for
all equivalence classes C of EX

G , Proposition 1.9 yields (2) ⇐⇒ (3).
The fact that every FX

G -locally non-trivially-transient set Y ⊆ X is
EX
G -locally non-trivially-transient yields (4) =⇒ (2). To see (2) =⇒

(4), fix a countable dense set H ⊆ G, and let T denote the family
of non-pre-compact sets T ⊆ G that are moreover contained in H.
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Now observe that if condition (2) holds, then Proposition 1.5 ensures
that there is no equivalence class C of FX

G for which G y C is FS-
recurrent, so Proposition 3.10 implies that there is no equivalence
class C of FX

G for which G y C is FT -recurrent, thus FT is not
in the recurrence spectrum of G y X. Fix an increasing sequence
(Kn)n∈N of compact subsets of G that is cofinal in the sense that
every compact set K ⊆ G is contained in some Kn, and note that if
U ⊆ G×X and x ∈ X, then Ux ∈ FT ⇐⇒ ∃n ∈ N H ⊆ Kn ∪ Ux,
so FT is Σ0

3-on-open. As every set Y ⊆ X with the property that
∆(C ∩ Y ) /∈ FT for all equivalence classes C of FX

G is FX
G -locally

non-trivially-transient, Proposition 1.6 yields condition (4).

§4. Generic compressibility. Suppose that E is a Borel equiva-
lence relation on X that is countable, in the sense that all of its equiv-
alence classes are countable. We say that a function ρ : E → (0,∞)
is a cocycle if ρ(x, z) = ρ(x, y)ρ(y, z) whenever x E y E z. When
ρ : E → (0,∞) is a Borel cocycle, we say that a Borel measure µ
on X is ρ-invariant if µ(T (B)) =

∫
B
ρ(T (x), x) dµ(x) for all Bor-

el sets B ⊆ X and Borel automorphisms T : X → X such that
graph(T ) ⊆ E. We say that ρ is aperiodic if

∑
y∈[x]E

ρ(y, x) =∞ for
all x ∈ X. Here we generalize the following fact to orbit equivalence
relations induced by Borel actions of locally compact Polish groups,
while simultaneously strengthening comeagerness to a notion under
which the recurrence spectrum is invariant.

Theorem 4.1 (Kechris-Miller). Suppose that X is a standard Bor-
el space, E is a countable Borel equivalence relation on X, and
ρ : E → (0,∞) is an aperiodic Borel cocycle. Then there is an E-
invariant comeager Borel set C ⊆ X that is null with respect to every
ρ-invariant Borel probability measure.

A function φ : X → Z is E-invariant if φ(x) = φ(y) whenever
x E y. The E-saturation of a set Y ⊆ X is the set of x ∈ X
for which there exists y ∈ Y such that x E y. We say that a
Borel probability measure µ on X is E-quasi-invariant if the E-
saturation of every µ-null set N ⊆ X is µ-null. Let P (X) denote the
standard Borel space of Borel probability measures on X (see, for
example, [Kec95, §17.E]). The push-forward of a Borel measure µ on
X through a Borel function φ : X → Y is the Borel measure φ∗µ on
Y given by (φ∗µ)(B) = µ(φ−1(B)) for all Borel sets B ⊆ Y .
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Proposition 4.2. Suppose that X is a standard Borel space, E is
a countable Borel equivalence relation on X, and φ : X → P (X) is
an E-invariant Borel function such that µ is E-quasi-invariant and
φ−1(µ) is µ-conull for all µ ∈ φ(X). Then there is a Borel cocycle
ρ : E → (0,∞) such that µ is ρ-invariant for all µ ∈ φ(X).

Proof. By standard change of topology results (see, for example,
[Kec95, §13]), we can assume that X is a zero-dimensional Polish
space. Fix a compatible complete ultrametric on X. By [FM77, The-
orem 1], there is a countable group Γ of Borel automorphisms of X
whose induced orbit equivalence relation is E. For all γ ∈ Γ, define
ργ : Xγ → (0,∞) by ργ(x) = limε→0((γ−1)∗φ(x))(B(x, ε))/φ(x)(B(x, ε)),
where Xγ is the set of x ∈ X for which this limit exists and lies in
(0,∞).

Note that if γ ∈ Γ, µ ∈ φ(X), and ψ : X → (0,∞) is a Radon-
Nikodým derivative of (γ−1)∗µ with respect to µ (see, for example,
[Kec95, §17.A]), then the straightforward generalization of the Leb-
esgue density theorem for Polish ultrametric spaces (see, for exam-
ple, [Mil08a, Proposition 2.10]) to integrable functions ensures that
ψ(x) = limε→0

∫
B(x,ε)

ψ dµ/µ(B(x, ε)) = ργ(x) for µ-almost all x ∈ X.

It immediately follows that for all γ ∈ Γ, the complement of Xγ is
null with respect to every µ ∈ φ(X). Moreover, if B ⊆ X is Borel,
γ, δ ∈ Γ, and µ ∈ φ(X), then

(γδ)−1
∗ µ(B) =

∫
δ(B)

ργ(x) dµ(x)

=

∫
B

ργ(δ · x) d((δ−1)∗µ)(x)

=

∫
B

ργ(δ · x)ρδ(x) dµ(x),

so the almost-everywhere uniqueness of Radon-Nikodým derivatives
ensures that the set of x ∈ X for which there exist γ, δ ∈ Γ such that
ργδ(x) 6= ργ(δ · x)ρδ(x) is null with respect to every µ ∈ φ(X).

Let N denote the E-saturation of the union of these sets, and let
ρ : E → (0,∞) be the extension of the constant cocycle on E � N
given by ρ(γ · x, x) = ργ(x) for all γ ∈ Γ and x ∈ X.

As a consequence, we obtain the following.

Theorem 4.3. Suppose that X is a Polish space, E is a Borel
equivalence relation on X admitting a Borel complete set B ⊆ X on
which E is countable, F is a superequivalence relation of E for which
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every F -class is Gδ and the F -saturation of every open set is Borel,
and φ : X → P (X) is an E-invariant Borel function for which every
measure µ ∈ φ(X) has µ-conull φ-preimage and concentrates off of
Borel sets on which E is smooth. Then there is an E-invariant Borel
set C ⊆ X that is comeager in every F -class, but null with respect
to every measure in φ(X).

Proof. By the Lusin-Novikov uniformization theorem (see, for
example, [Kec95, Theorem 18.10]), there is a Borel extension π : X →
B of the identity function on B whose graph is contained in E.
Fix a sequence (εn)n∈N of positive real numbers whose sum is 1, in
addition to a countable group {γn | n ∈ N} of Borel automorphisms
of B whose induced orbit equivalence relation is E � B, and define
ψ : B → P (B) by ψ(x) =

∑
n∈N(γn ◦ π)∗φ(x)/εn. As each ν ∈ ψ(B)

is (E � B)-quasi-invariant, Proposition 4.2 yields a Borel cocycle
ρ : E � B → (0,∞) such that every ν ∈ ψ(B) is ρ-invariant.

Given ν ∈ ψ(B), fix x ∈ B for which ν = ψ(x), set µ = φ(x),
and observe that ν(ψ−1(ν)) ≥ µ(φ−1(µ)) = 1. Moreover, as E is
smooth on the periodic part P = {x ∈ B |

∑
y∈[x]E�B

ρ(y, x) < ∞}
of ρ (see, for example, [Mil08b, Proposition 2.1.1]), and therefore on
its E-saturation, it follows that [P ]E is null with respect to every
measure in φ(X), thus P is null with respect to every measure in
ψ(B).

By the proof of Theorem 4.1 (see [KM04, Theorem 13.1]), there is
a Borel set R ⊆ NN×B, whose vertical sections are (E � B)-invariant
and null with respect to every ρ-invariant Borel probability measure,
such that every x ∈ B is contained in comeagerly-many vertical
sections of R. It follows that the vertical sections of the set S =
(id×π)−1(R) are E-invariant and null with respect to every measure
in φ(X), and every x ∈ X is contained in comeagerly-many vertical
sections of S. The Kuratowski-Ulam theorem therefore ensures that
for all x ∈ X, comeagerly-many vertical sections of S are comeager
in [x]F .

By [Sri79], there is a Borel set D ⊆ X intersecting every F -class
in a single point. As the F -saturation of every open set is Bor-
el, the usual proof of the Montgomery-Novikov theorem that the
pointclass of Borel sets is closed under category quantifiers (see, for
example, [Kec95, Theorem 16.1]) shows that {(b, x) ∈ NN × X |
Sb is comeager in [x]F} and {(b, x) ∈ NN×X | Sb is non-meager in [x]F}
are Borel, so [Kec95, Theorem 18.6] yields a Borel function β : D →
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NN such that Sβ(x) is comeager in [x]F for all x ∈ D. Then the set
C =

⋃
x∈D Sβ(x) ∩ [x]F is as desired.

We say that a function ρ : G×X → (0,∞) is a cocycle if ρ(gh, x) =
ρ(g, h·x)ρ(h, x) for all g, h ∈ G and x ∈ X. When ρ : G×X → (0,∞)
is a Borel cocycle, we say that a Borel measure µ on X is ρ-invariant
if µ(gB) =

∫
B
ρ(g, x) dµ(x) for all Borel sets B ⊆ X and group

elements g ∈ G. The following fact is the desired generalization of
Theorem 4.1.

Theorem 4.4. Suppose that G is a locally compact Polish group,
X is a Polish space, G y X is a continuous action, F is a su-
perequivalence relation of EX

G for which every F -class is Gδ and the
F -saturation of every open set is Borel, and ρ : G × X → (0,∞)
is a Borel cocycle with the property that every G-orbit is null with
respect to every ρ-invariant Borel probability measure. Then there is
a G-invariant Borel set C ⊆ X that is comeager in every F -class,
but null with respect to every ρ-invariant Borel probability measure.

Proof. By [Kec92, Theorem 1.1], there is a complete Borel set
B ⊆ X on which EX

G is countable. Fix a ρ-invariant uniform ergodic
decomposition φ : X → P (X) of Gy X (see [GS00, Theorem 5.2]),
and appeal to Theorem 4.3.

We next check that the special case of Theorem 4.4 for F = FX
G

provides a proper strengthening of Theorem 4.1. While this can be
seen as a consequence of the Kuratowski-Ulam theorem, we will show
that the usual proof of the latter easily adapts to yield a generaliza-
tion to a natural class of equivalence relations containing FX

G .

Theorem 4.5. Suppose that X is a second-countable Baire space,
E is an equivalence relation on X such that every E-class is a Baire
space and the E-saturation of every open subset of X is open, and
B ⊆ X has the Baire property. Then:

1. ∀∗x ∈ X B has the Baire property in [x]E.
2. B is comeager ⇐⇒ ∀∗x ∈ X B is comeager in [x]E.

Proof. We begin with a simple observation.

Lemma 4.6. Suppose that U ⊆ X is a non-empty open set and
V ⊆ U is a dense open set. Then [V ]E is dense in [U ]E.

Proof. If W ⊆ X is open and [V ]E ∩W = ∅, then V ∩ [W ]E = ∅,
so the openness of [W ]E ensures that V ∩ [W ]E = ∅, thus the density
of V implies that U ∩ [W ]E = ∅, hence [U ]E ∩W = ∅.
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To see the special case of (=⇒) of (2) when B ⊆ X is open, note
that if U ⊆ X is non-empty and open, then Lemma 4.6 yields that
[B ∩U ]E is dense in [U ]E, and therefore ∀∗x ∈ X (x ∈ [U ]E =⇒ x ∈
[B∩U ]E), or equivalently, ∀∗x ∈ X (U ∩ [x]E 6= ∅ =⇒ B∩U ∩ [x]E 6=
∅). As X is second countable, it follows that ∀∗x ∈ X B is dense in
[x]E.

To see (=⇒) of (2), suppose that B ⊆ X is comeager, fix dense
open sets Bn ⊆ X for which

⋂
n∈NBn ⊆ B, and appeal to the special

case for open sets to obtain that ∀∗x ∈ X
⋂
n∈NBn is comeager in

[x]E.
To see (1), fix an open set U ⊆ X for which B 4 U is meager, and

note that ∀∗x ∈ X B 4 U is meager in [x]E, by (=⇒) of (2).
To see (⇐=) of (2), suppose that B is not comeager, fix a non-

empty open set V ⊆ X in which B is meager, note that ∀x ∈ V V ∩
[x]E 6= ∅, and appeal to (=⇒) of (2) to obtain that ∀∗x ∈ X B ∩ V
is meager in [x]E, thus ∀∗x ∈ V B is not comeager in [x]E.

Finally, we check that no condition on the recurrence spectrum can
yield the existence of an invariant Borel probability measure.

Theorem 4.7. Suppose that G is a locally compact Polish group,
X is a standard Borel space, G y X is Borel, and ρ : G × X →
(0,∞) is a Borel cocycle for which every G-orbit is null with re-
spect to every ρ-invariant Borel probability measure. Then there is
a G-invariant Borel set B ⊆ X that is null with respect to every
ρ-invariant Borel probability measure but for which the recurrence
spectra of Gy B and Gy X coincide.

Proof. We can assume that X is a Polish space and G y X is
continuous. By Theorem 4.4, there is an EX

G -invariant Borel set B ⊆
X that is comeager in every FX

G -class, but null with respect to every
ρ-invariant Borel probability measure. Proposition 1.5 then ensures
that Gy B and Gy X have the same recurrence spectra.

Acknowledgements. We would like to thank the anonymous ref-
eree for her suggestions.

REFERENCES

[BK96] Howard Becker and Alexander S. Kechris, The descriptive set the-
ory of Polish group actions, London Mathematical Society Lecture Note Series, vol.
232, Cambridge University Press, Cambridge, 1996.



RECURRENCE AND THE EXISTENCE OF INVARIANT MEASURES 23

[EHN93] S. Eigen, A. Hajian, and M. G. Nadkarni, Weakly wandering sets and
compressibility in descriptive setting, Proc. Indian Acad. Sci. Math. Sci., vol. 103
(1993), no. 3, pp. 321–327.

[FM77] J. Feldman and C. C. Moore, Ergodic equivalence relations, cohomology,
and von Neumann algebras. I, Trans. Amer. Math. Soc., vol. 234 (1977), no. 2,
pp. 289–324.

[GS00] Gernot Greschonig and Klaus Schmidt, Ergodic decomposition of quasi-
invariant probability measures, Colloq. Math., vol. 84/85 (2000), no. part 2, pp. 495–
514, Dedicated to the memory of Anzelm Iwanik.

[HKL90] L. A. Harrington, A. S. Kechris, and A. Louveau, A Glimm-Effros
dichotomy for Borel equivalence relations, J. Amer. Math. Soc., vol. 3 (1990), no. 4,
pp. 903–928.

[KMS14] Itay Kaplan, Benjamin D. Miller, and Pierre Simon, The Borel
cardinality of Lascar strong types, J. Lond. Math. Soc. (2), vol. 90 (2014), no. 2,
pp. 609–630.

[KM04] A. S. Kechris and B. D. Miller, Topics in orbit equivalence, Lecture
Notes in Mathematics, vol. 1852, Springer-Verlag, Berlin, 2004.

[Kec92] Alexander S. Kechris, Countable sections for locally compact group ac-
tions, Ergodic Theory Dynam. Systems, vol. 12 (1992), no. 2, pp. 283–295.

[Kec95] A.S. Kechris, Classical descriptive set theory, Graduate Texts in Math-
ematics, vol. 156, Springer-Verlag, New York, 1995.

[LM97] Alain Louveau and Gabriel Mokobodzki, On measures ergodic with
respect to an analytic equivalence relation, Trans. Amer. Math. Soc., vol. 349 (1997),
no. 12, pp. 4815–4823.

[Mil04] B. D. Miller, Full groups, classification, and equivalence relations, Ph.D.
thesis, University of California, Berkeley, 2004.

[Mil08a] Benjamin Miller, The existence of measures of a given cocycle. I. Atom-
less, ergodic σ-finite measures, Ergodic Theory Dynam. Systems, vol. 28 (2008),
no. 5, pp. 1599–1613.

[Mil08b] , The existence of measures of a given cocycle. II. Probability mea-
sures, Ergodic Theory Dynam. Systems, vol. 28 (2008), no. 5, pp. 1615–1633.

[Nad90] M. G. Nadkarni, On the existence of a finite invariant measure, Proc.
Indian Acad. Sci. Math. Sci., vol. 100 (1990), no. 3, pp. 203–220.

[Sri79] S. M. Srivastava, Selection theorems for Gδ-valued multifunctions, Trans.
Amer. Math. Soc., vol. 254 (1979), pp. 283–293.

[Tse15] Anush Tserunyan, Finite generators for countable group actions in the
Borel and Baire category settings, Adv. Math., vol. 269 (2015), pp. 585–646.

[Wei12] Benjamin Weiss, Minimal models for free actions, Dynamical systems
and group actions, Contemp. Math., vol. 567, Amer. Math. Soc., Providence, RI,
2012, pp. 249–264.

[Zak93] Piotr Zakrzewski, The existence of invariant probability measures for a
group of transformations, Israel J. Math., vol. 83 (1993), no. 3, pp. 343–352.



24 MANUEL J. INSELMANN AND BENJAMIN D. MILLER

MANUEL INSELMANN
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