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Prologue

The mathematical community was recently shocked to learn of the passing of Greg
Hjorth, whose research over the last two decades has been an inspiration for so
many. Much work was left unfinished, including his striking recent results on the
existence of large families of pairwise incomparable treeable equivalence relations.
Although he produced a preprint before his death, this left the quandary of how to
publish these results, which we resolve by including his original preprint alongside
this companion paper.

Our goal here is to explicitly isolate the essential ideas underlying Hjorth’s ar-
guments and establish them in their natural generality, while simultaneously dis-
carding unnecessary machinery concerning amenability, almost invariant sets and
vectors, and the theory of costs. We refer the reader to the original preprint for the
history and motivation behind the results.

In §1, we establish a pair of basic facts connecting ergodicity with increasing
unions and independence. In §2, we establish a connection between increasing unions
and strong ergodicity. In §3, we introduce a notion of local rigidity for group ac-
tions, and establish the existence of locally rigid actions. In §4, we establish a strong
separability property for orbit equivalence relations of such actions. In §5, we intro-
duce a notion of stratification for aperiodic equivalence relations. In §6, we establish
Hjorth’s theorem. We close with a brief summary of related results.
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1. Ergodicity

Suppose that X is a standard Borel space. A countable Borel equivalence relation on
X is an equivalence relation on X whose classes are all countable, and which is Bor-
el when viewed as a subset of X2. Suppose that E is such an equivalence relation.
A set is E-invariant if it is the union of a set of E-classes. The E-saturation of a
set Y C X is the smallest E-invariant set [Y]g containing Y. The uniformization
theorem for Borel subsets of the plane with countable vertical sections (see, for
example, Theorem 18.10 of [1]) ensures that E-saturations of Borel sets are Borel.

A Borel measure p on X is E-ergodic if every E-invariant Borel set is p-null
or p-conull. Note that if C' C X is a p-conull Borel set, then p is E-ergodic if and
only if p | Cis (E | C)-ergodic. A Borel measure p on X is E-quasi-invariant if
E-saturations of p-null sets are p-null. By Remark 10.3 of [2], there is always a
p-conull Borel set C' C X for which p [ C is (E | C)-quasi-invariant.

Proposition 1.1. Suppose that X is a standard Borel space, E is a countable Bor-
el equivalence relation on X, (Ep)nen s an increasing sequence of countable Borel
equivalence relations on X whose union is E, p is an E-ergodic Borel probability
measure on X, and for some k € N there is a cover (B;)i<r of X by p-positive
Borel sets with the property that p | By is (Eo | B;)-ergodic for all i < k. Then u
is En-ergodic for all sufficiently large n € N.

Proof. By the above remarks, we can assume that u is F-quasi-invariant. As pu is
E-ergodic, there exists n € N such that [B;]g, N B; is p-positive for all ¢, j < k. To
see that p is Ej,-ergodic, suppose that B C X is an E,-invariant u-positive Borel
set, and fix ¢ < k such that BN B; is p-positive. Then u(B N B;) = u(B;) by the
(Eo | B;)-ergodicity of p [ B;. Given j < k, our choice of n ensures that [B;|g, N B,
is p-positive, so the E-quasi-invariance of p implies that [B]g, N B; is u-positive.
As B is E,,-invariant, it follows that BN B, is p-positive, so u(B N B;) = p(B;) by
the (Ey | Bj)-ergodicity of p [ Bj, thus B is p-conull. ]

The join of countable Borel equivalence relations F and F' on X is the smallest
equivalence relation containing both F and F'. The uniformization theorem for Bor-
el sets with countable vertical sections ensures that the join of E and F is also a
countable Borel equivalence relation. We say that F and F' are independent if for all
positive integers n and all sequences (z;);<2, With €9 = =2, and zg; E T9;41 F 2,40
for all ¢ < n, there exists i < 2n such that x; = x;4.1. When this is the case, we use
E % F to denote the join of E and F'.

Let D(E, F) denote the set of all # € X for which [z]g # [x]r. The uniformiza-
tion theorem for Borel subsets of the plane with countable vertical sections ensures
that D(E, F) is Borel.

Proposition 1.2. Suppose that X is a standard Borel space, E and F' are indepen-
dent countable Borel equivalence relations on X, F' C F is a countable Borel equiva-
lence relation on X, and p is an E-ergodic (E * F)-quasi-invariant Borel probability
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measure on X for which D(F, F") is p-positive. Then D((E = F) | B,(E * F') | B)
is (u | B)-conull for all p-positive Borel sets B C X.

Proof. Suppose, towards a contradiction, that there is a u-positive Borel set B C X
for which the set A = B\ D((E = F) | B,(F = F') | B) is not p-null. Then
(Ex F)|[Alg = (E = F') | [A]g. As the E-ergodicity of p ensures that the set
N = X\ [A]lg is p-null, the (E % F)-quasi-invariance of p implies that the set
C = X\ [N]g«r is p-conull. As C is an (E x F')-invariant subset of [A]g and E and
F are independent, it follows that C' N D(F, F’) = 0, contradicting our assumption
that D(F, F’) is p-positive. ]

2. Strong ergodicity

Suppose that X and Y are standard Borel spaces and E and F are countable Borel
equivalence relations on X and Y. A homomorphism from E to F is a function
¢: X — Y sending F-equivalent points to F-equivalent points. A Borel measure
won X is (E, F)-anti-ergodic if there is a Borel homomorphism ¢: X — Y from
E to F with the property that ¢~!(y) is g-null for all y € Y. The uniformization
theorem for Borel subsets of the plane with countable vertical sections ensures that
if C C X is a p-conull Borel set, then p is (F, F))-anti-ergodic if and only if u | C'is
(E | C, F)-anti-ergodic. We use Eq to denote the equivalence relation on 2N given
by 2 Ey y <= 3n € NVm > n z(m) = y(m).

Proposition 2.1. Suppose that X is a standard Borel space, E is a countable Bor-
el equivalence relation on X, (Ep)nen is an increasing sequence of countable Borel
equivalence relations on X whose union is F, and pu is a Borel probability measure
on X which is (En,Eg)-anti-ergodic for alln € N. Then p is (E,Eq)-anti-ergodic.

Proof. For each n € N, fix a Borel homomorphism ¢,,: X — 2" from E,, to Ey with
the property that ¢, (z) is p-null for all z € 2. By the uniformization theorem for
Borel subsets of the plane with countable vertical sections, there are Borel functions
Jrm: X — X such that E,, = ¢y graph(fe,n)-

Fix €, > 0 with )y €, < 0o. For each n € N, fix 4,, € N such that the set

Ap={z € X |V, L <n ¢p(x) [ [in,00) = In(fr,e(x)) | [in,00)}

has p-measure strictly greater than 1 — €,, and fix j, € N such that the set
By ={z € Ay | p{y € X | ¢ (@) [ [in,Jn] = n(y) [ lin,n]}) < 1/n}

has p-measure at least 1 — €,. Then the set B = J,,cy (), Bm is p-conull.

Put s, (z) = ¢n(x) | [in,jn] and define ¢: B — 2V by ¢(z) = @,,cy 5n(x). Then
¢ is a homomorphism from F | B to Eo, since if  (E [ B) y, then there exist n € N
and k,¢ <n with 2 € (N, ,~,, Bm and y = fr¢(x), 30 $m(2) = $im(fre(2)) = sm(y)
for all m > n, thus ¢(z) Eq ¢(y). Moreover, if z € B and ¢(z) = z, then for all
€ > 0 there exists n > 1/e such that x € B,,. Setting z, = s,(z), it follows that
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(61 (2)) < s (2n)) < 1/n < 6 50 ¢ (2) s prnull, thus g | B is (B | B, Eo)-
anti-ergodic, hence u is (F,Eg)-anti-ergodic. ]

A Borel measure p on X is (E, F)-ergodic if for every Borel homomorphism
¢: X — Y from E to F, there exists y € Y such that ¢~1([y]r) is p-conull.
The uniformization theorem for Borel subsets of the plane with countable vertical
sections ensures that if p is (E, F')-ergodic, then p [ B is (E | B, F')-ergodic for all
u-positive Borel sets B C X.

Proposition 2.2. Suppose that X is a standard Borel space, E is a countable Bor-
el equivalence relation on X, (Fp)nen 48 an increasing sequence of countable Borel
equivalence relations on X whose union is E, and p is an (E,Eg)-ergodic Borel
probability measure on X. Then for all € > 0, there is a Borel set B C X such that
wB)>1—¢€and u| B is (E, | B,Eg)-ergodic for all sufficiently large n € N.

Proof. We establish first the weaker conclusion that there is a p-positive Bor-
el set such that u | B is (E, | B)-ergodic for some n € N. Suppose, towards
a contradiction, that this is not the case. Then a standard recursive construction
yields E,-invariant Borel sets B, C X of y-measure 1/2 which are p-independent
in the sense that for all n € N, the Boolean algebra generated by {B; | i < n} has
exactly 2" atoms, each having p-measure 1/2". Then the function ¢: X — 2V given
by #(z)(n) = xp, (x) is a Borel homomorphism from E to Ey with the property
that ¢~1(2) is p-null for all z € 2V, contradicting the (E,Eq)-ergodicity of .

By repeated application of this weaker conclusion, we obtain a partition of X
into a family o7 of p-positive Borel sets such that for all A € 7, there exists n € N
for which p | A is (E, | A)-ergodic. Then for all € > 0, there is a finite set Z C &
such that u(|J %) > 1 —e. Set B = J %, and observe that Proposition 1.1 ensures
the existence of n € N for which p | B is (E,, | B)-ergodic.

Suppose, towards a contradiction, that for no m > n is it the case that u [ B is
(Em | B,Eg)-ergodic. As p | Bis (E,, | B)-ergodic, it is (E,, | B, Ep)-anti-ergodic
for all m > n. Proposition 2.1 therefore implies that u [ B is (E | B,Eg)-anti-
ergodic, contradicting the fact that p is (E, Eq)-ergodic. ]

3. Local rigidity

We use I' ~ X to denote an action of a group I' on a set X, and Stabr(x) to
denote the stabilizer of z under ' ~ X. Let SLy(Z) x Z? denote the group of
transformations T: R? — R? of the form T(x) = Az + b, where A € SLy(Z) and
b € Z2, and let SLy(Z) x Z? ~ R? denote the corresponding action. Let T denote the
space of all infinite rays through R? emanating from the origin, let T? denote R?/Z?
and let SLa(Z) ~ T and SLa(Z) ~ T? denote the actions induced by SL2(Z) ~ R2.

Proposition 3.1. Suppose that § € T. Then Stabgy,,(z)(0) is cyclic.
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Proof. We consider first the case that § goes through a point of Z2. Let v denote
the unique such point of minimal magnitude. If A € Stabgy,, z)(#), then A*lty € 72,
so minimality ensures Av = v, thus Stabgr,,z)(v) = Stabgy, (z)(0). Minimality also
implies that the coordinates of v are relatively prime, so there exists a € Z? with
a-v=1 Set A= (%,%). Then A € SLy(Z) and Av = (}), so conjugation by
A yields an isomorphism of Stabgy,, (z)(v) with Stabgr,z)(§). But the latter group
consists exactly of the matrices (%) for n € Z, and is therefore isomorphic to Z.
We consider now the case that # does not go through a point of Z2. Fix v € 0,
noting that Stabgr,(z)(v) = {I}. Observe that if A € SLy(Z), A > 0, and Av = Av,
then the fact that det(A) = 1 ensures that 1/\ is the other eigenvalue of A, so
trace(A) = A+ 1/\. As trace(A) € Z and {u > 1| p+ 1/u € Z} consists exactly
of a single point in each interval of the form [n,n + 1) for n > 1, it follows that
A={\>0|3A4 €SLy(Z) Av = Av} is a discrete subgroup of R, and is therefore
cyclic. Fix A € Stabgy,,(z)(#) such that the eigenvalue X of v generates A, and note
that if B € Stabgr,z)(f), then there exists n € Z for which Bv = A", in which
case A"B~1v =wv, so B = A", thus Stabgy,z)(0) = (A). a

Suppose that X is a standard Borel space and E is a countable Borel equivalence
relation on X. We say that F is finite if all of its classes are finite. We say that E
is hyperfinite if there is an increasing sequence (E,),cn of finite Borel equivalence
relations on X whose union is F.

Suppose that Y is a standard Borel space and F is a countable Borel equivalence
relation on Y. A reduction of E to F is a homomorphism from E to F' sending F-
inequivalent points to F-inequivalent points. As every hyperfinite Borel equivalence
relation is Borel reducible to Ey (see Theorem 1 of [3]), it follows that a Borel
measure is (F,Eg)-ergodic if and only if it is (E, F')-ergodic for every hyperfinite
Borel equivalence relation F' on a standard Borel space.

Suppose that A is a group and A ~ Y. The orbit of y under A ~ Y is the set
[y]a consisting of all points of the form §-y for 6 € A. The orbit equivalence relation
of A A Y is the relation EX on Y given by y EX z < 3§ € Ay =6 2. Given
frg: X =Y, let D(f,g) denote the set of x € X for which f(z) # g(z). Given a
relation R C X x X and a function p: R — A, we say that a function ¢: X — Y is
p-invariant if p(w) = p(w,z) - ¢(z) whenever w R x. The uniformization theorem
for Borel subsets of the plane with countable vertical sections ensures that if R
is a Borel set with countable sections and FE is the smallest equivalence relation
containing R, then every Borel function p: R — A can be extended to a Borel
function o: E — A so as to ensure that every p-invariant function is o-invariant.

A Borel measure g on X is (p, A ~ Y)-ergodic if for every p-invariant Bor-
el function ¢: X — Y, there exists y € Y such that ¢~ !([y]a) is p-conull. A
Borel measure g on X is (p, A ~ Y)-rigid if D(¢$,) is p-null for all p-invariant
Borel functions ¢,1¢: X — Y. The action A ~ Y is locally rigid if whenever
X is a standard Borel space, E is a countable Borel equivalence relation on X,
and p: E — A is Borel, every (F,Eq)-ergodic Borel probability measure on X is
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(p, A ~ Y)-ergodic or (p, A ~ Y)-rigid.

Theorem 3.2. The action SLa(Z) x Z2 ~ R? is locally rigid.

Proof. We will show that if X is a standard Borel space, E is a countable Bor-
el equivalence relation on X, p: E — A is Borel, ¢,7: X — R? are p-invariant
Borel functions, and p is an (E,Eg)-ergodic Borel probability measure on X for
which D(¢,v) is p-positive, then there exists v € R? such that ¢~ ([v]sr,z)xz2) is
p-conull. Towards this end, define w: D(¢,v) — T and o: E | D(¢,¢) — SLa(Z)
by m(x) = projp(é(z) — () and o(z,y) = projsi,(z)(p(z,y)). Observe that if
z (E 1 D(¢,v)) y, then

) - projr(o(y) — ¥ (y))
=o(z,y) - 7(y),

so m is o-invariant, and thus a homomorphism from E [ D(¢,1) to the orbit equiv-
alence relation of SLo(Z) ~ T. As the latter is hyperfinite by the remark following
the proof of Proposition 3.5 of [4], there exists § € T for which 7=1(6) is u-positive.

Proposition 3.1 ensures that the group I' = Stabgy,,(z)(#) is cyclic, so the orbit
equivalence relation F' of I' ~ T? is hyperfinite by Lemma 1 of [5]. As the fact
that o(E | m7=1(0)) C T ensures (projpz o ¢) | m—1(#) is a homomorphism from
E | 771(0) to F, there exists t € T? for which (projp2 o ¢)~1(t) is p-positive, so
there exists v € R? such that ¢~1(v) is p-positive, thus ¢! ([v]zz 1) is p-conull. O

4. Homomorphisms and separability

Suppose that X and Y are standard Borel spaces, £ and F' are countable Bor-
el equivalence relations on X and Y, and p is a finite Borel measure on X. Let
L(X,u,Y) denote the space of all u-measurable functions ¢: X — Y, equipped
with the pseudo-metric d,, given by d,.(f,g) = p(D(f,g)). Let Hom(E, u, F') denote
the space of all homomorphisms from E to F'in L(X, u,Y), and let Homg(E, u, F')
denote the subspace of those ¢ with the property that ¢—1(y) is y-null for ally € Y.
We say that F' has separable homomorphisms if whenever X is a standard Borel
space, F is a countable Borel equivalence relation on X, and p is an (E, Eg)-ergodic
Borel probability measure on X, the space Homg(F, u, F') is separable.

Theorem 4.1. Suppose that Y is a standard Borel space and F' is the orbit equiv-
alence relation of a locally rigid Borel action A ~Y of a countable group. Then F
has separable homomorphisms.
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Proof. Suppose that X is a standard Borel space, E is a countable Borel equiv-
alence relation on X, and p is an (F,Eg)-ergodic Borel probability measure on
X. We can assume that p is F-quasi-invariant. The uniformization theorem for
Borel sets with countable vertical sections yields Borel functions f,: X — X with
E =, ey graph(fy). For each n € N, set R,, = {J,,,, graph(f.,) and let E,, denote
the smallest equivalence relation containing R,,.

Let p. denote the counting measure on X, and set pu, = (g X p.) | Rp. The
countability of A ensures that L(R,,, p,,A) is separable. Fix countable dense sets
D C L(Ry, pin, A), and associate with each n € N, 0 € 2, and rational ¢ > 0
for which it is possible a Borel function p: R, — A, with d,, (0,p) < €, and a
p-invariant function ¢ € Homg(FE, u, F'). We will show that the set of ¢ is dense.

Suppose that ¢ € Homg(F, u, F') and € > 0 is rational. By Proposition 2.2, there
exists n € N for which there is a Borel set B C X such that u(B) > 1—ec¢and p [ B
is (B, | B,Eg)-ergodic. By the uniformization theorem for Borel sets with countable
vertical sections, there is a Borel function p: R, — A for which ¢ is p-invariant.
Fix €, > 0 such that ) _yen < 00, and fix 0y € %, With dy, (Omn, p) < €m-
Let pp,.n and ¢, , denote the corresponding functions, and let E,,, denote the
equivalence relation generated by R, \ s>, D(p; pk,n). The E-quasi-invariance of
p ensures that |J,, oy Em,n agrees with E, on a p-conull set. By Proposition 2.2,
there exists m € N for which there is a Borel set B,,, C X with the property that
w(Bp) >1—€eand | By, is (Emn | Bm,Eo)-ergodic. The local rigidity of A ~Y
therefore ensures that ¢ | By, = tmn [ Bm, thus du (¢, ¥mn) < e O

5. Stratification

Suppose that X is a standard Borel space and F is a countable Borel equivalence
relation on X. We say that F is aperiodic if all of its classes are infinite. A strat-
ification of E is a sequence (E,.).cg of equivalence relations on X for which the
E-class of each point of X is the strictly increasing union of its E,-classes. We say
that such a stratification is Borel if {(r, (z,y)) € R x (X x X)) | z E, y} is Borel.

Proposition 5.1. Suppose that X is a standard Borel space and E is an aperiodic
countable Borel equivalence relation on X. Then E has a Borel stratification.

Proof. Recursively construct a sequence (Fy)q4eq of equivalence relations on N such
that for all n € N, the set N? is the strictly increasing union of the F,-classes of n.
Then the relations £, = |J,<,. Fy yield a Borel stratification of N2,

By the marker lemma (see, for example, Lemma 6.7 of [2]), there is a partition
(Bn)nen of X into Borel sets intersecting every equivalence class of E. Let n(x)
denote the unique n € N for which x € B,,. Then the equivalence relations given by
x By < = Eyand n(z) F, n(y) yield the desired Borel stratification of E. O

Suppose that T is a permutation of X. The orbit of x under T is the set [x]r
consisting of all points of the form 7" (z) for n € Z. We say that T is aperiodic if
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every such orbit is infinite. The orbit equivalence relation of T is the relation EX
on X given by  EX y <= In € Z x =T"(y). A stratification of T is a sequence
(T:)rer of permutations of X for which (E3 ),cr is a stratification of E7¥. We say
that such a stratification is Borel if the function (r,z) — T,.(z) is Borel.

Proposition 5.2. Suppose that X is a standard Borel space and T: X — X is an
aperiodic Borel automorphism. Then T has a Borel stratification.
Proof. By Proposition 5.1, there is a Borel stratification (E,)cr of Ej)f Define
Y, ={r e X | [z]g. N {T"(z) | n < 0} is finite}
and
Z, ={x e X |[z]g. N{T"(z) | n > 0} is finite},

as well as X, = X \ (Y, U Z,). Define n(x) = {n < 0| z E, T"(z)}| and
nf(z) =|{n>0]x E. T"(x)}|, and fix a transitive permutation 7 of N. Then the
permutations given by

T™(z) if z € X, and n > 0 is least for which = E, T"(z),

T.(z)=<y ifxeY,, z E.y,and 7(n, (x)) =n, (y), and
z ifx€Z., xE, 2z and 7(n (z)) = n}(2)
yield the desired Borel stratification of T'. D

6. Denouement

Suppose that X is a standard Borel space and E is a countable Borel equivalence
relation on X. A Borel measure p on X is E-invariant if every Borel automorphism
T: X — X whose graph is contained in F is p-measure preserving.

Theorem 6.1 (Hjorth). Suppose thatn € {2,3,...,Rq}. Then there is a standard
Borel space X, a Borel probability measure 1w on X, and countable Borel equivalence
relations E, on X such that for all r,s € R, the following conditions hold:

e The equivalence relation E, is induced by a free Borel action of F,,.
e The measure p is (E.,Eq)-ergodic and E,.-invariant.

o Ifr <s, then E. C E,.

o Ifr # s, then there is no p-measurable reduction of E, to Fs.

Proof. We will handle only the case n = 2, as the other cases follow from an
essentially identical argument. Let m denote Lebesgue measure on R, and let p
denote the Borel probability measure induced by m? on T?. By the remarks at the
end of §5C of [6], there are matrices A, B € SLy(Z), generating a free subgroup of
SL2(Z) whose action on T? is free, with the property that if S,T: T? — T? are
given by S(z) = Az and T'(x) = Bz, then p is Eg2—ergodic and (EE2 * E%Tf,EO)—
ergodic. By Proposition 5.2, there is a Borel stratification (7}.),cg of T. Proposition
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2.2 then ensures that by replacing (7;.),cg with a terminal segment if necessary, we
reR E’I’]If :

For each r € R, set F,. = Eg2 * Egj Proposition 1.2 implies that for distinct
r,s € R, the equivalence relations F;. and F differ on every u-positive set. Note that
for all s € R, Theorems 3.2 and 4.1 ensure that Homg (F, u, Fy) is separable, so there
are only countably many r € R for which there is a y-measurable reduction of F;. to
Fy. As the set of pairs (r,s) € R? for which there exists such a reduction is analytic
(this follows, for example, from Theorem 29.26 of [1]), it is therefore meager, so
there is a perfect set P C R with the property that for no distinct p,q € P is there
a p-measurable reduction of F), to Fy (see, for example, Theorem 19.1 of [1]). Fix
an order-preserving injection ¢: R — P, and observe that the equivalence relations
E, = Fy( are as desired. O

can assume that p is (ESTz x F,Ep)-ergodic, where F' =

Epilogue

Here we consider further results that will be addressed in future papers.

Part of Hjorth’s motivation for studying treeable equivalence relations stems
from the use of product group actions in [7], along with the well-known incompati-
bility between orbit equivalence relations associated with such actions and treeabil-
ity. In his preprint, Hjorth sketched an idea for obtaining a particularly general form
of this incompatibility. Although it is not difficult to fill in the details, his use of
lacunary sections for Borel actions of locally compact Polish groups (see Corollary
1.2 of [8]) is both limiting and unnecessary, and still more general results follow
from a significantly simpler approach.

By adapting the arguments of [7], one can obtain analogous results on the de-
scriptive complexity of Borel reducibility within the countable treeable Borel equiv-
alence relations. In addition, the proof of Theorem 6.1 can be modified so as to
handle various weakenings of Borel reducibility. On the other hand, at the cost of
ergodicity one can modify the argument so as to produce families of incomparable
countable treeable Borel equivalence relations lying within a single countable-to-one
Borel bihomomorphism class.

Equivalence relations with separable homomorphisms have other applications.
For example, if E is a countable Borel equivalence relation with separable homo-
morphisms and p is an (E, Eg)-ergodic Borel probability measure, then there is no
p-measurable reduction of E x A(R) to E. Moreover, there is a p-conull Borel set
C for which there is no (p | C')-measurable reduction of (E [ C') x A(2) to E | C.

The property of having separable homomorphisms is quite robust. It is down-
ward closed under countable-to-one Borel homomorphism, and therefore under Bor-
el reducibility and passage to Borel subequivalence relations. It is also closed under
passage to Borel superequivalence relations of measure-hyperfinite index.

A basis for a family .% of Borel equivalence relations is a family & C .% with the
property that for all F' € %, there exists E' € & for which there is a Borel reduction
of E to F. At the cost of being forced to employ a somewhat different notion of
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having separable homomorphisms, one can eliminate the need for strong ergodicity.
In addition to further simplifying Hjorth’s original argument, this observation allows
one to establish that every basis for the class of non-measure-hyperfinite countable
treeable Borel equivalence relations has cardinality at least add(null).
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