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Abstract

Full groups, classification, and equivalence relations
by

Benjamin David Miller
Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Alexander Kechris, Co-Chair

Professor John Steel, Co-Chair

In Chapter I, we study algebraic properties of full groups of automorphisms of o-
complete Boolean algebras. We consider problems of writing automorphisms as com-
positions of periodic automorphisms and commutators (generalizing work of Fathi [34]
and Ryzhikov [69]), as well as problems concerning the connection between normal
subgroups of a full group and ideals on the underlying algebra, in the process giving
a new proof (joint with David Fremlin) of Shortt’s [73] characterization of the nor-
mal subgroups of the group of Borel automorphisms of an uncountable Polish space,
as well as a characterization of the normal subgroups of full groups of countable
Borel equivalence relations which are closed in the uniform topology of Bezuglyi-
Dooley-Kwiatkowski [9]. We also characterize the existence of an F-invariant Borel
probability measure in terms of a purely algebraic property of [E].

The results of Chapter II include classifications of Borel automorphisms and Borel
forests of lines up to the descriptive analog of Kakutani equivalence, along with
applications to the study of Borel marriage problems, generalizing and strengthen-
ing results of Shelah-Weiss [72], Dougherty-Jackson-Kechris [24], and Klopotowski-
Nadkarni-Sarbadhikari-Srivastava [58]. We also study the sorts of full groups on
quotients of the form X /F for which the results of Chapter I do not apply. Actions of
such groups satisfy a measureless ergodicity property which we exploit to obtain var-

ious classification and rigidity results. In particular, we obtain descriptive analogs of



some results of Connes-Krieger [19] and Feldman-Sutherland-Zimmer [37], answering
a question of Bezuglyi.

In Chapter III, we study some descriptive properties of quasi-invariant measures.
We prove a general selection theorem, and use this to show a descriptive set-theoretic
strengthening of an analog of the Hurewicz ergodic theorem which holds for all
countable Borel equivalence relations. This then leads to new proofs of Ditzen’s
quasi-invariant ergodic decomposition theorem [23] and Nadkarni’s [62] characteri-
zation of the existence of an E-invariant probability measure, and also gives rise to
a quasi-invariant version of Nadkarni’s theorem, as well as a version for countable-
to-one Borel functions. We close chapter III with results on graphings of countable

Borel equivalence relations, strengthening theorems of Adams [1] and Paulin [65].
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Preface

The work presented here is a part of the descriptive set-theoretic study of countable
Borel equivalence relations. At the heart of our explorations is a desire to better
understand the descriptive core of various notions which originate in ergodic theory.
We have grouped our results into three separate chapters, loosely based on the fla-
vor of the arguments involved. Although each chapter is preceded by an in-depth
introduction, we will now provide a brief overview of all three.

Suppose that E is a countable Borel equivalence relation on a Polish space X.
The full group of E is the group [E] of all Borel automorphisms f : X — X such that
zEf(z), for all z € X. Early work of Dye [27] in the measure-theoretic context has
made clear a very strong connection between equivalence relations and the algebraic
structure of their full groups, and since then these groups have been the subject
of much study within ergodic theory (see Connes-Krieger [19], Feldman-Sutherland-
Zimmer [37], and Bezuglyi-Golodets [11]) and topological dynamics (see Giordano-
Putnam-Skau [42] and Bezuglyi-Golodets [14]).

In Chapter I, we study algebraic properties of full groups of automorphisms. The
results here are quite general, and we spend the vast majority of the chapter work-
ing with full groups of automorphisms of o-complete Boolean algebras, rather than
restricting ourselves to Polish spaces. The main observation which yields this gener-
ality is that there is a simple property, held by many automorphisms of such algebras,
that is sufficient to push through various ideas from the study of orbit equivalence
to this general setting. We consider problems of writing automorphisms as compo-
sitions of periodic automorphisms and commutators (generalizing work of Fathi [34]
and Ryzhikov [69]), as well as problems concerning the connection between normal
subgroups of a full group and ideals on the underlying algebra, in the process giving
a new proof of Shortt’s [73] characterization of the normal subgroups of the group of
Borel automorphisms of an uncountable Polish space, as well as a version of Bezuglyi-
Golodets’s characterization of the uniformly closed normal subgroups of full groups of
automorphisms of the Lebesgue measure algebra which holds in the uniform topology

of Bezuglyi-Dooley-Kwiatkowski [9] on the group of Borel automorphisms of a Polish
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space. We also provide a characterization of the existence of an F-invariant Borel
probability measure in terms of a purely algebraic property of [E].

The common thread underlying the results of Chapter II is the observation that
certain arguments of Dougherty-Jackson-Kechris [24], Harrington-Kechris-Louveau
[44], and Shelah-Weiss [72] are sufficiently general so as to allow characterizations
of various descriptive set-theoretic objects. Our results here include classifications
of Borel automorphisms and Borel forests of lines up to the descriptive analog of
Kakutani equivalence, along with applications to the study of Borel marriage prob-
lems, generalizing and strengthening results of Shelah-Weiss [72], Dougherty-Jackson-
Kechris [24], and Klopotowski-Nadkarni-Sarbadhikari-Srivastava [58]. We also spend
some time studying the sorts of full groups on quotients of the form X/E for which
the results of Chapter I do not apply. The automorphisms of such groups satisfy
a measureless ergodicity property which we exploit to obtain various classification
and rigidity results. In particular, we obtain descriptive analogs of some results of
Connes-Krieger [19] and Feldman-Sutherland-Zimmer [37], answering a question of
Bezuglyi.

Suppose that p is a probability measure on the Borel subsets of X. Then pu is
E-invariant if every element of [E] is measure-preserving, and p is E-quasi-invariant
if every element of [E] is non-singular. The study of measured equivalence relations
has played an important role in ergodic theory for a long time. Measures also turn
out to be very important tools from the descriptive set-theoretic viewpoint. Notable
here are papers of Feldman-Moore [36] and Weiss [79] which, in addition to being of
great interest in their own right, have helped to bring closer the measure-theoretic
and set-theoretic points of view.

In Chapter III, we study the descriptive properties of quasi-invariant measures.
The main tool underlying our work here is a general selection theorem which allows
us to build finite Borel subequivalence relations which are maximal with respect
to whatever local property we desire. Using nothing more than this and our bare
hands, we prove a descriptive set-theoretic strengthening of an analog of the Hurewicz
ergodic theorem which holds for all countable Borel equivalence relations. This then

leads to new proofs of Ditzen’s quasi-invariant ergodic decomposition theorem [23]
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and Nadkarni’s [62] characterization of the existence of an E-invariant probability
measure, and also gives rise to a quasi-invariant version of Nadkarni’s theorem, as
well as a version for countable-to-one Borel functions.

Associated with a Borel graph ¢ on X is an equivalence relation Fy on X,
2Eqy & 3x = 20,21, .., 2y = yVi <n (x5, 241) €9).

We say that & is a graphing of E if E = Ey. A great deal of work has been done to
understand the connection between graph-theoretic properties of ¢ and the structure
of the induced equivalence relation Fg, both in the contexts of ergodic theory and
descriptive set theory (see Connes-Feldman-Weiss [18], Adams [1], Paulin [65], and
Jackson-Kechris-Louveau [48]). We close chapter III by using our selection theorem
to provide a variety of results on graphings of countable Borel equivalence relations,

strengthening theorems of Adams [1] and Paulin [65].
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Chapter 1

Full Groups

1 Introduction

Suppose X is a Polish space and E is a countable Borel equivalence relation on
X. The full group of E is the group [E] of Borel automorphisms f : X — X such
that

Ve e X (zEf(x)).

In this chapter, we study various algebraic properties of full groups, as well as their
connection to properties of the underlying equivalence relation F.

One natural way that countable Borel equivalence relations arise is via group
actions. Given a countable group I' which acts on X by Borel automorphisms, the

orbit equivalence relation of I' is given by
vEry e Iy el (y-o=1y).

The full group of T', denoted by [I'], is simply the full group of F¥. Note that [['] can
be expressed entirely in terms of the action of I, as the group of Borel automorphisms

[+ X — X for which there is a partition of X into Borel sets B, such that
vy eI (f|B, =7[B,).

Note that this definition generalizes to group actions on arbitrary Boolean algebras.



One advantage of working within full groups is that the resulting facts are often im-
mediately applicable to other settings. For instance, if [ acts by measure-preserving,
non-singular, or category-preserving transformations, then so too does every element
of [I'], as X can be decomposed into countably many pieces where its action agrees
with the action of elements of I'. So if we were to prove, for example, that every
Borel automorphism is the composition of three Borel involutions from its full group,
then we would automatically obtain the analogous theorems for measure-preserving,
non-singular, and category-preserving transformations.

The techniques we use are applicable far beyond these settings, however. Suppose
that 2 is a o-complete Boolean algebra and 7 is an automorphism of 2. Although
our results do not go through for all such automorphisms, it should be noted that
we essentially require only one additional property. We term an element a € 2 a
w-discrete section if a - w(a) = O. The basic underlying assumption that is essential
to our techniques is that all of the automorphisms with which we deal admit maximal
discrete sections. The main observation underlying our results is that with maximal
discrete sections at our disposal, we can push through many ideas from the study of
orbit equivalence to this general setting.

Examples of automorphisms which admit maximal discrete sections include all
automorphisms of the Borel subsets of a Polish space X (which can be naturally
identified with the Borel automorphisms of X), as well as all automorphisms of any
complete Boolean algebra. As a consequence, all of our results apply in these two
contexts. Moreover, the inexistence of maximal discrete sections is often sufficient to
prove strong negations of theorems which hold true for automorphisms which admit
maximal discrete sections.

Although our work throughout this chapter is done in the context of og-complete
Boolean algebras, there is another point of view (recently pointed out to me by John
Steel) which more accurately reflects what we do. Suppose that 2 is a o-complete
Boolean algebra and 7 is an automorphism of 2 whose powers admits maximal dis-
crete sections, and we wish to prove some algebraic fact about the full group [r]. For
concreteness, let us again suppose that we wish to show that 7 is the composition

of three involutions in [r]. As it turns out, this can be accomplished by proving



that every transitive permutation ¢ of a countable set X is the composition of three
involutions of X which are definable in a certain restricted language. The signature
for this language consists of a function symbol, as well as a unary relation symbol
for each n € N, the former to be thought of as representing the action of 7 and the
latter representing maximal 7"-discrete sections. In order to obtain the desired result
about m we must, in an L, ,-definable manner, build three involutions of X whose
composition is . That is, we must be able to sculpt definitions of the involutions
we desire out of nothing more than our function and relation symbols, existential
and universal quantification, and conjunctions and disjunctions of countable length.
We can then interpret the resulting three definitions in the L-structure determined
by m and maximal discrete sections for each of its powers, and we will obtain the
involutions in [7] which we require.

Most of the results of this chapter can be viewed in this way. That is, we are
given the problem of checking some algebraic fact about a full group, so we devise a
language which is simultaneously sophisticated enough to check the property while
weak enough to be interpreted via objects which we can build from the full group.

One more comment about the general structure of this chapter is in order. When
deciding upon the language to use in presenting our results, we were faced with a real
quandary. To what extent should we substitute readability for generality? In this
particular case, the question became one of trading our intuition about purely atomic
Boolean algebras for the ability to prove things about all complete Boolean algebras
and beyond. Well, this isn’t entirely true, in that we could have used Stone spaces to
at least recover some of our intuition about the purely atomic case. This too seems
problematic, however, as our primary interest is in the algebra of Borel subsets of a
Polish space, and it seems rather ridiculous to prove any of the facts in which we are
interested for this algebra via its Stone space.

In the end, we have decided to simply prove things in their utmost generality on o-
complete Boolean algebras, for the most part without making any references to Stone
spaces. The end result is, unfortunately, that the proofs have come out looking a bit
more difficult than they really are, particularly outside of the purely atomic case. For

this reason, the reader is strongly encouraged to rely heavily upon his intuition for



purely atomic algebras while reading our results. In retrospect, it would have been
better to take up the viewpoint suggested by Steel, proving facts about permutation
groups in certain restricted languages, and then separately establishing the transfer
theorems necessary to push the results to the sorts of algebras we desire. Alas, time
is short, and such refinements will have to wait for another day.

In §2, we take up a somewhat detailed exploration of maximal discrete sections.
We provide several criteria for the existence of maximal discrete sections, and show
that automorphisms of complete Boolean algebras and standard Borel spaces always
admit such sections. We also show that the existence of a maximal 7-discrete section
is a natural generalization of the existence of a support for 7, in that it is equivalent to
the corresponding autohomeomorphism 7 of the Stone space having clopen support.
We close §2 by using maximal discrete section to give a simple proof of a general form
of Rokhlin’s Lemma which holds for arbitrary finitely additive probability measures
on arbitrary Boolean algebras.

In §3, we introduce the full group [r] of an automorphism 7 and describe var-
ious notions which originate in the study of orbit equivalence, such as recurrence,
smoothness, and complete sections, with an emphasis on their connection to maximal
discrete sections. We close with a general characterization of smoothness in Baire
spaces.

We spend most of §4-§7 studying the circumstances under which an automorphism
of a o-complete Boolean algebra can be written as the composition of automorphisms
of prescribed periods from its full group. Our explorations into such questions orig-
inate in a series of discussions with David Fremlin in the fall of 2003, while we were
both visiting the Fields Institute. David had shown that every automorphism of a
complete Boolean algebra is the composition of eight involutions, and asked if this
number could be brought down to three. In §5, we answer this question positively by

showing the following:

Theorem. Suppose that 2 is a o-complete Boolean algebra, 7 is an automorphism of
A, and every power of ™ admits a maximal discrete section. Then 7 is the composition

of three involutions from its full group.



It should be noted that it was David who first pointed out the fact that our
arguments, originally intended only for Borel automorphisms of Polish spaces, go
through for arbitrary complete Boolean algebras. It should also be noted that, shortly
after our success with this problem, David received an email from Peter Biryukov,
who pointed out that Ryzhikov [70] had already shown that every automorphism of
a complete Boolean algebra is the composition of three involutions. Although his
argument is quite different than the one we shall provide, it is worth noting that he
too made essential use of maximal discrete sections.

In §4, we characterize the circumstances under which an automorphism is the
composition of two involutions from its full group, and we show that the existence
of maximal discrete sections is necessary to write an aperiodic automorphism as a
composition of periodic automorphisms of its full group. We also briefly discuss
the problem of finding Borel automorphisms which are not the composition of two
involutions.

In §6, we extend the notion of full group from a single automorphism to a group
of automorphisms. Many of the results of §3 go through in this more general setting
in a straightforward manner. New here is a notion of aperiodicity which makes sense
outside of the purely atomic setting. This notion is quite nice in that it is a natural
way of generalizing aperiodicity which seems to capture all of our intuition from the
purely atomic case. In particular, we show that if we restrict our attention to actions
by automorphisms that admit maximal discrete sections, then the aperiodic actions
of I' are exactly those with the property that for all n > 1, there is a partition of
unity into n pieces and an automorphism in [['] of exact period n which induces a
permutation of these pieces.

In §7, we combine ideas of Ryzhikov [69] with our methods to show the following:

Theorem. Suppose 2 is a o-complete Boolean algebra, 7 is an aperiodic automor-

phism of A, ng > 3, and ny > 2. Then the following are equivalent:
1. There exist o, w1 € [m| of strict period ng,ny such that ™ = g o 7.

2. The powers of m admits maximal discrete sections.



As part of our proof, we give a general version of Alpern’s [3] multiple Rokhlin
tower theorem. Using similar methods, we also show that every aperiodic automor-

phism is a commutator within its full group. Using this, we show the following:

Theorem. Suppose that A is a k-complete Boolean algebra, G is a k-full group of
automorphisms of A which admit mazimal discrete sections, and G has a subgroup of
cardinality strictly less than k which acts aperiodically. Then every element of G is

a commutator.

These facts generalize and strengthen results of Fathi [33] and Ryzhikov [69]. We
close §7 by showing that the existence of a subgroup of cardinality less than x which
acts aperiodically is equivalent to the presence of an aperiodic automorphism in G.

In §8, we study an interesting property which has recently been investigated in
the context of infinite permutation groups by Bergman [7], and in the context of
more general automorphism groups by Droste-Gobel [25] and Droste-Holland [26].

We actually study two variants of Bergman’s original notion:

1. G is weakly Bergman if for every increasing, exhaustive sequence I',, / G of

subsets of G, there exists k,n € N such that T'* = G.

2. G is strongly k-Bergman if for every increasing, exhaustive sequence I';, / G of
subsets of (G, there exists n € N such that I'* = G. G is strongly Bergman if it
strongly k-Bergman, for some k € N.

Both of these properties are quite strong. For instance, even weakly Bergman groups
have the property that all of their left-invariant metrics are bounded. We show that
the weak Bergman property is shared by every x-full group of automorphisms of a
r-complete Boolean algebra which admit a maximal discrete section that contains an
aperiodic subgroup of cardinality less than k. We also show that strong Bergmanocity
is often ruled out by the existence of invariant probability measures, and ensured
by the presence of paradoxical decompositions. This leads to a characterization of
the existence of an invariant probability measures for countable Borel equivalence

relations in terms of a purely algebraic property of their full group:



Theorem. Suppose E is an aperiodic countable Borel equivalence relation on a Polish

space. Then [E| has the weak Bergman property and the following are equivalent:
1. E does not admit an invariant Borel probability measure.
2. [E] is strongly Bergman.
3. |E] is strongly 16-Bergman.

In §9, we give a new proof, joint with David Fremlin, of Shortt’s characterization
of the normal subgroups of the group of Borel automorphisms of a Polish space X. We
actually give a technical strengthening of this result, by showing that if f : X — X is
a Borel automorphism with uncountable support, then every Borel automorphism of
X is a composition of four conjugates of f*!. Getting back to our general setting, we
then use ideas of Fremlin [39] to draw a connection between the normal subgroups of
an aperiodic full group and ideals on the underlying o-algebra.

In §10, we make use of this connection. We begin by defining a weak notion of
closure for sequences of automorphisms, and characterize the normal subgroups of
full groups which satisfy this property. Using this, we obtain a new proof of the
characterization of closed normal subgroups of full groups due to Bezuglyi-Golodets
[11]. We close the section with an analog of their result which holds for the group of
Borel automorphisms of a Polish space X, when equipped with the uniform topology

of Bezuglyi-Dooley-Kwiatkowski [9], which is generated by the sets of the form

U (@, 0, - - - fns €) = {th : Vi < (ui(supp(po ™)) <€)},

where ¢, 1 are Borel automorphisms of X, uq, ..., u, are probability measures on X,

and € > 0. We show the following:

Theorem. Suppose that G is a o-full group of Borel automorphisms of a Polish
space, and G contains a countable aperiodic subgroup. Then the uniformly closed

normal subgroups of G are exactly those of the form
N ={m € G : supp(m) € NULL,,},

where M is a G-invariant set of probability measures on X .



2 Maximal discrete sections

In this section, we will introduce the many of the concepts which will be important
throughout Chapter I. Central here is the notion of a maximal discrete section for
an automorphism. We show that such sections can always be found in many of the
o-complete Boolean algebras which appear in descriptive set theory and measure
theory. We also give an alternate characterization of their existence in terms of the
Stone space of the algebra in question. As an application, we show an analog of
Rokhlin’s Lemma which holds for an arbitrary probability measure on an arbitrary
Boolean algebra.

Although we work with automorphisms of general o-complete Boolean algebras,
it will be useful to keep several important examples in mind. The complete Boolean
algebras in which we are particularly interested include the algebra of Lebesgue mea-
surable subsets of the reals modulo null sets, as well as the algebra of Baire measurable
subsets of a perfect Polish space modulo meager sets. The main incomplete Boolean
algebra in which we are interested is the algebra of Borel subsets of an uncountable
Polish space X. We are also interested in the various subalgebras obtained by fixing
a countable Borel equivalence relation £ on X, and restricting our attention to those
Borel subsets of X which are E-invariant.

Suppose that 2 is a Boolean algebra. We will use Aut(2() to denote the automor-
phism group of A, and

A, ={beA:b<a}

to denote the principal ideal induced by a € A. An automorphism 7 has a support if
S {aeA:n|A, =id}

exists, in which case the support of 7 is the complement of this sum.

An element a € 2 is a w-discrete section, or simply mw-discrete, if a - w(a) = O.
Note that when 2 is purely atomic, every automorphism of 2 determines a graph ¢
on the atoms of 2, in which two atoms are neighbors exactly when 7 carries one to the

other. Note that the connected components of this graph are simply the orbits of the



atoms of 2l under 7, and that a € 2 is m-discrete exactly when no two ¢-neighbors

are below a.

Proposition 2.1. Suppose A is a Boolean algebra, m € Aut(), and a € A. Then
a is w-discrete < a is 7 -discrete < Vn € Z (7" (a) is w-discrete).
Proof. As a-7!(a) =7"(a-n(a)), it follows that
a is m-discrete < a is 7w~ '-discrete.
As 7 (a) - 7 (a) = 7(a - 7(a)), it follows that if a is w-discrete, then
Vn € Z (n"(a) is w-discrete),

which completes the proof of the proposition. -

Discrete sections provide a convenient alternative description of supports:
Proposition 2.2. Suppose 2 is a Boolean algebra, a € A, and m € Aut(A). Then

m|A, #1d < 3O < b < a (b is w-discrete).

Proof. To see (<), simply note that if b > O is w-discrete, then w(b) # b. To
see (=), fix O < b < a such that 7(b) # b, and note that at least one of 7(b) — b and

b — 7(b) is non-zero, and both are clearly m-discrete. As
b—nb) =7 (7(b) =),
it follows that b — 7=1(b) or b — m(b) is a non-zero, m-discrete element of 2,. —|
Corollary 2.3. Suppose 2 is a Boolean algebra and m € Aut(2(). Then
m has a support < Z {a cA:ais W—discrete} €ex15ts,

in which case the support of m is this sum.
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Proof. Simply observe that by Proposition 2.2, if one of
S {aed:n™U, =id}, " {a € A: ais r-discrete}
exists, then the other is dense in its complement. -

Remark 2.4. An element a € 2 is w-invariant if m(a) = a. Note that if 7 has a
support, then supp(r) is m-invariant. Also note that if 7 has a support, then so too

does 7! and supp(7) = supp(7 ).

Remark 2.5. A maximal w-discrete section is a w-discrete section which is not strictly

below any other m-discrete section. Note that for all a € 2,
a is maximal m-discrete < supp(m) —a = 7~ '(a) + 7(a).

Maximal discrete sections will prove to be an important tool throughout this
chapter, playing a role similar to that of Rokhlin’s Lemma in ergodic theory. Recall

that a Boolean algebra is complete if every subset of 2 has a least upper bound.

Proposition 2.6. Fvery automorphism of a complete Boolean algebra admits a max-

imal discrete section.

Proof. Suppose A is a complete Boolean algebra and m € Aut(). Let (a¢) be
an increasing sequence of m-discrete sections which is of maximal length, and observe

that a = D¢ e is a maximal m-discrete section. =

Suppose that £ > w;. The Boolean algebra 2 is k-complete if every subset of 2
of cardinality strictly less than x has a least upper bound. Also, 2 is o-complete if

it is wyi-complete. Suppose &/ C A. We will use &/ to denote the non-zero elements
of &. A set 8 C &/ is dense in & if

Vae ot3be B (b<a).

Elements a,b € A are disjoint if a-b= O, and compatible if a-b > O. A set Z C o/

is predense if every a € &7 is compatible with some b € A.
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Proposition 2.7. Suppose that 2 is a k-complete Boolean algebra and m € Aut(2).

Then the following are equivalent:
1. There is a maximal w-discrete section.
2. m has a support and it is the sum of three w-discrete sections.
3. m has a support and it is the sum of fewer than k sections which are mw-discrete.
4. The set of w-discrete sections has a predense subset of cardinality < k.
Proof. To see (1) = (2), note that if a is a maximal m-discrete section, then
supp(n) = 7 *(a) + a + 7(a),

by Remark 2.5. Of course (2) = (3) = (4) is trivial. To see (4) = (1), fix an
enumeration <a5>£ <, of a predense subset of the set of m-discrete sections, where
A < k. We will inductively paste together pieces of the a¢’s, at stage { adding the
largest piece of a¢ that is possible, without destroying the discreteness of the element

of /A that we have built thus far. Put by = O, and recursively define
bes1 = be + (ag — (77 (be) + 7(be))),
setting be = > .. b¢ at limit ordinals. Noting that

ber1 - m(berr) < (be + (ag — w(be))) - (m(be) + (m(ag) — be))
< b m(be) + ag - m(ag),

it follows from the obvious induction that b = b, is m-discrete. Suppose, towards a
contradiction, that there is a m-discrete section ¢ > b. Then there exists £ < A with

ag - (¢ —b) # O, and it follows from the definition of bei; that
O < ag - (C — b) < W_l(bg) +7T<b§),

thus ¢ (77(c) + 7(c)) # O, contradicting the assumption that ¢ is w-discrete. —

Remark 2.8. It is worth noting that our proof of (4) = (1) above shows the stronger

fact that every m-discrete section sits below a maximal m-discrete section.
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An antichain is a pairwise disjoint subset of 2. A Boolean algebra 2 satisfies the
k-chain condition if every antichain of 2 is of cardinality strictly less than . Also,
A satisfies the countable chain condition if it satisfies the wi-chain condition. It is
easy to see that if 2 is x-complete and satisfies the k-chain condition, then every
automorphism of 2 admits a maximal discrete section, for these two assumptions

ensure that 2 is complete.

Example 2.9. Suppose that p is a o-finite measure on a set X. Then the corre-
sponding measure algebra 2, satisfies the countable chain condition and is therefore
complete. On the other hand, the algebra of Borel subsets of a Polish space is a
o-complete Boolean algebra which neither satisfies the countable chain condition nor

is wo-complete.

Fortunately, the k-chain condition has a natural weakening which does not imply
completeness, but still ensures the existence of maximal discrete sections. A set
o/ C A is a separating family for A if there is a dense set & C 2 such that o

separates all disjoint pairs of elements of 4, i.e.,
W eB(b-V=0=Fnecs (b<aandl <1-a)).
A Boolean algebra 2 is purely atomic if its atoms are dense. In this case,
o/ is a separating family for 2 < &7 is a separating family for the atoms of 2.

Example 2.10. Suppose that 2 C Z?(2") is any Boolean algebra which contains the
sets of the form
Xo={z €22, =0},

for a < k. Then 2 admits a separating family of cardinality .

Although unnecessary for our purposes, it is worth noting that any algebra which
admits a separating family of cardinality strictly less than x necessarily satisfies the

2<Ff_chain condition.

Proposition 2.11. Suppose that A is a k-complete Boolean algebra that admits a
separating family of cardinality strictly less than k. Then every automorphism of A

admits a mazximal discrete section.
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7' (b)

%@]]

Figure 1.1: An element o’ € &/ such that O < 7(c) < a- (a' — w(a')).

Proof. Fix a separating family o7 C 2 of cardinality strictly less than k, along
with the corresponding dense set # C 2, and suppose m € Aut(2). Of course we
may expand o7 so as to ensure that it is an algebra which is closed under 7*!. To see
that 7 admits a maximal discrete section, it follows from Proposition 2.7 that it is
enough to check {a — 7(a) : a € &7} is weakly dense in the set of 7-discrete sections,

or equivalently, that
Va € A" (a is m-discrete = 3a' € & (a- (' — 7w(d')) # O)). (1)

Suppose that a € A" is w-discrete, fix non-zero elements b,c € % such that b < a
and ¢ < 77 1(b), and find a’ € &/ which separates b from c. Then 7(c) < a’ — 7(d’),
and (f) follows. -

The following fact is a special case of Lemma 4.1 of Kechris-Solecki-Todorcevic

[56], whose proof is the source of the arguments provided thus far:

Proposition 2.12 (Kechris-Solecki-Todorcevic). Every automorphism of the al-

gebra of Borel subsets of a Polish space admits a maximal discrete section.

Proof. This follows from the fact that Polish topologies are separable and Haus-
dorff, the observation that any basis for a Hausdorff topology separates points, and

Proposition 2.11. —|

Although Proposition 2.11 establishes the existence of maximal discrete sections
for all automorphisms of most of the algebras in which we are interested, we will

continue to work in a general setting in which their existence is not guaranteed. One
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reason for this is our desire to establish the abstract fact that the existence of these
sections alone is sufficient to derive many algebraic properties. Moreover, we obtain
dichotomy results because of the strength of the inexistence of such sections. A more
concrete reason is that one of the sorts of algebras in which we are interested has

automorphisms which do not admit maximal discrete sections:

Example 2.13. Suppose € = 2" is Cantor space, and define £, on € by

where “V*°” is shorthand for “for all but finitely many.” Letting s : € — % be the
unilateral shift,

s(xoxy...) =x129 . . .,

it is easily verified that s induces an aperiodic automorphism of the algebra %, of
Ep-invariant Borel subsets of €. It is also easily verified that any discrete section
for s is meager, and therefore cannot be maximal! It is worth noting that there are
few such automorphisms. Modulo the open question of whether all Z % Z-orderable
equivalence relations are hyperfinite, the methods of §6-§8 of Chapter II suffice to
establish that the least n > 0 for which there is no maximal 7<"-discrete section is
a complete invariant for conjugacy of aperiodic automorphisms of Ap, with Borel

graphs, when such an n exists.

It will frequently be useful to have an analog of maximal discrete sections for finite

collections of automorphisms. For A C Aut(2(), an element a € 2 is A-discrete if
Vy,0 EA(v#d5=(6-a) (v-a) =0),
or equivalently, if
Vvy,0 € A (7 #0=0-ais 75*1—discrete).
Note that m-discreteness and {1, 7 }-discreteness are equivalent. More generally,
a is 7= -discrete < V1 < i< n (a -m'(a) = (D),

where =" is shorthand for the set of automorphisms of the form 7?, with 0 < i < n.

The natural generalization of Remark 2.5 goes through here:
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Proposition 2.14. Suppose 2 is a Boolean algebra, m € Aut(), a € A, and n > 0.
Then

a is mazimal 7<"-discrete < ] supp(r’) —a= > w'(a).
0<i<n 0<|t|<n

Proof. It is straightforward to check that
a is 7<"-discrete & Y w'(a) < [] supp(s’) —a.
0<Ji|<n 0<i<n

It is also clear that if equality holds on the right-hand side, then a is maximal 7<"-
discrete. So it only remains to check that if the inequality is strict, then a is not
maximal 7<"-discrete.

To see this, find a 7<"-discrete section b which is disjoint from

It follows that for all 0 <7 < n,

(a+b)-7(a+b) = a-7'(a)+a-7b)+b-7'(a) +b-7(b)
= O+O+7(7"a) b)+0O
- 0,

thus a + b is a 7<"-discrete section which is properly above a. -

Next, we establish the existence of maximal A-discrete sections:

Proposition 2.15. Suppose 2 is a Boolean algebra, a € A, A C Aut(l) is finite, and
every element of AA™Y admits a mazimal discrete section. Then there is a mazximal

A-discrete element of U,.

Proof. We will find a finite family of A-discrete elements of 2, whose sum is above
every A-discrete element of 2A,. We will then gradually paste these pieces together,
at a given stage adding as much as possible without destroying A-discreteness. We

will then show that the resulting element of 2 is maximal A-discrete.
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Fix an enumeration ((7;,0;));, of the pairs of distinct elements of A. By Propo-

sition 2.7, there are v;0; '-discrete sections aj, a?, a} € 2 such that
Vi <n (a)+ a} + ab = supp(:6; ')).
Let s; be an enumeration of {0,1,2}", and for each j < 3", set

a; =a- Hé{l-aij(i).

<n

As 6 - a; is vd!-discrete whenever vy # 4, it follows that a; is A-discrete. Moreover,

b is A-discrete = Vi<n (5i -bis %(Si_l—discrete)
= W<n(5i-b§aé+a’i+aé)
= W<n(b§5{1-(af)+a§+a§))

= bgHéfl-(aé—Fai#—aé),

<n
thus every A-discrete section in 2, is below >°; 3. a;.

Set by = O and recursively define

bj+1 = bj + <aj - Z ’}/71(5 : bj),
Y#6

for j < 3". Noting that for v # 9,

(v bj1) - (6-bj41) = (’Y'bj+7' <%‘Z’Y—15'bj>> '

175
(5.bj+5-<aj—6;5 by b))
< (vebj+(v-a;—0-b))-(6-b;+(0-a; —v-bj))
< (y-b) - (6-b5) + (y-bj) - (6-a5 —7-b;) +
(y-aj—06-b;)-(6-b;) +(v-a;—=0-b;)-(0-a;—7-b)
< (veby) (60 b) + (v a5) - (6 ay),

it follows from the obvious induction that b = bs» is A-discrete. Suppose, towards a

contradiction, that there is a A-discrete section ¢ > b in 2,. Then ¢ — b is non-zero



17

and A-discrete, so there exists j < 3" such that a; - (¢ — b) # O. It follows from the
definition of b;;; that

O<aj-(c=b) <> v 1-by,
Y#6
thus there exists distinct v, € A such that

(v-(c=0))-(0-b) # O,

so (v-¢)-(0-c)# O, which contradicts the assumption that ¢ is A-discrete. .

Remark 2.16. A (\*)"-complete Boolean algebra 2 is (k, A)-distributive if for every
sequence (agp)_,. .- Of elements of 2,

IT > aen = > 1 acro-

<R <A fEXF E<A
It is straightforward to check that when 2 is (k, 2)-distributive, the assumption that
A is finite in Proposition 2.15 can be weakened to |A| < k.

It should be noted, however, that such a generalization fails for the algebra of

Borel subsets of a Polish space, even when A is countably infinite. In the language of
83, this is a simple consequence of the fact that non-smooth automorphisms of this

algebra do not admit maximal partial transversals.

Next, we will describe a sense in which the existence of a maximal discrete section
for an automorphism can be viewed as a natural strengthening of the existence of a
support. We will use 2 to denote the Stone space of all ultrafilters on 2, endowed

with the topology generated by the basic clopen sets of the form
a={Uc™A:aclU},
where a € 2. We will denote the autohomeomorphism of 2 corresponding to ™ by
#(U) ={na):a e U}.

The reader is encouraged to look to Fremlin [39] or Bonnet-Monk [16] for background

information on Stone spaces. The support of 7 is

supp(7) = {U € % : n(U) # U},
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or equivalently, the support of the automorphism of Qz(ﬁ) induced by 7. A set X C 2A
is 7w-discrete if it is discrete with respect to the automorphism of &2 (‘51) induced by
7. The existence of a maximal 7-discrete section has a natural description in terms

of the Stone space:

Proposition 2.17. Suppose that A is a Boolean algebra and m € Aut(2(). Then the

following are equivalent:

1. There is a maximal w-discrete element of 2.

2. m has a support and supp(m) = supp(7).
3. 7 has clopen support.
4. There is a clopen maximal T-discrete subset of 2A.

Proof. To see (1) = (2), suppose a is maximal 7-discrete and note that b =

71 (a) + a + m(a) is the support of 7, as in the proof of Proposition 2.7. As

-~

ana @) =a-n(a) =0 =0,

it follows that
b=7"'@)uauz(@) C supp(7).

Noting that 7|, = id thus 7#|(2 \ b) = id, it follows that supp(7) = b = supp(r).
Of course (2) = (3) is trivial. To see (3) = (4), note that since 2 is zero-
dimensional and 7 is continuous, each element of supp(7) is contained in a 7-discrete
clopen set. As supp(7) is compact, it follows that there are 7-discrete clopen sets
U, . .., U, whose union is supp(7). The existence of a clopen maximal 7-discrete

subset of A now follows from applying Proposition 2.7 to the clopen algebra of 2.

To see (4) = (1), let @ € A be a clopen maximal 7-discrete set. Then a - 7(a) =
anal(a) =0, thus a-7(a) = O, and it follows that a is 7-discrete. Now suppose,

towards a contradiction, that there exists b > a with b - mw(b) = ©. Then @ C b and

—

bN7a"'b) =b-7(b) = O =0,

contradicting the fact that a is maximal 7-discrete. -
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We have already mentioned that maximal discrete sections will play a role similar
to that of Rokhlin’s Lemma within ergodic theory. We will close this section by using
maximal discrete sections to give a simple proof of a general version of Rokhlin’s
Lemma, which neither assumes the invariance of the measure under 7 nor places
restrictions on the Boolean algebra in question. The automorphism 7 is fixed-point

free if supp(w) = 1, and the automorphism 7 is aperiodic if

Vn e Z (n # 0 = 7" is fixed-point free).

—~

The autohomeomorphism 7 is aperiodic if the induced automorphism of () is
aperiodic, or equivalently, if no element of 2A is fixed by a non-zero iterate of . Note
that if every iterate of m admits a maximal discrete section, then Proposition 2.17
ensures that

7 is aperiodic < 7 is aperiodic.

Theorem 2.18. Suppose A is a Boolean algebra, p is a finitely additive probability
measure on A, m € Aut(A), and 7 is aperiodic. Then for every n € N and ¢ > 0,

there is a mazimal m<"-discrete section a € 2 such that p (¥, m(a)) > 1 —e.

Proof. We will find a maximal 7<F-discrete section d € 2, for some k € N
sufficiently large, such that d +7=1(d) + - - - + 7~ "~V (d) carries very little measure.
We will then partition d into finitely many pieces d;; such that

7" (dy;) < d and 7(dy), ..., 7" (dy;) are disjoint from d.

The desired section will be the sum of the sections of the form 7" (d;;), for k < i.

The assumption that 7 is aperiodic ensures that each power of 7 has support 2A.
In particular, it follows that each power of 7 has clopen support, thus each power
of m admits a maximal discrete section, by Proposition 2.17. Fix a natural number
m > 1/e and observe that by Proposition 2.15, there is a maximal 7<""-discrete
section b € A. As the aperiodicity of 7 implies that each non-zero power of 7 is
fixed-point free, it follows from Proposition 2.14 that

1-b= [ supp(r’) —b= > ='(b),

0<i<n 0<|i|<2mn
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dij T (d;j) 72" (d;;) ﬂ(i_l)n(di]‘) 7t (d;;)
Figure 1.2: The construction of a Rokhlin section from a 7<™"-discrete section.

thus ¥ omn_1 7 (b) = 1. Set ¢ = ¥,_,, 7 *(b) and observe that (7™(c)),_. is pair-

wise disjoint, thus u(7(c)) < € for some £ < m. Put d = 7(b),

<n <m

and d;; = dip+;, and define
. { kn ) . .
a=>» qm (d,»j).k:<zandj<n}.

Note that this is a finite sum, since d;; = O for all but finitely many values of ¢, j.

As d is m<""-discrete, it easily follows that a is 7<"-discrete. Noting that

k<2n—1
it follows that a is maximal 7<"-discrete. It only remains to note that
1—7"(c) <3 7'(a),
<n

thus p (X, m(a)) > 1 —e. -

The use of 7 in the statement of Theorem 2.18 is necessary:

Example 2.19. Suppose that x is an infinite cardinal and let 2, be the xk-complete
Boolean algebra which is generated by the singletons contained in k. Define a map
A, — {0,1} by

[0 if|S| <~

u(s) = i |

1 otherwise,
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noting that u is a xk-additive probability measure on 2. Clearly 2, admits aperiodic
automorphisms. However, no automorphism of 2(,; admits a discrete section of positive
measure, thus the conclusion of Theorem 2.18 must fail. To see that this does not
contradict Theorem 2.18, simply note that the autohomeomorphism corresponding to

any automorphism of 2, is never fixed-point free, and therefore cannot be aperiodic.

3 The full group of an automorphism

In this section, we introduce the full group of an automorphism of a Boolean
algebra, and describe several notions with origins in the study of orbit equivalence.
In the process, we see several connections between the maximal discrete sections
of §2 and these new notions. We close the section with a general characterization
of smoothness for the orbit equivalence relations associated with countable groups
which act on a Baire space by homeomorphisms.

Suppose that 2 is a o-complete Boolean algebra. Given pairwise disjoint sequences
(ai);e; and (b;);.; of elements of 2 and isomorphisms 7; : A, — 2y, such that I is

countable and
> ai=) b
i€l iel
we will use
.
=Tl =
icl

to denote the automorphism whose support is contained in »_;c; a; and which satisfies
Viel (s, =m).

Similarly, given natural numbers j;, a pairwise disjoint sequence (a;;),. 1j<js of ele-
W =J1

ments of 2, and isomorphisms 7;; : %, — A we will use the cycle notation

Aij+1
_ T30 i1 Tij;—1
™= [[(an = an =5 -+ —— a;;,)
iel
to denote the automorphism with support below >,/ ;. a;; and which satisfies

Vi€ IVj < j; (7|™%a, = mi;) and Vi € I (™A, = Tolomtoromt ).

Aig; i3i—1



22

Note that this notation makes sense even when the a;;’s are not disjoint, as long as
the corresponding isomorphisms agree on their intersections.

Now suppose that 2 is a Boolean algebra. Associated with each 7 € Aut() is
the full group [r] of automorphisms of 2 of the form

n
¥ = H an W_) Wn(an)a
nel

where (an), ., and (7"(a,)),c; are both partitions of unity. Note that this makes
sense even when %[ is not o-complete!
Such groups often arise in practice when 2l is an algebra of subsets of some set X.

In this case, [r] is simply the group of all automorphisms ¢ € Aut(2A) such that
Ve € X3In € Z (o(x) = n"(x)),

where ¢, m have been identified with the corresponding permutations of X.

aop —>1d ao
n
an NI 7 (an)

Figure 1.3: An element of the full group of .

Proposition 3.1. Suppose that A is a o-complete Boolean algebra and every power
of m admits a maximal discrete section. Then every element of [r| admits a mazimal

discrete section.

Proof. Suppose that ¢ € [r]. By Proposition 2.7, it is enough to find countably
many ¢-discrete sections whose sum is supp(y). Fix a partition of unity (a,),,.; such

that

o =TI an = 7 (an),
nez
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fix maximal 7"-discrete sections b,, € 2, and observe that

supp(p) = Y an -supp(n") < Y ap - 7" (by).

ne’l m,neZ

Now for each m,n € Z,

A - 7" (bn) - 7 (ay) - T (by)
< ﬂ'm(bn : ﬂ'n(bn»
(Da

(an - 7" (bn)) - @(an - 7" (bn))

thus a, - 7™ (b,) is p-discrete. =

The m-saturation of a € A is [a], = X,z 7" (a), and a is a w-complete section if
[a], = 1. When 2 is purely atomic, a complete section is a section which contains
at least one point of the orbit of each atom. Many of the arguments to come can
be modified so as to use m-discrete complete sections instead of maximal w-discrete

sections. The following fact shows that yields no greater generality:

Proposition 3.2. Suppose that A is a o-complete Boolean algebra, m € Aut(),
n € Z, and there is a ©"-discrete, m-complete section. Then 7" admits a maximal

discrete section.

Proof. Suppose a € 2 is a 7n"-discrete, m-complete section, and note that each
iterate 7% (a) of a is w"-discrete and Yoy ¥ (a) = 1. It now follows from Proposition

2.7 that " admits a maximal discrete section. =

Corollary 3.3. Suppose 2 is a o-complete Boolean algebra, m € Aut(2), and for
each n € N there is a m"-discrete, m-complete section. Then every element of [r]

admits a mazximal discrete section.

Proof. This follows directly from Propositions 3.1 and 3.2. -

A partial T-transversal is an element a € 2 such that

Vn e N (7Tn|§2la.7rn(a) = ld)
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When 2 is purely atomic, a partial transversal is a section which contains at most
one point of the orbit of each atom. A w-transversal is a partial m-transversal which

is also a m-complete section. An automorphism 7 is smooth if it admits a transversal.

Proposition 3.4. Suppose that 2 is a o-complete Boolean algebra and m € Aut(2) is
smooth. Then every element of [1] is smooth, and therefore admits a maximal discrete

section.

Proof. To see that every ¢ € [r] is smooth, fix a m-transversal ag € 2, and note
that each a, = 7"(ag) is also a m-transversal. It follows that each is a partial ¢-
transversal. We will paste them together into a full transversal. Fix an enumeration
k, of Z, set by = O, recursively define

m<n
and set b = 3, bn.

To see that every smooth automorphism ¢ admits a maximal discrete section, fix
a p-transversal a € 2. Now note that ¢ has support b = [a — 7(a)], and a is a

p-discrete complete section for |2, and apply Proposition 3.2. -

The automorphism 7 is periodic if Ya > O30 < b < a3dn > 0 (7"|A, = id).

Proposition 3.5. Suppose 2 is a o-complete Boolean algebra and m € Aut(2d) is

periodic. Then 7 is smooth < Y € [r] (¢ admits a maximal discrete section).

Proof. Of course, (=) follows from Proposition 3.4. To see (<), note that each

7™ has a support, by Proposition 2.7. An automorphism ¢ is of ezact period n if
¢" =id and Y0 < i < n (7" is fixed-point free).
For each n > 0, the ezact period n part of 7 is

a, = ][ supp(n’) — supp(x").
0<i<n

Note that each a,, is m-invariant. Also, observe that the periodicity of 7 ensures that

these sections form a partition of unity. Let b, be a maximal 7<"-discrete section,
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and note that a, - b, is a transversal of 7|2, . It follows that
Z Ay - bn
n>0

is a wm-transversal. -

An element a € A is doubly w-recurrent if a < Y ,oo7"(a) and a < Y, o7 "(a).

Proposition 3.6. Suppose that A is a o-complete Boolean algebra, a € A, and m €
Aut(). Then there is a m-invariant b € A such that w|2A, is smooth and a — b is

doubly recurrent for mw|2Aq_p.

Proof. The element b is the m-saturation of the sum of the leftmost piece of a,
(=a—>) 7"(a),
and the rightmost piece of a,
r=a->Y_ m "(a).

n>0

Clearly, ¢ 4 (r — [{],) is a transversal of 7|2, and a — b is doubly recurrent. =

A much stronger fact holds in complete Boolean algebras:

Proposition 3.7. Suppose that 2 is a complete Boolean algebra and m € Aut(2).
Then there is a m-invariant a € A such that 7|A, is smooth and every element of

Ay o is doubly w-recurrent.

Proof. Fix a maximal collection of partial m-transversals a¢ with pairwise disjoint
saturations, and put a = > ¢[a¢].. Clearly 3¢ a¢ is a transversal for 7|%,. It follows
from maximality that there is no non-zero m-transversal in 21y _,, and it follows from

this and Proposition 3.6 that every element of 2;_, is doubly recurrent. -

Remark 3.8. On the other hand, no non-smooth automorphism of a purely atomic
algebra can satisfy Proposition 3.7. This is because any candidate for such a b can

be enlarged by adding the saturation of an atom of 2.
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Next we will give a characterization of smoothness, in a certain setting, which
will hopefully provide some intuition for this notion (and will certainly simplify our
work in the examples to come). A Baire space is a topological space in which the
intersection of countable many dense open sets is dense. Suppose I' is a group which
acts on X by homeomorphisms. Then the orbit equivalence relation associated with
the action is given by

tEXy e Iy el (y-z=y).

The orbit of a point is its B -class. A complete section for EX for EX isaset B C X
which intersects every class of EX, a partial transversal for Ef is a set B C X
which intersects every class of FX in at most one point, and a transversal of EX is a
complete section which is also a partial transversal. We will use “V*” to denote, “for

comeagerly many.”

Proposition 3.9. Suppose that X is a Baire space and I is a countable group which

acts on X by homeomorphisms. The following are equivalent:
1. E¥ admits a Baire measurable transversal.
2. VreX (m belongs to an open partial transversal of Eﬁ()
If X is a complete metric space, then these are equivalent to:
3. V'x € X (z is not a limit point of [z]r).
If T acts by isometries, then these are equivalent to:
4. Yz € X ([z]r is closed).

Proof. To see (1) = (2), suppose B is a Baire measurable transversal of EX.
To see that comeagerly many points belongs to an open partial transversal of EX, it
clearly suffices to check that every non-empty open set % contains a non-empty open
partial transversal of EfX. As X = User v - B, it follows that by replacing B with

its image under an element of I', we may assume that B is non-meager in %/, thus
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comeager in some non-empty open set ¥ C % . We claim that ¥ must be a partial

transversal of Ef. For if not, then there exists v € I" such that
W =¥ Nyt ¥)Nsupp(y)

is non-empty. But then - (# N B) is a non-meager subset of ¥ which is disjoint
from B, contradicting the fact that B is comeager in 7.

To see (2) = (1), suppose that comeagerly many points are contained in an open
partial transversal of F¥, and let % be a maximal open partial transversal of E¥.
To see that B admits a Baire measurable transversal, it clearly suffices to check that
[% |1 is dense. If this is not the case, then there is a non-empty open set ¥ C X\ [Z]r.
Fix # € ¥ which is contained in a non-empty open partial transversal # of Ef, and
observe that % U (% N #) is an open partial transversal of F7, contradicting the
maximality of % .

Clearly (2) = (3). To see that (3) = (2) when X is a complete metric space, it
suffices to check that if there are non-meagerly many points which are not contained
in an open transversal of E7, then there are non-meagerly many points which are

limit points of their orbit. Fix a non-empty open set % such that
V*z € % (z is not contained in an open partial transversal of EY),

and note that % does not contain an open partial transversal. For each n > 0, put

U = J{reX:0<d(z,y -2)<1/n}
= {reX:Jyelzlr (0<d(z,y) <1/n)},

noting that each %, is open. It suffices to check that each %, is dense in %, for then
G = Ny>0 %, is a G set which is dense in %, all of whose elements are limit points of
their orbits. If %, is not dense, then there is a non-empty open set ¥ C % \ %, and
any open subset of ¥ of diameter < 1/n is clearly a partial transversal, contradicting
the fact that % does not contain any open partial transversals.

To see (4) = (3), it is enough to observe that if [x]r is closed, then z is not a limit

point of [z]r. Suppose, towards a contradiction, that x is a limit point of [z|r. Then
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every point of [z is a limit point of [z]r, since I' acts by homeomorphisms. As no
perfect set is countable, this contradicts the fact that I' is countable.

It remains to check that (3) = (4) when X is a complete metric space and the
elements of T' are isometries. It is enough to show that if [x]p is not closed, then
x is a limit point of [z]r. Noting that for all ¢ > 0 there exist v, € I' such that
0<d(y-x,d-2) <e, or equivalently, 0 < d(z,7 - x) < ¢, it follows that x is a limit
point of [z]r. —|

Corollary 3.10. Suppose that X is a Baire space with a non-Baire measurable subset
and T is a countable group of homeomorphisms with a dense orbit. Then EX has no

Baire measurable transversal.

Proof. Since there is a dense E-class, the only non-empty open partial transver-
sals are the open singletons. Put % = {z € X : {x} is open}. Clearly % is open
and T-invariant. Suppose, towards a contradiction, that Ef has a Baire measurable
transversal. Then comeagerly many points are contained in open partial transversals
of B, thus % is dense. It follows that every set Y C X is the union of a meager set
Y \ % and an open set Y N % and is therefore Baire measurable, contradicting the

fact that X has a subset which is not Baire measurable. =

Remark 3.11. Even when X is an uncountable Polish space, the existence of a non-

= 9=N

Baire measurable subset of X is not automatic. For example, the set X when

equipped with the metric

( 1/2™ if n is least such that x, # y,,

d(z,y) = i

0 ifz=y,

forms a Polish space whose subsets are all Baire measurable. In general, a Polish space
X has a non-Baire measurable subset exactly when it is generically uncountable, that

is, when no countable subset of X is comeager.
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4 Compositions of two involutions

Armed with the results of §2 and §3, we are now ready to begin our study of the
circumstances under which an automorphism can be written as a product of periodic
automorphisms from its full group. We begin by showing that an automorphism
is a composition of two involutions from its full group exactly when it is smooth.
We then show that if an aperiodic automorphism can be written as a product of
periodic automorphisms from its full group, then every element of its full group admits
maximal discrete sections. We close the section with a discussion of the problem of
finding automorphisms of o-complete Boolean algebras which are not the composition
of a pair of involutions. We give a general setting in which an automorphism of a
rooted set-theoretic tree is such a composition, and we also show that any isometry of
a Polish metric space is a composition of two Borel involutions. Finally, we describe
how Bratteli-Vershik diagrams naturally lead to the Chacén automorphism, which del
Junco [20] has shown is not the composition of two measure-preserving involutions.

Suppose that 2 is a Boolean algebra. An automorphism 7 € Aut(2() is an invo-
lution if 72 = id, and automorphisms , v € Aut(2) are conjugate if there is another

automorphism 7 € Aut(2) such that Top =1 om.

Proposition 4.1. Suppose that 2 is a o-complete Boolean algebra and m is an auto-

morphism of A. Then the following are equivalent:
1. m is smooth.
2. 7 is the composition of two involutions from its full group.
3. m is conjugate to its inverse via an element of its full group.

Proof. To see (1) = (2), suppose q¢ € 2 is a w-transversal and put a, = 7" (ao).
The fact that ag is a m-transversal ensures that 7 "2, ., = id. In particular, it

follows that m=2™ A, 4, = 7 2|y, .a,, SO that, using our cycle notation,

w=[](an =, a—p) and 11 = [] (an =, a_n_1)
n>0 n>0



are involutions from [r]. It only remains to note that

ol = H (an T, a_,)o H (an N a_p_1)
n>0 n>0

7.(.2n+2 07.(.727171
= (e

n>0

= H (an = any1)

n>0

an—i—l)

I
Y

L0

L1

Figure 1.4: The action of ¢g,¢; on 2.

To see (2) = (3), suppose that m = 190 ¢; and ¢ € [r], and observe that
LpOTm = Lp©Olg©OLly

Figure 1.5: The action of ¢ on 2.

To see (3) = (1), suppose 7 is conjugate to its inverse via ¢ € [r], fix a® with

o= JI (af =5 22+ (ah)),
neZ,0<k<1
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and note that for all n € Z, k € {0,1}, and a < a¥,

pom(a) = 7 'oyp(a)
= 1 tom¥(a)

2(n—1)+k

= 7 om(a),

thus |y ery = T2 DKL . Tt follows that 7(ak) < a¥_;, and since 7 is an

automorphism, it must be the case that m(a¥) = a*_,. It then follows that
a= a8 + a(l)

is a partial w-transversal. To see that a is a m-complete section and therefore a -
transversal, it only remains to note that for each a € A", there exists k € {0,1} and

n € N with a - a® # O, thus 7"(a) - ak = m(a - a*) # O. -

Remark 4.2. We have recently realized that this argument is identical to that behind
the proof of Lemma 2.5 of Truss [76], although he was working in a somewhat different

context.

It follows from Propositions 3.4 and 4.1 that if 7 is the composition of two involu-
tions from its full group, then every element of [7] admits a maximal discrete section.

For aperiodic automorphisms, this is a special case of a more general fact:

Proposition 4.3. Suppose that 2 is a o-complete Boolean algebra and m is an ape-
riodic automorphism of 2 which is the composition of periodic automorphisms from

its full group. Then every element of [w| admits a mazimal discrete section.

Proof. A permutation 7 of Z is of bounded period if there exists n > 0 such that
7" =1id, a permutation 7 of Z is of bounded displacement if
sup |7(n) —n| < oo,
nez

and the average displacement of a permutation 7 of Z is

At the heart of our proof is the following simple fact about the successor on Z:
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Lemma 4.4. The successor on Z is not the composition of permutations of bounded

periods and bounded displacements.

Proof. Clearly the successor has average displacement 1. We will simply show
that the average displacement of a composition of permutations of bounded periods
and bounded displacements is 0.

Suppose that 7, ..., 7, is a collection of permutations of bounded period N and
bounded displacement d. Note that for each k,n € N with |k| < n — dN, the entire
T;~orbit of k is contained in [—n,n|. As the sum of the displacements over a finite
orbit is 0, it follows that

1
d(r)| = 1
il = w5

|k|<n—dN n—dN<|k|<n

) 1
= lim
n—oo 2n + 1

. 2d°N
< lim ——,

N

thus d(;) = 0.
Setting 7,,+1 = id and noting that

Tit1 0+ 0 Tya([—n,n]) € [—n —md, n + md],
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it follows that

1
dT O-++0Tpy = hm TO"'Oka’—k
d(m = i g | X (k)
lm | 3 (k) (k)
— 1m Tio“‘OTm _Ti—l—lo"'on-‘rl
nee 2n 41 |k|<n,i<m
lim — > (k) — b
= lim Ti -
P2t e o onm (nnl)i<m
1
< lim Z (k) — k
n—eo 2n + 1 ke[—n—md,n+md]i<m
1
< I 2md 1)d (k) —k
< 1 ! > mlk)—k
< 1m T; -
nee 2n -1 |k|<n,i<m
= |d(mo)[ + - + |d(7m)]
= ()’
It follows that the composition of the 7;’s is not the successor. .

Now we return to the task of seeing that each element of [7] admits a maximal
discrete section. By Corollary 3.3, it is enough to show that for each n > 0, there is
a m"-discrete, m-complete section. For this, it is clearly enough to show that there is
a collection of finitely many n"-discrete sections whose sum is a w-complete section.

Suppose that m; € [r] are periodic and m =m0 - - - m,,. Fix aéi), bgi) with

=] a =, 7¢(a{") and 77 = T o xt 00,
tez =

and for s,¢:{0,...m} x {0,...,n— 1} — Z, let ay € A be maximal such that
Vi S m\V/j <n (7Ti|9lﬂ'j(ast) - 7T-S(i’j)|Q(71'j(ast) and 7Tz'_1|Q[7rj(ast) = 7T]t(i’j)|§2’lﬂ'j(ast))'
That is, set

Ay = H W*j(agz()i7j))~ H W*j(b%’j)).

i<m,j<n i<m,j<n
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Clearly, the set of such sections is predense, thus -, as; = 1. We claim that

o = {ast - 7Tn(a/st)}s,t:{o,...m}><{0,...,n—1}—>Z

is the desired family of 7"-discrete sections whose sum is a m-complete section.

Suppose, towards a contradiction, that a = 1 — [3_ /] is non-zero. Note that
a - Qg S 71-n(ast)u

thus a - ag = 1 (a - ag). Letting [%n denote the remainder when 1 is divided by n, it

follows that for all i <m, ¢ € Z, and s,t: {0,...m} x{0,...,n—1} — Z,
7Ti|2[7r4(a~ast) - 7Ts<i7£%n)|9l7rf(a~ast) and 7Ti_1|§2l7rf(a~ast) = 71—t(ige%n)|Q(7r‘(a~ast)'

Fix s,t: {0,...,m} x{0,...,n—1} — Z such that b = a - ay is non-zero, and for

each i < m, define 7; : Z — Z by
7,(0) = 0+ s(i,0%n).

We will show that each 7; is a permutation of Z of bounded period and displacement
and such that 79 o -+ o7, is the successor function on Z, which contradicts Lemma

4.4.
Lemma 4.5. Each 7; is injective.

Proof. Suppose, towards a contradiction, that there exists ¢y, {1 € Z such that

7(y) = 7(¢1), and fix ¢ < b such that 7%(c) - 7% (c) = O. Noting that for all £ € Z,
m((0) = 7O~ ow'(e) = 70 ),

it follows that m;(7%(c)) = mi(7* (c)), the desired contradiction. +

Lemma 4.6. Fach 7; is surjective.

Proof. We must show that each ¢ € Z is in the range of 7. Noting that

T ey = 70 U ey,
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it follows that

—t(i,0
7T|917rt(i,e>+e(b) =T G, )|Q(7rz(i,1z>+z(b).

As | vio+ep) = Ws(i’(t(i’£)+€)%n)|Qlﬂ.t(i,€)+Z(b), it follows that

s(i, (£(i, 0) + 0)%n) = —t(i, 0),

thus
7(t(6,0) +0) = (t(i,0) + ) — s(i, (t(i,0) + £)%n)
= (t(i,0) +€) = t(i, 0)
= /.
It follows that 7; is surjective. =

Lemma 4.7. Fach 7; is of bounded period and bounded displacement.

Proof. It is clear that 7; is of bounded displacement max;, |[s(¢, j)|. To see that

7; is of bounded period, recursively define d; : Z x N — Z by putting d;(¢,0) = 0 and
di(,k+1) =d;(L, k) + s(i, (€ + di(L, k))%n),

noting that

Wf‘ﬁﬂe(b) = Wdi(g’k)‘mﬂ(b).

Also note that by the obvious induction, d;(¢, k) only depends on ¢%n and k. Finally,
note that
TF(0) = L+ di(¢, k),

by one more straightforward induction.

As 7; is periodic, for each j < n we can find k; > 0 and O < b; < 7/(b) with
o A, = id.
It then follows that 7% ()|, = id, thus d;(j, k;) = 0, so
VOETZ (L= (modn)= 79 (0) = 0).

Setting k = [1,., kj, it follows that 7% = id. .

Jj<n
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Lemma 4.8. 7 =750 -07T,.
Proof. Recursively define d : Z x N — Z by putting d(¢,m) = s(m, (%n) and
d(l,i—1)=d(l,i) + s(i—1,(£+d(£,i)%n),
noting that for all 7« < m,
M;0--+0 7Tm|917rf(b) — 7Td(z,z‘)|917r,_,(b)'
In particular, the assumption that @ = my o - - - o m,, implies that
Ve eZ (d(¢,0)=1).

Astpo---o7,() =L0+d(¥0) =L+ 1, the lemma follows. =

We will close this section with a few words about a related question:

Question 4.9. Suppose that 2 is a o-complete Boolean algebra. Which automor-
phisms of A are the composition of two involutions? Which automorphisms of 2 are

conjugate to their inverses?

The answer to these questions are surprisingly evasive!l Even for the measure-
preserving automorphisms of the complete Boolean algebra Z# of Lebesgue mea-
surable subsets of [0,1] mod null, simply finding some automorphism which is not
the composition of two involutions is sufficiently difficult that Halmos-von Neumann
[43] once suggested that there might not be any such automorphisms. Nevertheless,
such automorphisms were constructed in the early 1950’s in Anzai [5], and in the late
1970’s del Junco [20] showed that the generic measure-preserving automorphism is
not conjugate to its inverse.

Similar problems arise in looking for Borel automorphisms of uncountable Polish
spaces which are not conjugate to their inverses. One of the simplest Borel automor-
phisms is the odometer o on Cantor space € = 2~, which is given by

( 0"ly if x = 1"0y,
ofx) =
0>* ifx =1
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Intuitively, o is “addition by 10> with right carry.” As the odometer is clearly an
isometry with dense orbits, it follows from Corollary 3.10 that it is non-smooth, and
it follows from the proof of Proposition 4.1 that it is not conjugate to its inverse via
an element of its full group. However, the odometer is conjugate to its inverse via
the map x — T which flips each digit of x. This is really just a symptom of a much

more general phenomenon:

Proposition 4.10. Every isometry of a Polish space is the composition of two Borel

muvolutions.

Proof. As the proposition is obvious for countable Polish spaces, we may assume
that the underlying space is ¢ and that the Polish metric d on € is compatible with

its usual Borel structure. Define

E:{(x,y)e(fz:xE@},

and note that for all (z,y) € E,

z € [z]y Ve>03dIm,neZ (d(y, f™(x)),d(z, f*(x)) < e)
Ve > 03m,n € Z (d(f™(y),z),d(f"(2),x) <)

Ve >03n € Z (d(z, f"(y)) <€)

A

z € [yly,

4

from which it follows that E is an equivalence relation whose classes are the sets of
the form [z];.

Let ¢(x) be the lexicographically minimal element of [z]s, and put ¥ = {(X).
For each y € Y, define i, : [y]; — [y]s by i(f"(y)) = f"(y). It is easily verified
that 4, is an involution isometry of ([y]s,d|[y]s) which anticommutes with f|[y];.
Moreover, i, has a unique extension to an involution isometry i, : @ — @ which

anticommutes with f|[y]s. It follows that the map x +— i,,)(z) is a Borel involution

which anticommutes with f. -

Remark 4.11. (Clemens) It is worth noting that the above argument shows that

every isometry with dense orbits is the composition of two involution isometries. The
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assumption of dense orbits is necessary, however, as it is easy to build a countable
Polish metric space in which the equivalence relation £ mentioned above has 2 classes,
but whose isometries consist of the powers of a single aperiodic isometry, and thus

has no non-trivial involutions.

On the other hand, the assumption of dense orbits can be dropped if we restrict
our attention to certain tree metrics. A tree is a pair (T, <), where T is any set and
< is a well-founded partial order on 7. The height of t € T is the order type of
<|{s € T : s < t}, and the height of (T, <) is the least ordinal « for which (7', <)
has no nodes of height «. I will use Aut(7’, <) to denote the set of automorphisms of
(T, <). A branch point for m € Aut(7, <) is a node t € T whose m-orbit is of strictly
greater cardinality than that of all of its <-predecessors, or equivalently, a node t € T'

whose m-orbit includes one of his siblings.

Proposition 4.12. Suppose (T, <) is a tree, 1 € Aut(T, <), and every element of
T has only finitely many <-predecessors which are branch points. Then T is the
composition of two involutions. In particular, every automorphism of a tree of height

< w is the composition of two involutions.

Proof. Let a(t) denote the height of ¢ € T" and set T, = {t € T": a(t) = a}. Let
Ap be a transversal for 7|7}, and suppose we have constructed a decreasing sequence

(Ap) 5, such that
1. VB < a (Ag is a transversal for 7|Tj).
2.V <aVte AgVs <t (s € Aa(s)).

We claim that B, = {t € T, : Vs <t (s € Ag)} is a complete section for 7|T,,. To see
this, note that for each t € T,, it follows from the fact that ¢ has only finitely many

m-branching <-predecessors that there exists s < ¢ such that
Vs < r <t (ris not m-branching).

Fixing n € Z such that 7"(s) € Aqy(s), it follows that 7" (r) € Ay for all » < ¢, thus
7" (t) € B,. It follows that there is a transversal A, C B, of 7|T,.
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Associate with each t € T a natural number n(t) such that 7" (t) € Ay. It is
easily verified that the map t + 72*®(¢) is an involution of (T, <) which anticommutes

with 7. 4

Remark 4.13. Note that when T is of height w, the requirement that each node
has only finitely many predecessors which are branch points is superfluous. It follows
that every isometry of Cantor space and every isometry of Baire space A4 = NV is

the composition of two involution isometries.

Remark 4.14. It should also be noted that there are automorphisms of trees of
height w + 1 which are not the composition of two involutions. To see this, let T" be

the complete binary tree and set
T = {(x,ﬁ) €% x ORD : ﬁ < Na(x)},

where a : ¥ — ORD is a mapping from Cantor space into the ordinals such that
x,y € € lie in the same orbit of o exactly when a(z) = a(y). We will show that no
m € Aut(T U T’, C) whose restriction to 7" induces the odometer can be conjugate
to its inverse. First note that the isometry of % induced by the restriction of any
element of Aut(TUT’,C) to T is in [o]. Now suppose, towards a contradiction, that
there is an automorphism ¢ € Aut(7T UT’, C) such that pom = 7! 0 . Letting ¢
be the isometry of ¢ induced by ¢|T', a simple category argument shows that 4 is of
the form z — xg + 7, for some fixed o € €, on a o-invariant comeager subset of €,

where + denotes addition with right carry, contradicting the fact that ¢ € [o].

=

Figure 1.6: Some natural modifications of the odometer.
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Despite Propositions 4.10 and 4.12, there is a natural path from the odometer to
an automorphism which is not Borel conjugate to its inverse. We will use %,, %,
and %, to denote the above diagrams. Associated with each diagram Z; is the space
X; of downward firing paths which begin at a circled node in ;. We will identify X,
X;, and X, with €, N x €, and N x 3%,

Except for the fact that each X; has a leftmost and/or rightmost path, these di-
agrams are examples of the Borel-Bratteli diagrams of Bezuglyi-Dooley-Kwiatkowski
[9]. As noted there, one can associate with every such diagram a Vershik automor-
phism, which is obtained by replacing the minimal initial segment of a path which
is not a sequence of rightmost edges with the leftmost path whose final edge is to
the right of the final edge of the initial segment. As the above diagrams are not
quite Borel-Bratteli diagrams, their associated Vershik map is merely a Borel partial
function, not an automorphism. However, their restrictions to the (co-countable) set
of non-eventually constant sequences are Borel automorphisms.

The Vershik map corresponding to %, is the map oy which sends 10y to 0"1y
and is undefined at 1°°. Away from 1°°, this is the odometer. The diagram %, alone
makes it abundantly clear that the restriction of o is conjugate to its inverse, for the
map which reflects downward firing paths around the vertical axis of symmetry of %,
clearly anticommutes with the Vershik map.

One natural strategy for building a Borel automorphism which is not conjugate
to its inverse is to modify %, so as to destroy this symmetry. It is clear that any such
modification must involve changing infinitely many levels of %, since otherwise it is
easy to come up with another diagram with an isomorphic Vershik automorphism,
but which possesses the same sort of symmetry as %,. Thus % is the simplest natural

candidate. The Vershik map corresponding to & is

(
o1(n,z) = i

(m,1ly) ifn=0and z =10y,
(n—1,0z) ifn>0.

However, the restriction of o; can also be seen to be conjugate to its inverse, as one

can paste together the reflection used to show that the odometer is conjugate to its
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inverse with another reflection which lives in the new piece of %;:

n.2) ( (0,7) if n =0,
i(n,z) =
i (m+1,0""1y) if n>0and z = 0™1y.

It is easy (albeit somewhat tedious) to verify that ¢ is an involution which anticom-
mutes with o; on the non-eventually constant sequences.
The next simplest candidate which is not already ruled out by the above sorts of

remarks is 5. The Vershik map corresponding to % is

[ (0,0m1y) ifn=0andz =270y,
oo(n,x) = { (m+1,y) ifn=0and z=2"1y,
L (0,07 12z) if n > 0.

This is the inverse of the Chacdn automorphism. In del Junco-Rahe-Swanson [21], it
is shown that the Chacon automorphism is not conjugate to its inverse via a measure-
preserving transformation. As this automorphism has a unique ergodic measure, it
follows that it is not conjugate to its inverse via a Borel automorphism, since any

such automorphism would necessarily preserve measure.

5 Compositions of three involutions

In this section, we show that an automorphism of a og-complete Boolean algebra,
whose powers admit maximal discrete sections, can always be written as a product of 3
involutions from its full group. In the aperiodic case, it then follows from Proposition
4.3 that the existence of maximal discrete sections for the powers of 7 is a necessary
and sufficient condition for writing 7 as the composition of n involutions from its full
group, for any n > 3.

Suppose that 2 is a purely atomic Boolean algebra and m € Aut(2() is aperiodic.
One can visualize any ¢ € [r] as a collection of directed arcs which lie above the
m-orbits of atoms of 2. An automorphism

o =1 an = 7"(an)
nez
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in 7] is non-crossing if none of these arcs cross, or equivalently, if

Vn € ZV¥m € (0,n) <7rm(an) < Z ae—m>> (1)

£e(0,n)

where (0,n) is shorthand for {m € Z: 0 <m <n or n < m < 0}.

S R

Figure 1.7: The arcs associated with the action of ¢ on the m-orbit of an atom of 2.

An arc associated with ¢ € [r] is an outer arc if the g-orbit of the points connected

by the arc lies below it, and a < a,, is the base of an outer n-arc if
vm € N3¢ € [0,n] (o™, = 7°|A,).
We say that b is covered by ¢ if every atom of b sits below an outer arc, i.e.,
b <> {r™(a):3In €N (m € (0,n) and a is the base of an outer n-arc)}, (1)

and ¢ is covering if it covers 1. It should be noted that if b is covered by ¢ then, in
fact, every atom below b is covered by infinitely many outer arcs.
©

N N SN N SN

™

Figure 1.8: The arcs associated with the action of a non-covering involution.

Even when 2 is not purely atomic, we will take (f) and (f) to be the official
definitions of non-crossing and covering. It should be noted that non-crossing covering

automorphisms are necessarily periodic, although we will have little need for this.
Proposition 5.1. Suppose that 2 is a Boolean algebra and m € Aut(2l) is aperiodic.

1. If ¢ is a non-crossing covering automorphism, then o o m is periodic.
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™

Figure 1.9: The arcs associated with the action of a non-crossing covering involution.

2. If A is o-complete and m admits a non-crossing covering automorphism, then

every element of [m] admits a maximal discrete section.

Proof. To see (1) suppose, towards a contradiction, that there is a non-zero
¢ o w-invariant a € 2 such that ¢ o 7|2, is aperiodic. As ¢ is covering, there is a
non-zero b < a and positive natural numbers m < n such that 7= (b) is the base of
an outer m-arc. We will simply show that there is a non-zero element of 2, whose

orbit under ¢ o 7 is trapped under this arc. As ¢ is non-crossing,
VO < ¢ < bVl € ZVk & [-m,n—m] ((pom)" |, #7"2A,).

In particular, we can recursively build a decreasing sequence by < --- < b,y of

non-zero elements of A, and a sequence of integers ko, ..., k11 € [—m,n —m] with
VO</<n+1 ((gp o)Ay, = 7rk‘f|‘21b£).
As two of the k;’s must be equal, it follows that for some 1 < /¢ <n+1,
(pom)|2A,_, =id,

contradicting the the aperiodicity of ¢ o m|2,.
To see (2), suppose ¢ is a non-crossing covering automorphism, fix a,, such that
pla) = T an ™= 7"(an),
ne”
and let
bp= Y am-7 "(ao+ a1+ +a_y)

|m|>n
be the piece of 2 which is the base of an outer m-arc, where |m| > n. Note that each

b, is m="-discrete because ¢ is non-crossing. As the base of an outer n-arc can only
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be covered by an outer m-arc if [m| > |n|, the obvious induction shows that each b,
is a complete section. It follows that the sections of the form 7 (b, ), with m € Z, are
m"-discrete sections which sum to supp(n™). By Proposition 2.7, each 7" admits a
maximal discrete section. By Proposition 3.1, every element of [r] admits a maximal

discrete section. -

Corollary 5.2. Suppose that 2 is a o-complete Boolean algebra and m € Aut(2l)
admits a non-crossing covering involution. Then m is the composition of three invo-

lutions from its full group.

Proof. Suppose y € [r] is a non-crossing covering involution. By Proposition
5.1, 1o o  is periodic and every element of [ty o 7] C [7] admits a maximal discrete
section. By Proposition 3.5, tgo7 is smooth. By Proposition 4.1, there are involutions

11,12 € [1g o ] such that 1y o m = 11 0 1y, or equivalently, 7 = 15" 0 17 0 15. .

Now that the problem of writing an automorphism 7 as a composition of three
involutions in [7] has been reduced to the problem of finding non-crossing covering
involutions, it is time to embark upon the solution to this auxiliary problem.

An element a € A has large gaps (with respect to an automorphism 7 of ) if
¥n € N3b < a ([a] = [b]x and a - (x(b) + 72(b) + - + 7"(b)) = O).

Proposition 5.3. Suppose that 2 is a o-complete Boolean algebra and m € Aut(2)
15 apertodic and admits a complete section with large gaps. Then m admits a non-

crossing covering involution.

Proof. Suppose that 2 is purely atomic. Given any complete section a € 2, one
can think of the orbits of atoms of 2 as lying on a two dimensional mountain range.
The height of an atom b € 2 is the least h(b) € N such that either 7"®)(b) < a or
7O (b) < a. If 7O (b) < a and 77"®)(b) £ a, then b is in the downward sloping
piece of the range. If 7"®)(b) £ a and 7" (b) < a, then b is in the upward sloping
piece of the range. If 7"®)(b) < @ and 77"®)(b) < a, then b is on the peak of a
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mountain in the range. For n > 0,
a, =7"(a)— Y 7(a)— Y 7 (a).
i€[0,n) 1€[0,n]
is the part of A at height n which lies on the upward sloping piece of the range.
For n < 0, the same formula defines the part of 2 at height |n| which lies on the
downward sloping piece.

Now suppose that a € 2 is a complete section with large gaps. Note that this
guarantees that >, a.,, is a complete section, for all n € N. As the construction of
a non-crossing covering involution is straightforward when 7 is smooth (an “infinite
rainbow” centered on a transversal will certainly do the job), we may assume that
each ), @, is doubly recurrent. That is, any atom of 2 can travel along its orbit

to an atom of greater height by moving in either direction.

S D,

a al a2 as a-3 a-2 a-1 a al a2z as as G_4 a_3 a_2 a—1 a

Figure 1.10: The induced mountain atop the m-orbit of an atom.

There is now a non-crossing covering involution right in front of us. Namely, the
map which fixes the atoms on the peaks of the mountains and sends any other atom
of 2 to the unique atom at the same height which he can see from his perch on
the mountain. The fact that there are arbitrarily tall mountains in either direction
ensures that such a point exists, and the visibility condition ensures that the resulting

involution is non-crossing. Formally, define
7r72n
v= [](an = a_y).

n>0

It is clear that ¢ € [r] is an involution. Noting that

Vn €N (a,41 < 7m(ay) and a_, 1 < 7 'a_y)),
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it easily follows that ¢ is non-crossing, and the fact that each ) Gy, 18 doubly

m>n
recurrent ensures that ¢ is covering. It now only remains to remark that, with the
exception of the intuition behind the definition of ¢, we have not actually used our

assumption that 2 is purely atomic. -

Corollary 5.4. Fvery aperiodic automorphism of a o-complete Boolean algebra which
admits a complete section with large gaps is the composition of three involutions from

its full group.

There are many Boolean algebras whose automorphisms admit complete sections
with large gaps. A measure algebra is a pair (2, i), where 2 is a o-complete Boolean
algebra and p is a measure on 2 which is strictly positive on . A measure algebra

is semi-finite if the elements of finite measure are dense in 2.

Proposition 5.5. Fvery aperiodic automorphism of a semi-finite complete measure

algebra admits a complete section with large gaps.

Proof. Let o7 C 2 be a maximal set of elements of 2 with large gaps such that
Va,b € o (a #b=[a], - [b]. = O),

and let a € A be the least upper bound of «7. Clearly a has large gaps. Suppose,
towards a contradiction, that a is not a complete section. Then there is a non-zero
b < 1 — [a], of finite measure. For each n € N, let b, be a maximal 7<"3"-discrete
section and fix ¢ < 3" such that
=Y b
in<j<(i+1)n
is of measure at most p(b)/3". Now set ¢ = 1 — X, oy ¢y, noting that p(c) > p(b)/2.
It follows that d = [c|, is non-zero and c is a complete section for 7|, with large

gaps, contradicting the maximality of .. =

Our task is not yet complete, however, for there are automorphisms of o-complete
Boolean algebras which do not admit complete sections with large gaps. Let A%
denote the unique atomless, o-complete Boolean algebra which has a countable dense

subalgebra (i.e., the Baire measurable subsets of a perfect Polish space mod meager).
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Proposition 5.6. Suppose that f is an isometry of a complete ultrametric space.

The following are equivalent:

1. f admits a Baire measurable transversal.

2. f admits a Baire measurable complete section with large gaps.

Proof. The proof of (1) = (2) is straightforward. To see —=(1) = —(2), suppose
B is a Baire measurable complete section, and find an open ball % which does not
contain a non-empty open partial transversal. As X = U,,cz f"(B), it follows that by
replacing B with its image under some iterate of f and shrinking %, we may assume
that B is comeager in %. Then f"(% )N % # () for some n # 0. As any two balls
of equal radius in an ultrametric space are either disjoint or identical, it follows that
(%)=, thus

A= /*"(B)

keZ
is comeager in 7. Now note that for all C' C [A],, at least one of w(C),...,7"(C)

must intersect A, and therefore must intersect B. It follows that B does not have

large gaps. -

Corollary 5.7. There is an automorphism of the homogeneous complete Boolean
algebra B which does not admit a complete section with large gaps. There is an
automorphism of the o-complete Boolean algebra of Borel subsets of an uncountable

Polish space which does not admit a complete section with large gaps.

Proof. By Corollary 3.10, the odometer does not admit a Baire measurable
transversal, and thus cannot admit a Baire measurable complete section with large
gaps. It follows that the automorphisms of the above Boolean algebras which are

induced by the odometer do not have complete sections with large gaps. -

Finally, it is time to complete the task at hand:

Theorem 5.8. Suppose that A is a o-complete Boolean algebra, m € Aut(2A), and
every element of [r| admits a mazximal discrete section. Then w is the composition of

three involutions from [r].
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Proof. First note that by Propositions 3.5 and 4.1, the restriction of 7 to each of
its exact period n parts is the composition of two involutions. Thus we may assume
that 7 is aperiodic. Suppose that a € 2 is doubly m-recurrent. Note that for each
k > 0, there is a maximal af < a such that w(a}),..., 7" !(a]) are disjoint from a
and 7*(al) < a. Explicitly, this section is given by

ap =a- (W‘k(a) - > W_Z(a)>.
1<t<k

The induced automorphism of 2, is given by

o = [1 aF =, 7+ (al).
keN

Fix a decreasing sequence of elements a, € 2 such that ag = 1 and a,,,1 is maximal
<3_ 1 _ 1 1 -1
my2-discrete. Set by, = o, (Ant1), Cn = T, (Ant1), Pn = T, © Ta,,, © T, , and

v=T] (b0 25 ).

n>0

It is easily verified that ¢ is a non-crossing involution, but it need not be covering.

Nevertheless,
a=Y ()4 +7"(by)

n>0
is covered by ¢. As 1 — a has large gaps and we have already produced a covering

non-crossing involution off of [1 — al,, it follows from Proposition 5.3 that 7 admits a
non-crossing covering involution, thus 7 is the composition of three involutions from

its full group, by Corollary 5.2. -

6 The full group of a group of automorphisms

Suppose that 2 is a xk-complete Boolean algebra and I' is a group of cardinality
strictly less than xk which acts on 2 by automorphisms. When no confusion will result,
we will occasionally identify an element v € I" with the automorphism by which it
acts. The full group of T is the group [I'] of automorphisms of 2 of the form

= 1] a, Ly a,,
~er

where (a,), . and (7 - a,)_ . are both partitions of unity.
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aop —_— aop
i
A~y _— YAy

Figure 1.11: An element of the full group of I'.

Proposition 6.1. Suppose that A is a k-complete Boolean algebra and T is a group of
cardinality strictly less than k which acts on A by automorphisms that admit maximal

discrete sections. Then every element of [['] admits a mazimal discrete section.

Proof. Suppose ¢ € [I'], fix a partition of unity (a,) . such that ¢ = Il cpa, %

7 - ay, fix maximal y-discrete sections b, € 2, and observe that

supp(p) = Y ay -supp(y) < > ay - (v by + by + 7 by).

yel’ yel

Now for each v € " and n € Z,

(ay - (9" 0y)) - play - (7" - y))

ay - (V" by) - (v ay) - (0" by)
V" (by - (7 by))
- 0,

IN

thus each a,, - (7-b,) is p-discrete, so ¢ admits a maximal discrete section, by Propo-

sition 2.7. 4

The T'-saturation of a € ™A is [a]r = X v - a and a is a ['-complete section if

lalr = 1. A partial T'-transversal is an element a € 2 such that
VyeTl (’7|Q[a.(7.a) = id),
and a I'-transversal is a partial ['-transversal which is also a I'-complete section.

Proposition 6.2. Suppose that 2 is a k-complete Boolean algebra and T is a group of
cardinality strictly less than k which acts on A by automorphisms. Then the following

are equivalent:
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1. T' admits a transversal.
2. The set of partial I'-transversals has a predense subset of cardinality < k.

Proof. To see (1) = (2), it is enough to check that if a € 2 is a partial I'-
transversal, then for each 6 € T', the image ¢ - a is also a partial I'-transversal. To
see this, suppose that v € I', and observe that if b < (6 -a) - (y- (0 -a)), then
dt-b<a-(6'v0-a). As ais a partial T-transversal, it follows that

578 (67 by =461 b,

thus

hence ¢ - a is a partial I'-transversal.
To see (2) = (1), suppose that (0@5 , is a predense sequence of partial I'-

transversals, with A < k. Put by = O and recursively define
bepr = be + (ag =T+ be)

and be = > ¢ b; when £ is a limit ordinal. Noting that

besr - (v berr) = (be + (ag — [ber)) - (7 - (be + (ag — [be]r)))
< b (v bg) +ag- (v ae),
it follows from the obvious induction that by is a partial I'-transversal. To see that
by is a I'-complete section, note that for any non-zero a € 2 there exists & < A such

that a - ag # O. It then follows from the definition of beiq that a - (bey1 + [be]r) # O,
thus a - (I' - by) # O. =

The action of the group I' on 2 is smooth if it admits a transversal.
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Proposition 6.3. Suppose that 2 is a k-complete Boolean algebra and I' is a group
of cardinality strictly less than k which acts smoothly on A. Then every element of

[I'] admits a mazimal discrete section.

Proof. By Proposition 6.1, it is enough to show that each v € I" admits a maximal
discrete section. Fix a I-transversal a € 2, and note that supp(y) is the sum of the
v-discrete sections of the form (0 -a) —~ - (J - a), thus v admits a maximal discrete

section by Proposition 2.7. -

The I'-orbit of a € A is the set {y-a : vy € I'}. An element a € 2 is ['-periodic
if for densely many b € 2 there exists n € N such that for all ¢ < b, every pairwise
disjoint set of non-zero elements of 2, contained in the I'-orbit of ¢ is of cardinality
at most n. The action of I' is periodic if 1 is I'-periodic. When 2 is purely atomic,

this simply says that the ['-orbit of every atom is finite.

Proposition 6.4. Suppose that A is a k-complete Boolean algebra and I' is a group of
cardinality strictly less than k which acts on 2 by automorphisms that admit mazximal
discrete sections. If the action of I' admits a periodic complete section, then the action

of T on A is smooth.

Proof. Suppose that A C I is finite and contains 1. A A-discrete section b € A
is a local A-witness to the T'-periodicity of a if [b]a < a and for all ¢ < b, every
pairwise disjoint subset of the I'-orbit of ¢ contained in 2, is of cardinality at most
|A|. It immediately follows that a € 20 is I'-periodic exactly when the local witnesses
to periodicity are dense below a. The remainder of the proof hinges on the following

connection between local witnesses and partial transversals:

Lemma 6.5. Suppose that A is a Boolean algebra, I" is a group of cardinality strictly
less than k which acts on A by automorphisms, and A C T' is finite and contains 1.

Then every local A-witness to periodicity is a partial I'-transversal.

Proof. Suppose, towards a contradiction, that b is a local A-witness to periodicity

and there exists v € I' such that

’}/71 |Q(b.(fy—1.b) # id.
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It then follows from Proposition 2.2 that there is a non-zero vy~ !-discrete section
c<b-(yt-b). Then c- (7-c) = O by Proposition 2.1, and since ~y - ¢ < b, it follows
that (y-¢)-(0-¢) = O for all § € A, and this contradicts the fact that b is a local

A-witness to I'-periodicity. .

Before completing the proof, it will be useful to make a slight detour and consider
the corresponding notion of I'-aperiodicity. An element a € 2 is I'-aperiodic if for
all n € N, there are densely many non-zero b € 2, whose ['-orbits contain a pairwise
disjoint subset of 2, of cardinality n. Clearly, a is ['-aperiodic exactly when there are
no local witnesses to the periodicity of a. Also note that when 2 is purely atomic,
aperiodicity means that 2, contains infinitely many elements of the I'-orbit of every
atom in 2A,. Equivalently, a is ['-aperiodic if for every atom b < a there is an infinite

set A C I" such that {0 - b}sea C A, is pairwise disjoint.

Lemma 6.6. Suppose that 2 is a k-complete Boolean algebra, I' is a group of car-
dinality strictly less than k which acts on A by automorphisms which have supports,

and a € . Then there is a T-aperiodic a', < a such that a — a'_ is T-periodic.

Proof. For each finite set A C I' containing 1 and v € I, define

apr=[[a-(v"-a) supp(y'6).
deA

We claim that there are no non-zero local A-witnesses b < a to the I'-periodicity of
a. For if b were such a witness, then we could find ¢ < b such that ~ - ¢ is disjoint
from [c]a, contradicting the definition of a local A-witness to I'-periodicity.

It follows that there are no such witnesses below

r _ 0l
ap = Z ap,
yel’

thus there can be no non-zero local witnesses to the I'-periodicity of a below
r r
CLOO - H CLA.
ACT finite

On the other hand, it is clear that for any non-zero b < a—a}, either a-(y-b) = O
or there exists § € A such that (v-b)- (6 -b) # O. It follows that

a—ay=[[a—dA
vyel
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is a local A-witness to the I-periodicity of a, and therefore of a — al_. As

roo_ r
a—ay, = a— J[ aa
ACT finite
- Y e-d
ACT finite
it follows that a — al_ is [-periodic. 4

Now suppose that a € 2 is a [-periodic complete section. To see that the action
of I is smooth, it is enough to find a collection of fewer than x partial I'-transversals
which are predense below a, by Proposition 6.2 and the fact that a is a I'-complete
section. By Lemma 6.5, it is therefore enough to find a collection of fewer than s
local witnesses to periodicity which are predense below a.

By the proof of Proposition 2.15, for each finite A C I' containing 1 we can find
finitely many A-discrete sections ag', ..., a5 € A whose sum is 1. We claim that the
set of sections of the form

b = 0 (a - ab)

is as desired. To see this, suppose that b < a is non-zero, and find a finite set A C T’
containing 1 and a non-zero local A-witness ¢ < b to the I'-periodicity of a. As c is
A-discrete and ¢ < a — al, it follows that b5 - ¢ # O for some i, and this completes

the proof. .

PN
& »
B

Figure 1.12: The action of a smooth automorphism of strict period n 4+ 1 on its
support.

An automorphism 7 is of strict period n if

{a e A:Vi<n (r'(a) # a) and 7"(a) = a}
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is dense in ™Agupp(r). When 2 is purely atomic, this means that the orbit of every atom

supp
is of cardinality 1 or n. It is important here that automorphisms of strict period n
can have atoms whose orbits are of cardinality 1! We will say that an automorphism

is of exact period n if it is fixed-point free and of strict period n.

Proposition 6.7. Suppose that A is a k-complete Boolean algebra, I" is a group of
cardinality strictly less than k which acts on A by automorphisms that admit maximal
discrete sections, a € A is I'-aperiodic, and n € N. Then there is a partition by, . . ., b,

of a and an automorphism m € [['] of strict period n + 1 such that
Vi <n (m(b;) = bit1) and w(b,) = bo.

Proof. We will begin by showing that the desired map can be built off of a

I-invariant section on which the action of I' is smooth.

Lemma 6.8. There is a sequence of pairs (ag, A¢) of length strictly less than k such
that each A¢ contains 1 and is of cardinality n+1, and for each A CT' of cardinality
n+1, {as: A=A} is predense in the A-discrete elements of 2,.

Proof. As I' has fewer than x finite subsets, it is enough to check that for each
finite set A C T, there is a finite set of A-discrete sections which is predense in the
set of all A-discrete sections. This is exactly what is shown in the second paragraph

of the proof of Proposition 2.15. .

Fix such a sequence (ag, A¢). We will recursively build up ao, ..., a, and 7, be-
ginning with

At stage £, we fix an enumeration ( 59 )icn Of A¢, with 5(()5) = 1. We then consider the
maximal element of 2, whose images under the elements of A¢ lie below a and are
disjoint from all of the sections that were constructed before stage . This element is

simply

al) = ae - < II " -a) - > &t a".

SEA n<&i<n,0€A

We then set a§5> = (51-(5) . a((f), for each 0 <@ < n.
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As soon as this process has been completed, we set a; = )P, az(g), a =Y, a; and

6(‘5) 6(5) 5(5) —1 65?)(&52 )71
W:H(a(()g) 1 ags) 5 (077) 1 aﬁf)).
3

It is clear that 7 is an automorphism of strict period n + 1 that sends a; to a;;1 and
has support @', but it could be the case that a’ < a.

Nevertheless, a — a’ is I'-periodic. To see this suppose, towards a contradiction,
that there is a finite set A C I' of cardinality n + 1 containing 1 and b < a — a’ such
that {0 - b}sen is a pairwise disjoint set of sections below a — a’. Then there exists £

such that Ay = A and ¢ = b - a¢ is non-zero, and it follows that
al - c# O or In< €3 <ndd e A (67 - al™) - ¢+ 0),

contradicting the fact that c<b<a—d andd-c<d-b<a—d.
It follows from Proposition 6.4 that the action of I' on Aj,_4,. is smooth. So it
only remains to handle the case that the action of I' on 2l is smooth. For this, we will

need the following fact:

a-al a-a2 a-ag

ﬂ T
o |
g i

Figure 1.13: When I' acts smoothly, a can be partitioned into partial ['-transversals.

Lemma 6.9. Suppose that A is a k-complete Boolean algebra, I' is a group of cardi-
nality A < Kk which acts smoothly on A by automorphisms, and a € A. Then there is
a partition of unity into I'-invariant sections ag, where § ranges over cardinals < X,

and partitions of each a - ag into § transversals for the action of T' on A, .
Proof. We begin with a sublemma:

Sublemma 6.10. For all b < a, there is a mazimal partial I'-transversal in Aq_y.
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Proof. Fix an enumeration v of I'. Fix a I'-transversal ¢ € %, and set

e = (Y- c)-(a=D)

noting that these sections are partial I'-transversals which sum to a—b. We will define
an increasing sequence of sections d, at stage £ adding as much of ¢, as possible while

maintaining that d; is a partial transversal. That is, we take dy = O,
de1 = dg + (cg — [de]r),

and d¢ = 3_, ¢ d;, at limit ordinals. Noting that

g1+ (- desr) = (de+ (ce — [de]r)) - (v - de + 7+ (ce — [de]r))
= de- (v-de) +de- (v (ce — [de]r)) +
(Ce = [de]r) - (v - de) + (ce — [de]r) - (7 - (¢ — [de]r))
< dg - (y-de) e (v ce),
it follows from the obvious induction that d = 3, d, is a partial ['-transversal. Now

suppose, towards a contradiction, that there is a partial I-transversal e € 2,_; with

d < e. Then there exists £ such that
¢+ (e—d) # O,
thus deyq - (e — d) # O, a contradiction. 4

Now fix an enumeration ¢ of I' and a I'-transversal b € 2. Put by = a - b, and
repeatedly apply Sublemma 6.10 so as to produce a sequence of sections be, with be
a maximal partial ['-transversal in 2, which is disjoint from }, _, b,.

It follows from the proof of Sublemma 6.10 that the b;’s may be chosen so that

a= Z be.
E<X
This is because we can use the same transversal ¢ in constructing each of these
sections, and by doing so, we will guarantee that
Ve < Z by,.
n<g

In addition to this, we will we need one more fact:
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Sublemma 6.11. For all n <&, [be]r < [by]r.

Proof. Setting d = [b¢]r — [by]r, it is clear that e = b, + b, - d is in 2, and disjoint
from 3., b¢. Noting that

e-(v-e) = (by+b- d)-(7~bn+’y-(bg-d))
= by (v by) + by (v (b - d)) + (bg - d) - (v - by) + (be - d) - (v~ (be - d))
= by (v-by) + (b - d) - (v (be - d))
< by (7 by) b (7 be),

it follows that e is a partial I-transversal, thus by maximality we have that b, = e,
hence d = O, and it follows that [be]r < [by]r. 4

As the b¢’s are built up, they gradually cover more and more of a. Although it
is not necessarily the case, it could happen that non-zero I'-invariant elements of 2
are entirely covered before all of the b¢’s are constructed. That is, it might be that
[be]r < [by]r, for some n < £. In the purely atomic case, this corresponds to the case
when the intersection of a with the I'-orbit of some atom is of cardinality less than
IT'|. For each cardinal £ < A, let a¢ be the maximal element of 2 which is covered for

the first time at an ordinal stage of cardinality . That is, set
ae = H[bn]l“ - H [by]r,
n<g n<gt

noting that even a, makes sense, since b, = O for all n > A. It remains to check that
each a - ag can be partitioned into { transversals for the action of I' on ae. As the

sections of the form
a - ([bylr — [byyalr),

with & < n < £*, partition a - ag, it is enough to show that each of these can be

partitioned into & transversals for the action of I" on [b,|r — [by41]r. As

(b¢ - ([by]r = [bg+1]r)) <y

provides such a partition, this completes the proof of the lemma. =
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Now let a¢ be as in Lemma 6.9. We claim that a, = O, for each n € N. To see
this, simply note that if a,, # O, then we can find a non-zero b < a,, and a finite set
A C T containing 1 for which b is a local A-witness to periodicity, contradicting the
[-aperiodicity of a.

For each cardinal &, fix transversals bgf), with n < &, for the action of I' on ag

which partition a - ae. We claim that there are elements of [I'] such that
T 0O) =),
Granting this, set
S={A+i(n+1):\is a limit ordinal and i € N},

put by = 3=, ¢ nes aﬁf), define

) “()i)l W(Eﬁnfl
m = H (a%&) n a;i)_l i o e il a/g]i)»n>,

n<€neS

and put b; = 7'(ag), for i < n. It easily follows that 7 is an element of T' of exact

period n+ 1 which carries b; to b;1, for ¢ < n. It only remains to check the following:

Lemma 6.12. Suppose 2 is a k-complete Boolean algebra, I is a group of cardinality
strictly less than k which acts on A by automorphisms that admit maximal discrete

sections, and a,b are I'-transversals. Then there exists m € [I'| such that m(a) = b.

Proof. As we can always take 7 to be the identity on 2A,,, we may assume that
a-b = O. Fix an enumeration v¢ of I'. We will gradually build up the domain and
range of 7, at stage { including the largest remaining piece of a which 7 maps into

the remaining piece of b. That is, we take

ag = <a—2an> . <751' <b—2bn>> and bg = ¢ - ag.
n<§ n<é

Set a’ = ¢ ag and b' = 3, be, noting that these elements lie below a and b. In fact,
if ¢ < a then there exists £ with ¢ - (fygl - b) # O, and it follows that

c-a, # 0,



59

for some n < £. Thus every ¢ < a has a non-zero intersection with o', so @’ = a. It
similarly follows that ' = b, thus
g
m = [I(ac = be)
3
is the desired element of [[]. —|

7 Compositions of periodic automorphisms

In this section, we will give a complete the characterization of the circumstances
under which an aperiodic automorphism 7 of a o-complete Boolean algebra 2l is the
composition of two automorphisms of prescribed strict periods from its full group.
We have already seen that the existence of maximal discrete sections for the powers
of m is necessary, and here we will show that it is sufficient, as long as we are not
trying to write the automorphism in question as the composition of two involutions.
We will also use similar ideas to show that if G is a o-full group of automorphisms
which contains at least one aperiodic automorphism, then every element of G is a
commutator. We actually show this with the apparently weaker hypothesis that G is
r-complete and contains a subgroup of cardinality less than x which acts aperiodically,
but we then show that this implies that G contains an aperiodic automorphism. This
latter result is the natural generalization of the fact that every aperiodic countable
Borel equivalence relation contains an aperiodic hyperfinite subequivalence relation.

As was the case with involutions, we first consider the smooth case:

Proposition 7.1. Suppose that 2 is a o-complete Boolean algebra and m € Aut(2)
is aperiodic and smooth. Then for every ng,ny > 2, there are automorphisms m; € [r]

such that each ; is of strict period n; and ™ = 7y o 7y.

Proof. It is enough to show that the successor on Z is the composition of permuta-
tions 7; which are of strict period n;, for then we can obtain the desired automorphisms

by fixing a w-transversal ag € 2, setting a,, = 7"(ay), and defining
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We will build the 7;’s recursively. At each stage, we will simply compose our approxi-
mation to each 7; with an appropriately chosen cycle. The following lemma describes
one way of selecting these additional cycles (see Figure 1.14 for a depiction of their

action on Z):

Figure 1.14: Extending 7; to 7/.

Lemma 7.2. Suppose n; > 2, a < b, 7; is a permutation of [a,b] of strict period n;,
71(b) = b, and
To O T1 = (a a+1 --- b)

Setad =a—1,0=b+(ny —2),d"=d — (ng—2), b =V +1, and define
o=(a"ad"+1 - d b)organd =@ bb+1 --- b)om.
Then tjor = (a”" a”"+1 --- V).
Proof. Suppose that a” < k <b"”. We break the task of checking that
mmor = (a"ad +1 - b")
into several cases:
1. If a” <k < d, then 1{(k) = k, thus 7)o 7{(k) = 7j(k) = k + 1.
2. If k =d, then 7{(k) = b, thus 750 7{(k) = 7(b) = 10(b) =a =k + 1.
3. If a < k < b, then 7{(k) = 71 (k), thus Tl o7|(k) = jomi(k) = pom(k) = k+ 1.

4. b < k <V, then 7{(k) =k + 1, thus 7o (k) = 7{(k+ 1) = k + 1.



61

5. If k =¥, then 7{(k) = &, thus 7{ o 7{(k) = 75(a’) = V.
6. If k =b", then 7{(k) =", thus 7} o 7{(k) = 75(0") = d”.
It follows that 7)oy = (a” a” +1 --- "), as desired. 4

Using the above notation, set ag = by = 0, 70

. i /!
» ) =1d, ag41 = ay, bp41 = b, and

7D = (T(k))/.

)

It follows that 7.*) is a permutation of {—k(ng — 1),...,k(n; — 1)} such that

o r®) = (“k(ng —1) -+ k(ny —1)).

The primary remaining observation is that for all n € Z and all ko, k; > |n|,

(N E () = (7)) (n),

7

by the definition of Ti(k). In particular, it makes sense to define 7; : Z — Z by

mi(n) = lim 7 (n).

We claim that 7,77 are permutations of Z whose composition is the successor. To

see that 7; is injective, suppose that 7;(m) = 7;(n), and fix £ > max(|m|, |n|). Then

7®) (m) = 1(m) = 7i(n) = Tz’(k) (n),

thus m = n, since Tz-(k) is injective. To see that 7; is surjective, fix n € N and set

k = |n|+ 2 and
_ (+R)y-1
m = (1) (n).

)

As |m| < k — 1 by the definition of Ti(k), it follows that

r(m) =77 (m) = n.

To see that 145 o 71 is the successor function, suppose that n € N, fix

k > max(|n|, [{"" (n))),
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and observe that

Tom(n) = mo Tl(k)(n)

= o rm)

= n+1,

which completes the proof of the proposition. -

Remark 7.3. It will be important later on to note that the cycle (0 ... k(ng+n;—2))
is the composition of permutations 7; which are of strict period n;. Of course this
follows easily from the above proof, as the permutations obtained at the £ stage of

the construction satisfy
7 o = (—k(ng — 1) -+ k(ny — 1)),

thus we can obtain the desired permutations by conjugating Ti(k) through the map

o:{=k(ng—1),...,k(ny — 1)} = {0,...,k(no +ny — 2)} which is given by
p(n) =n+k(ng —1).

Remark 7.4. If n; > 3, then Tl(]:-rl) has at least one more fixed point than Tl(ﬁ)i, thus
has at least k+ 1 fixed points. This will be quite important in the arguments to come!
Proposition 4.1 tells us that whatever we have in store had better not work in the
case that ng = ny = 2. The fact that the number of fixed points does not (indeed,

cannot) increase in this case is where our argument breaks down.

Remark 7.5. When ng,n; > 3, k of the fixed points 850), o ,6,(60), ﬁgl), o ,é,(cl) of the

automorphisms
pomy) op ! por”op!

can be chosen so that they are interspersed, in the sense that
0< 0 <tV <o <O < gD,

This follows from a simple inductive argument, although is perhaps most easily seen

by examining Figure 1.15.
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Figure 1.15: The action of Ti(g) when ng =ny = 3.

Remark 7.6. It will also be important to note that Ték),Tl(k) are conjugate. This

follows from the fact that each of these permutations has the same cycle type.
We can already obtain an approximation to the sort of result we desire:

Proposition 7.7. Suppose that A is a o-complete Boolean algebra, m € Aut() is
aperiodic, and every element of [w] admits a mazximal discrete section. Then for all

no, N1, Ny > 2, there are automorphisms m; € [w] of strict period n; such that
T = Tg O T O Ta.

Proof. Find a maximal 7<"-discrete section a € 2 and a covering non-crossing

involution ¢ for m,. Let

b=> a—supp(r o) =a- [] supp(7" o)

n>0 n>0

be the piece of 2l which is moved in the “same direction” by ¢ and 7, and define
mo = (b5 w(B) T B w0 (h) S (b)),

It is clear that 7 is a non-crossing covering automorphism of strict period ng, since
it has the same outer arcs as ¢. By Lemma 5.1, it follows that ¢ = 7y o 7 is periodic.

As a is w<"-discrete, it also follows that

Ve € A (mo|Ae # 7 2A,),
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thus ¢ is fixed-point free.

By Ryzhikov [69], for each k > 2 there is a finite group Gy = ( 95’“, gék) ), where

k) (k
91::95)95)

is of order k and gfk) is of order n;. We will group the ¢-orbits of cardinality & into
sets of cardinality |G|/k, and copy the action of Gy on itself by left multiplication
over to these sets in such a way that the action of g on G} goes to the action of .
The push-forwards of the actions of the generators of Gy will then give rise to the
desired automorphisms 7y, € [7].

Set Hy = (gx) and fix representatives hz(k) € Gy, with i < |G|/, for the left cosets
of Hy within Gy. Let ai be the period k part of p. As the special case of Proposition
7.7 in which 7 is smooth follows from Proposition 7.1, we may assume that each ay
is m-aperiodic. Let b be a transversal for the action of ¢ on 2,,, noting that by is
also m-aperiodic. It follows from Proposition 6.7 that there exists 1, € Aut(2,,) of
exact period |Gg|/k. Let ¢ be a ¢-transversal. Put

X ={(m,n) € N*:m < k and n < |Gy|/k},

noting that the elements of the form ¢™ o9} (cy), with (m,n) € Xy, partition ay. For
i€ {1,2} and (m,n) € X, let (m/,n’) be the unique element of X}, such that

k m n m/ 7Ll
g g = g hy”,

and define

k m n SDm/Ol/Jn/OT/ansD*m m’ n
= I ") i ™ o Y (cx)-

(m7n)€Xk

It is clear that ng) is of exact period |g§k)| = n,, thus so too is
x*)
T, — H Qe s Qg .
k>2

As g, = g%k) o gék), it follows that ¢ = 7, o 7y, thus 7 = 75 * o 7y o . -
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In order to describe the circumstances under which we can write m as a product
of two elements of its full group of prescribed periods, we must first make a slight
detour, and show a version of Alpern’s [3] multiple Rokhlin tower theorem.

Suppose that 7 € Aut(2() and a € 2 is doubly recurrent. As in the proof of Theo-
rem 5.8, we can partition a into countably many sections al;, where a] is the maximal
b < a such that 7(b),..., 7" 1(b) are disjoint from a and 7" (b) < a. Explicitly, these

sections are given by

0<i<n

and the associated induced automorphism of 2, is given by

o = [ af = 7 al).
n>0

The section a is n-spaced if a = a];. Such sections are very useful in constructions
involving automorphisms. Unfortunately, not every automorphism admits complete

sections of this sort!

Example 7.8. The Bernoulli shift on X = 2% is the bilateral shift,

F(En)nez) = (Enst)pen -

We claim that for all n > 2, f does not admit an n-spaced Baire measurable complete
section. Suppose, towards a contradiction, that B C X is such a section. As f sends
meager sets to meager sets and

nez

it follows that B is non-meager, thus comeager in some basic clopen neighborhood
Ne, with s = [—k, k] — {0, 1}.
We will show that B is comeager. Of course, it is enough to check that each
s [-K', k] — {0,1} can be extended to an s” such that B is comeager in . Fix
m € N sufficiently large that
mn —k >k,
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and define s : [-F' k'] U [mn — k,mn + k] — {0,1} by

o sh) it -k <i<k,
s"(1) =
i s(i —mn) otherwise.
As Mg C fm(A;) and B is comeager in 4; and n-spaced, it follows that B is
comeager in .
As B is comeager, it follows that B contains comeagerly many full orbits of f. In

particular, B cannot be n-spaced, the desired contradiction.

To make up for this deficiency, we will work with a slightly more general sort of
section. Suppose that S C N is finite. Then a € A is S-spaced if
a=Y_al.
nes
When 2 is purely atomic, a € A is S-spaced exactly when for each atom b < a, the
least k > 0 such that 7*(b) < a isin S (i.e., the size of the gap in-between successive
atoms is always in 5).

Now we are ready for the promised version of Alpern’s theorem [3]:

Proposition 7.9. Suppose that A is a o-complete Boolean algebra,  is an aperiodic
automorphism of 2 whose powers admit maximal discrete sections, and m,n € N are

relatively prime. Then 7 admits an {m,n}-spaced complete section.

Proof. Fix z,y € N such that
ny —mx =1,

and find a maximal 7<(m®”_discrete section a € 2, noting that

a = > ag.

(mz)?<k<2(mz)?
Setting S" = {(¢,7) e N2 : 0 < r < mx < ¢ < 2ma}, it follows that the sections

Qgr = a?m:v)(l—&-r = a?mfv)(q—T)‘*‘(”y)T’
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with (g,7) € S', partition a. Set by, = 7™*@")(a,,), put
Uy = Agr + 7" (ag,) + T2 (age) + -+ + 7T(ﬂs(q—r)—l)m(aqr)

and

and define

Noting that
V(g,r) € S (ay, <cy, and by, < cp),

it follows that c is the desired S-spaced complete section. .

Remark 7.10. When S C N is finite, the same idea can be used to show that 7

admits an S-spaced complete section < m admits a ged(S)-spaced complete section.

Now we are ready to turn to the problem of writing an automorphism as a com-
position of two automorphisms from its full group of prescribed periods. This was
originally accomplished in the case of the Lebesgue measure algebra by Ryzhikov [69].
Although the proof we give is a bit different than his, the basic idea of using involu-
tion results to reduce the problem to the finite case is taken directly from Ryzhikov
[69] and [70].

Theorem 7.11. Suppose that A is a o-complete Boolean algebra, m € Aut(2A) is
aperiodic, and every element of [w] admits a mazximal discrete section. Then for all
ng > 2 and ny > 3, there are automorphisms m; € [n] such that each m; is of strict

period n; and ™ = Ty 0 7.

Proof. Let my = 3(ng +ny — 2) and my = (mg + 1)(no + ny — 2), noting that

mo + 1 and my + 1 are relatively prime. By Remark 7.4, there are permutations

Ti(j) € S{O,...,mj}a
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of strict period n;, such that Téj ) has fixed points 0 < £y < f1 < ¢ < mg which are
independent of 7, and

Téj) OTl(j) =(0 --- mj).

It follows from Proposition 7.9 that 7 admits an {mg+ 1, m; + 1}-spaced complete
section a € A. By Proposition 7.7, there are automorphisms 7} € [r,] of strict period
ng such that

/ / /
7Ta:7TOO7TIO7T2.

Let ¢ € [r] be the automorphism of strict period n given by

mlio(n))~lor—ti

" (a),

p=1I 7(a)

0<i<2

and set ¥ = @ o m. By the period n part of ¢, we mean

II supp(z™) — supp(x").

0<m<n

Let a; be the period m; + 1 part of 9.
Lemma 7.12. ag + a; = 1.
Proof. Set b; = (m o 77 o m)(ay, 1), and note that
Ve < by (A, = |, ),
thus ¢ |, = 7% o (m() 7! |Ay,. Tt follows that for all £y < £ < {4,
Ay, = 7" o () s,
thus ¢ |, = 7% o (7]) ! o (7)) "!|2Ay,). It then follows that for all /1 < £ < 45,
ViR, = 7t o ()" o (mp) M2y,
thus

VIR, = 1o (my) T o () o (mp) |2,

= no(myom omh) Ay,
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It follows that 1*2(b;) = 7T£2(a”mj+1), thus for all £o <0 <m;+1,
W |Ay, = 7o (mg 0wy o mh) A,
In particular, we have

wmﬁl@lbj = gmitlo (mpomy o Wé)flfﬂbj
~ o (moriom) 2,
= (mpom omy) o (myom omy) ! |Ap

= id.

J

Noting that for all £ < m; + 1,
V(b)) = 7 (by),
it follows that 9|, 1, is of exact period m; + 1 and [bo]y + [b1]y = 1. —|

Said somewhat differently, this means that ¢|%lj, ], is of exact period m; + 1 and
b p Pom;
v=II (a; = (ay) = =™ (ay)).
7e{0,1}
Next, we will take advantage of the fact that we already know how to write cycles of

length m; + 1 in the desired form. For each i € {0,1}, set
)
w‘ri (k)—k T(J)
vi= I vMerg) =" Pla-qp).

0<j<1,0<k<m;

As 1); is of strict period n; and

pom =1 =1pgo,

it follows that ™ = (o=t o1)g) 01h1. As the supports of 1)y and ¢ are disjoint, it follows

that mo = ¢! o 1)y and m; = 1), are as desired. =

Remark 7.13. Of course, the same proof can be used to show the corresponding

theorem when ng > 3 and ny > 2. Alternatively, this version can be obtained as
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a corollary by applying Theorem 7.11 to find automorphisms =, 7 € [r] of strict
periods nq,ng such that
!l =ntoni,

and then taking 7o = (77)~! and m = (7)™ "

By slightly modifying the above argument, a stronger result can be obtained
when ng = ny. Recall that 7y, m; € [r] are conjugate if there exists ¢ € [r] such that
goowoogp_l = 1.

Theorem 7.14. Suppose that 2 is a o-complete Boolean algebra, m € Aut(2) is
aperiodic, every element of [r] admits a maximal discrete section, and n > 3. Then
there are automorphisms m; € [r|, of strict period n, such that m = my o w1 and 7o, m

are conjugate via an element of [r].

Proof. Let my =3(n+n—2) =6(n—1) and m; = (mp+ 1)(n+n—2) =
2(mgy + 1)(n — 1), noting that mg + 1, m; + 1 are relatively prime. By Remark 7.5,

there are natural numbers
0< ) < 0O < ¢V < ¢l < ) < (0 < g,

and permutations Tl-(j) of {0,...,m;} of strict period n, where Ti(j)<€(-i)) = ¢\ and

o =0 - my).

It follows from Proposition 7.9 that m admits an {mg+ 1, m; + 1}-spaced complete
section a € . By Proposition 7.7, there are automorphisms 7} € [m,] of strict period
n such that

Ty = T © Ty O Ty.
Moreover, we may assume that the support of each 7 is w-aperiodic. This is because
Proposition 6.4 ensures that 7 is smooth on the piece where this fails, and the proof
of Proposition 7.1 clearly produces conjugate transformations when ng = n;.

Let ¢; be a transversal for the action of 7, on leupp(,rg), note that each ¢; is 7-
aperiodic, and apply Proposition 6.7 to find involutions ¢; € 7| with support ¢;. Let

d; be a maximal ¢;-discrete section, and set

(2

6(0) = [dz]ﬂ'; and 651) - [l’l(d’b)]ﬂfb
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!
wl ol !
Ci - A — = (@) )
o & ! (ds) ()= (d)
el(.l> 1i(ds) mhovi(d;) () =Lou;(d;)

Figure 1.16: The partition of supp(7}) < a into the various images of d;.

Now define ¢; € [n] by

£<j) / (ﬂ)—loﬂ—éEj)

0 o (alef )
o= [I = (a) T2 " (a),
0<i<2

set ¢ = @1 0¢@p o, and let a; be the period m; + 1 part of .
Lemma 7.15. a9 +a; = 1.

Proof. For each s:{0,1,2,3} — {0,1}, set

b, (s(0)) (8(1)))

2
=ey Tl “ T © Wi(eés( ))) (myom o Wé)(a;s@)“)’

and note that
Ve < (5 (|2, = 7 |20,),

(0))

thus % 12, = 7% o (x)~1 |2y, Tt follows that for all 5™ < ¢ < (=)

VU, = 70 (mp) |,

thus 4|2l = Wegs(l))O(7r’1)_10(7r(’))_1|§2lb5). It follows that for all £ < ¢ < (@),

Ay, =700 (w)) 7" o () U,

thus

s (s
|, = 7 o (mh) o () o (mh) M,

s

/

(s(2))
w2 o (x) o ) 0 mh) N2,



(s(2))

It follows that 1% (b,) = 7% (a%, _.,), thus for all £5) < £ < myg) + 1,

ms(3)+1
zbE]les =7to (mh o) o mh) 2y, .
In particular, we have

Y@, = pms@Tlo (mpomyo ) A,
= Tao0 (m)om omh) AU,
— (mpomiom)o (ol ons) i,

= id.
Noting that for all £ < mys) + 1,

W(bs) = Wz(bs)a

it follows that 9|, is of exact period myz) + 1 and Y..4012.33-40,13[0s]y = 1.
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It is once more time to take advantage of the fact that we already know how to

write cycles of length m; 4+ 1 in the desired form. For each i € {0, 1}, set

k sz‘(mk)*k
vi= I YMab) ——

0<j<1,0<k<m;

@)
w‘;-ij (k) (CL . b]),
and note that the 1;’s are conjugate automorphisms of strict period n and

P10@yom =1 =1y0Y.

As g, 1 have disjoint supports and therefore commute, it follows that

T o= @y op;oygor
= @yl opitotgopiop oy
= 1" o (pyt o1hg) 0 1o (it o).

As ;,1; have disjoint supports and therefore commute, it follows that

To = 1" o (5" 01p) o 1
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and m; = @7 ' 01, are automorphisms of strict period n and 7 = my o 7.

To see that m, and 7, are conjugate, it is enough to check that ¢g oy and @7 oy,
are conjugate, and for this, it is enough to show that ¢q is conjugate to ¢; and v is
conjugate to 1;. The former part follows from the fact that each ¢; easily extends to
a conjugacy of ﬂg\el(-o) and 7rg|el(-1) (see Figure 1.16), and the latter fact follows from the
fact that the permutations of Z from which the ¢);’s are built are conjugate, which

itself follows from the Remark 7.6. -
Recall that g € G is a commutator if it is of the form g = [go, g1], where

(90, 91] = 909190 " g7 -

Note that ¢ is a commutator exactly when it is of the form gog;, where gy and g; * are
conjugate. As every smooth automorphism is conjugate to its inverse, it now follows
that if 7 is aperiodic and the elements of [r] admit maximal discrete sections, then

every element of [r] is a commutator. This is a special case of a more general fact:

Theorem 7.16. Suppose that A is a k-complete Boolean algebra and I' is a group of
cardinality strictly less than k which acts apertodically on A by automorphisms that

admit mazimal discrete sections. Then every element of [I'] is a commutator.

Proof. Fix 7 € [I'], let as be the aperiodic part of m, let
Geven = Z H supp(ﬂ‘k) - Supp(ﬂ-zn>
neN0<k<2n
be the evenly periodic part of m, and let
oaa =, ] supp(r*) — supp(r*"*)
neN 0<k<2n+1

be the oddly periodic part of m. Fix a transversal beyen, € 2 for m|2 By the proof

QGeven *

of Proposition 6.7, there is an involution teyen € [I'] such that:

1. Supp(l/even) < beven-

2. ¢ = boven — SUPP(Leven) is a partial I-transversal.
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3. [c]r is below the I'-periodic part of deyen-

Set doo = [c]r - [aso|r- It easily follows from the fact that ¢ is a partial I'-transversal

that there exists ¢ € [I'] such that

o(cdoo) < too-

Set €9 = [¢ - duo]r + [@(C - doo)]rs €1 = [c]r — [aoo]r, €2 = 1 — (€9 + €1). We will now

complete the proof via several lemmas.
Lemma 7.17. 7|2, is a commutator in [['|2Ae,].

Proof. Set e = [c-dw],. It follows from Proposition 4.1 that there are involutions
Lo, 1 € [I'|2A] whose composition is w|2.. Now, set f = [p(c - dw)]r. It follows from
a simple modification of the proof of Proposition 7.1 that there are automorphisms

w0, 1 € [I'|Af] such that:
L 7|2y = o0 1.

2. Foreachi € {1,2,3} and j € {0, 1}, the exact period ¢ part of ¢, is an aperiodic

complete section for m|2;.
3. For each j € {0, 1}, the parts of ¢; of exact periods 1,2, and 3 partition f.

Setting m; = ¢; o ;, it follows that 7|, = m o 7. Now fix transversals gl(j) for
the action of 7; on its part of exact period 7. The smoothness of the action of I' on
2., coupled with the I'-aperiodicity of each of these sections guarantees that for each

i € {1,2,3}, there is a map ¢; € [I'] such that

0) ¢i, (1)

It only remains to note that [[;c(q 2,33 gio — g, can easily be extended to a conjugacy

of mg, m within [T']. 4

Lemma 7.18. 7|2, is a commutator in [['|2A.,].
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Proof. As [c|r lies below the I'-periodic part of deyen, it follows that e; lies
below the I'-aperiodic part of a,qq. By Proposition 4.1, we can find involutions
Lo, 11 € [[|2Ae,] such that

|Ae, = 1o 0 L1.

Coupled with the fact that e; lies below the I'-aperiodic part of a,qq, the proof of
Proposition 4.1 implies that for each k € {0,1}, the exact period 1 and 2 parts of
1 are aperiodic complete sections for 7|2,,. As 7|2, is smooth, a simple argument

then shows that ¢y and ¢, are conjugate. .
Lemma 7.19. 7|2, is a commutator in [['|2A.,].

Proof. We still must handle the principal ideal below 1 — [¢]p. We will deal with
the principal ideals below the evenly periodic, oddly periodic, and aperiodic parts of
this section separately. Of course, Theorem 7.14 gives us the latter bit, so we need only
handle the evenly and oddly periodic parts. As the involutions produced by applying
the proof of Proposition 4.1 to an oddly periodic automorphism ¢ are conjugate
within [p], it follows that we need only concern ourselves with aeven — (€0 + €1).

Fix a transversal dy for ¢|2 coter) and put di = u(dy), noting that do,d;

aeven—(

partition Geven — (€0 + €1). By the proof of Proposition 4.1, for each k& € {0,1} there

is a pair of involutions

k k
Lé) )7 Lg ) € [W|Q[[dk]w]

such that
L. 7| A, = Lgo) o \” and 7| Aay), = Lél) oV,
2. L((]O) and LP are fixed-point free.

3. supp(1”)) = [dol — dj and supp(s{”) = [di] — df, where

(a) df is a disjoint sum of two partial transversals of 7|[dp].

(b) d is a disjoint sum of two partial transversals of 7|[d].
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In particular, (3) implies there is an automorphism in [I'] which carries dy to dy, thus

L(k) L(k>
lo = H [dk]w L [dk]w and L1 = H [dk]w lﬁ [dk]w

ke{0,1} ke{0,1}

are conjugate, and clearly m|,,... [ = o © t1, SO T|™Uqen—[dr 1S & commutator.

Remark 7.20. The above proof shows the slightly stronger statement that if the
support of 7 is I'-aperiodic, then 7y and 7 can be chosen so that their supports are

contained in the support of .

This result can be generalized once more. A group G < Aut(2) is k-full if
VI CG (I <k=[I]CqQ).
As usual, we will say that G is o-full if it is w;-full.

Corollary 7.21. Suppose that 2 is a k-complete Boolean algebra, G is a k-full group
of automorphisms of 2 that admit maximal discrete sections, and G has a subgroup
of cardinality strictly less than k which acts aperiodically. Then every element of G

18 @ commutator.

Proof. Fix an automorphism 7 € GG, let ' < G be a group of cardinality strictly
less than x which acts aperiodically, and note that the group A = (I",7) is also of
cardinality strictly less than x and acts aperiodically. It follows that 7 is a commutator

within [A] < G. -

As every infinite Polish space has an aperiodic automorphism, we have the following;:

Theorem 7.22. Every Borel automorphism of an infinite Polish space X is a com-

mutator within the group of all Borel automorphisms of X.

Finally, it should be noted that the existence of an aperiodic subgroup of cardi-
nality strictly less than x is equivalent to the existence of an aperiodic automorphism

of G. This is a consequence of the following fact:
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Proposition 7.23. Suppose that A is a k-complete Boolean algebra and T" is a group
of cardinality strictly less than k which acts aperiodically on A by automorphisms that

admit mazimal discrete sections. Then [I'] contains an aperiodic automorphism.

Proof. The full semigroup of T is the semigroup [I'] of isomorphisms 7 : 2, — Ay,
with a,b € 2, which are of the form
-
=] ay = 7-a,
vyer

in which (a,)_ . is a partition of a and (y - a,) . is a partition of b.

Figure 1.17: The action of an acyclic element of [I'] of period n + 1.

The map ¢ € [I'] is acyclic of period n if there is a partition of unity as,...,a,
such that dom(¢) =1 — a,, mg(p) =1 — a1, and V1 < i < n (p(a;) = aiy1)-

Lemma 7.24. Suppose that ¢ : A, — A is in [['] and acyclic of period n. Then
there exists a’ < a, V' <b, and a map 1 : Ay — Ay in [['] which is acyclic of period

2n and extends .

Proof. As 1 is [-aperiodic, so too is a. By Proposition 6.7, there is an involution
¢ € [I'] such that supp(¢) = a. Let ¢’ < a be a maximal (-discrete section, and observe

that the map obtained by composing ¢ with the partial map
L0 —(n—1)
p" N d) = u(d)

is the desired extension of (. .

Set ag = 1 and ¢y = 0, and repeatedly apply Lemma 7.24 so as to obtain a
sequence of maps ¢, € [I'] and sections a, = 1 — rng(p,) and b, = 1 — dom(y,)
such that:
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1. ¢ni1 € [T] is acyclic of period 2" and extends .
2. An+1 S G, and bn+1 S bn

Finally, let ¢ € [I'] be the minimal extension of the ¢,’s, which is given by
= Z @n(a ) d0m<90n))'
neN

Set a = [Ien an = 1 —10g(n), b = [Ihen b = 1 — dom(yp,), and

c=1- ([al, + [b,).

It is clear that ¢|2. is aperiodic, so it only remains to find aperiodic automorphisms

€ [['A,] and ¢ € [I|™Ap,]. Fix a function f : N — N which has exactly one
orbit. Noting that (¢*(a)),y and (¢ *(a)),.y are both pairwise disjoint, it follows
that the maps

pk=f(k)

FR)—k _
=TI #"(@) == "W (a) and @, = [] ¢7"(b) =—— ¢ 7P (b)
kEN keN
are the desired aperiodic automorphisms. -

8 Bergman’s property

In this section, we study a group-theoretic property which was originally discov-
ered to hold for the group of permutations of an infinite set in Bergman [7]. We
show that this property holds for a wide variety of full groups. We also describe a
strengthening of this property which holds for full groups which admit paradoxical
decompositions, but fails for many which admit invariant probability measures. This
leads to a characterization of the existence of an invariant probability measure for a
countable Borel equivalence relation in terms of a purely algebraic feature of its full
group.

A group G has the weak Bergman property if for every increasing, exhaustive

sequence (A,), - of subsets of G, there exists n € N such that G = AJ.

Proposition 8.1. All left-invariant metrics on weakly Bergman groups are bounded.
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Proof. Suppose d is a left-invariant metric on a weakly Bergman group G. Set
An - {g eG: d(]-Gag) < ’I'L},

and note that since G has the weak Bergman property, there is a natural number

n € N such that A = G. As d is left-invariant, it follows that

dlg, g1 9n) < d(lg,91)+d(g1,9192) + -+ d(9192 "+ Gn—-1, 9192 * * Gn)
- d(1G7g1) + d(lG792> + o d(lGagn)
< n?
thus G = A, 2. =

Remark 8.2. It follows that if G is weakly Bergman and X C G is a set of generators
for G, then every element of G is a product of boundedly many elements of X**. That

is, every Cayley graph of a weakly Bergman group is of bounded diameter.

In Bergman [7], it was shown that the group of all permutations of an infinite set

is weakly Bergman. A wide class of automorphism groups share this property:

Proposition 8.3. Suppose that A is a k-complete Boolean algebra, G is a k-full
group of automorphisms of A which admit mazimal discrete sections, and G has a
subgroup of cardinality strictly less than k which acts aperiodically. Then G has the

weak Bergman property.

Proof. We must show that for every increasing, exhaustive sequence of sets
A, C G, there exists n € N such that G = A'. Note that by replacing A, with
A, NA we may assume that each A, is symmetric. For A C G and a € 2, we will

use A2, to denote {7|A, : 7 € A and 7(a) = a}.

Lemma 8.4. Suppose that A is a o-complete Boolean algebra, G is a o-full group
of automorphisms of A, a € ™A, (an), ey 5 @ pairwise disjoint sequence of elements
of Uy, and (Ay), oy is an increasing, ezhaustive sequence of subsets of G|U,. Then
Veon e N (G|, = An|Ua,)-
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Proof. Suppose, towards a contradiction, that there is an increasing sequence of

natural numbers &, and automorphisms m, € G|,, with 7, & Ay, [, . Then
™= H an 2 ay,

is in (G|Ua)\ Upen A, a contradiction. +

b3 b b1

Figure 1.18: The partition of unity generated by the ¢,’s.

Now fix a group I' < GG of cardinality strictly less than x which acts aperiodically,
and set ayp = 1. Given a [-aperiodic section a, € 2, apply Proposition 6.7 to find
an involution ¢,,; € G with support a,, and fix a maximal ¢, ;-discrete section
any1 € A. Set b1 = tpy1(ans1), noting that the b,’s are pairwise disjoint. It follows

from Lemma 8.4 that there exists ng > 1 such that
Vn Z Nno (G|len = An\len)

For each n > ng, set ¢, = t,,(b,), noting that the ¢,’s are pairwise disjoint and
0

below b,,,. Now observe that the sets of the form
A, = {7T|len0 €A, and Supp(ﬂ-) < bno}

forms an increasing, exhaustive sequence of subsets of G/|2;, . It follows from Lemma

8.4 that there exists ny > ng such that

Vn >ny (G2, = An|2Le,).
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ang bnO

bn0+2 bn0+1 Cng+2 Cng+1

Figure 1.19: The partition of a,,—; into the b,’s and ¢, ’s.

Lemma 8.5. Suppose m € G and supp(w) < ¢,,,. Then there exists mp € A, with
T = [mo, ).

Proof. By Remark 7.20, there are automorphisms ¢q, ¢1 € G which are supported
by ¢,, and satisfy m = [pg, ¢1]. It follows from the construction of ng,n; that there

are automorphisms 7, € A, such that:

L. mo[Ae,, = wolAe,, and o[, ., = id.

2. 7T1|Q[Cn1 = 901|Qlcn1 and 7T1|Ql]1—bn0 =id.

Noting that b,, and ¢, are mp-invariant and 7;-invariant, it follows that

(&) [mo, m]|RLe,,, = [0, 1] = 7|2e,,,

(b) [mo, m1]|™p,—co, = 1077 U, = id, and

—tmy
(C) [71'0,71'1”9[]175710 = T © ﬂ(}1|Ql]1,bno = ld,
thus 7 = [mg, 1] —|

Now find an involution ¢ € G with support ¢, and let ¢ be a maximal ¢-discrete

section. Let 7q,...,m, be an enumeration of the automorphisms of the form

) onq €0
( tg0 00ty

1
¢ b ool (0) (ule) 2

€n
0::0lpy

L(G]O O-+++0 Lf{;l o) L(C))7

where Vi < nj (d;,¢; € {0,1}), and fix n > n, sufficiently large that each 7; is in A,,.
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Note that any involution which is supported by a section of the form ;(c) + m;(c)
is a conjugate of an involution supported by c¢,, via one of the m;’s. It follows that
every such involution is in A3.

Finally, observe that any involution ¢ € G is a product of the k? involutions

Lij = (7%'(0) : L_l(Wj(C)) — mj(c) - fl(”z’(@)»

thus A% contains every involution in G, so G = A%’ by Theorem 5.8. =

A group G is strongly k-Bergman if for every increasing, exhaustive sequence
(An),ey Of subsets of G, there exists n € N such that A¥ = G. A group G is strongly
Bergman if it is strongly k-Bergman, for some & € N. In Bergman [7], it is shown
that infinite permutation groups are strongly 17-Bergman. For the sort of groups in

which we are interested, however, there is an impediment to this stronger property:

Proposition 8.6. Suppose that A is a o-complete Boolean algebra, I" is a countable
group that acts aperiodically on A by automorphisms which admit maximal discrete
sections, and p is a I'-invariant probability measure on 2. Then [I'| does not have

the strong Bergman property.

Proof. We must show that for each k£ > 0, [I'] is not strongly k-Bergman. That
is, for each k > 0, we must find an increasing, exhaustive sequence (A,), . of subsets
of [I'] such that

Vn € N (AR £ [T)).

Recall that the full semigroup of T is the set [I'] of isomorphisms 7 : 2, — 2,
with a,b € 2, which are of the form

_ Y
m=1lay,>7-q,
vyer

in which (a,). . is a partition of a and (v - a,). . is a partition of b.
Suppose that m, ¢ € [I'], and note that there is a maximal a < dom(7) - dom(¢p)
on which 7|2, = ¢|,. This section is given by

€<7T7 SD) = dOHl(?T) ’ dom(@) - Supp(ﬂ- © Spillmw(dom(go))-rng(go))-
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With this in mind, we may think of
d(ﬂ—7 90) = M(I]' - 6(71', ¢))
as the distance between m, p. More generally, when w € [['] and A C [I'], we will use
d(m,A) = §2£ d(m, A)

to denote the distance from m to A.

Fix an increasing, exhaustive sequence of finite sets I';, C I", and put

Aw={p €[] di [T]) < 1/8}.
Lemma 8.7. (A,), .y is an increasing, exhaustive sequence of subsets of [I'].

Proof. It is clear that A,, C A,,41. To see that [I'] = U,en An, fix

- ol
W—Ha7—>7-a7
yerl’

in [['], and choose n € N sufficiently large that

a = jg: Ay

vel'y

is of measure at least 1 — 1/k. Let ¢ € [I',] be the partial map

_ v
SO—HQV_)'Y'(I%
vel'y,

and observe that d(m, p) < 1/k, thus m € A,,. .

It remains to check that each AF~1 is strictly contained in [I']. We begin by noting

that the definition of A, places a serious limitation on elements of [I'*]:
Lemma 8.8. Suppose that wy,...,m_1 € A,. Thend(mo---omy_1, [[¥]) <1-1/k.

Proof. For each 1 <i <k — 1, fix ¢; € [[',,] such that

d(ﬂm @Z) < 1/k7
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and observe that
e(mo---omp 1, 01000k 1) = e(Tpo1, 0po1) - Ty (e(Th g, Pr2)) -
- (my o ome1) T (el 1)),
thus
I—e(mo-om1,p100pp 1) < (I—e(m_1,061))+
ot (L= (my o omea) T el 1))
As p is ['-invariant, it follows that
d(myo--omp1,10 - 0pp1) < d(Tp—1,r-1) + -+ d(m1, 1),

and this latter quantity is strictly less than 1 — 1/k. .

In particular, our task will be complete if we can find 7 € [['] such that

d(m, [F 1) > 1 - 1/k.

Thus, the following lemma completes the proof:

Lemma 8.9. Suppose that A C [I'] is finite, n € N, and ¢ > 0. Then there is an
automorphism m € [I'] such that d(m, [A]) > 1 —e.

Proof. By Proposition 7.23, there is an aperiodic automorphism = € [T']. Sup-
pose, towards a contradiction, that for each n € N, there exists ¢, € [A] with

d(m",pn) <1—ce.
Then for each n € N, we can find pairwise disjoint sections a((;"), whose sum is of

measure at least €, such that for all § € A,
gOn’Qla(n) == (5‘9‘@(71).
5 5
It follows that we can find natural numbers m < n and § € A such that

a=a" . al"
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is of positive measure. In particular, a is non-zero and
m n
7"A, = 7"y,

thus 7”7 |Am ey = id, contradicting the aperiodicity of 7. -

Remark 8.10. The automorphism produced by the proof of Lemma 8.9 is aperiodic.

In fact, we could have built an aperiodic automorphism 7 € [I'] such that
d(m,[A]) = 1.
This follows from a straightforward modification of the proof of Proposition 7.23.

There is also a natural condition which ensures strong Bergmanocity, and even
allows us to substantially weaken the assumption of the existence of maximal discrete
sections. Suppose that 2 is a k-complete Boolean algebra and I is a group of cardi-
nality strictly less than x which acts on 2 by automorphisms. We will write a =~ b
to indicate the existence of an isomorphism 7 : 2, — 2, in [I']. The action of I" is

paradozical if there is a partition of unity into two elements a ~ b =~ 1.

Proposition 8.11. Suppose that 2 is a o-complete Boolean algebra, G is a rk-full
group of automorphisms of A whose elements are all products of k commutators, and
G has a subgroup of cardinality strictly less than k that acts paradozically. Then G
is strongly (12k 4 4)-Bergman.

Proof. We must show that for every increasing, exhaustive sequence of sets
A, C G, there exists n € N such that G = Al?**4 Note that by replacing A, with
A, NA-L we may assume that each A,, is symmetric.

Fix a group I' < G of cardinality strictly less than x which acts paradoxically,
fix an increasing, exhaustive sequence of sets of A,, C G, and set ap = 1. Given
a ['-paradoxical section a,, € 2, an appeal to paradoxicality yields an involution
lnt1 € G with support a, and I'-paradoxical maximal discrete section a,,; € 2A. Set
bni1 = tnt1(@ny1), noting that the b,’s are pairwise disjoint. It follows from Lemma

8.4 that there exists ng > 1 such that

n > No (G’len = An‘ﬂbn)



86

bg 52 bl

Figure 1.20: The partition of unity generated by the ¢,’s.

ang bnO

AN A

bn0+2 bn0+1 Cng+2 Cng+1

Figure 1.21: The partition of a,,_1 into the b,’s and ¢,’s.

For each n > ng, set ¢, = tp,(b,), noting that the ¢,’s are pairwise disjoint and

below b,,. Now observe that the sets of the form
Ay = {7]20,, 7 € A, and supp(r) < by}

form an increasing, exhaustive sequence of subsets of G ]leno. It follows from Lemma

8.4 that there exists ny > ng such that
vn Z ny (G|Qlcn = An|mcn)'
Lemma 8.12. Suppose m € G and supp(m) < b. Then there exists ’/TZ@) € A, with

14 {4
m=ITm" ")
<k
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Proof. Fix m € G which is supported by b and note that since b, ~ 1,

¢ {4
e 1A )
1<k

where ) € Aut(2,). Now find automorphisms 7 e A, such that
1. 7ri(e) agrees with %(g) on 2.
2. 7|2, _p = id.
3. 1|2y, = id.

As these conditions easily imply that [ﬂ((f), W%e)] is supported by b and

0 (¢ 0 (t
m0”, )12 = e )
it follows that m = Hkk[w((f), Wié)]. .

It follows that every automorphism which is supported by b is the product of
4k elements of A,,. Now put ¢y = 1 — b and partition b into ¢; =~ co =~ b. As
b~ 1~ 1—0b, it follows that ¢y ~ ¢; ~ ¢o. By fixing ny > n, sufficiently large, we
can ensure that A,, includes an involution which swaps any pair of elements of this
partition and is the identity on the remaining element. In particular, it follows that
every automorphism which is the identity on ¢;, for ¢ € {1, 2}, is the product of 4k + 2

elements of A,,,. We now need one more lemma:

Lemma 8.13. Suppose that 2 is a o-complete Boolean algebra, m € Aut(21),
Qop, a1,02 € A

forms a partition of unity, and ag+ ay is a doubly recurrent w-complete section. Then

there ezists m; € [m] with m;|A,, = id and ™ = 7y o T © To.

Proof. Let m be the automorphism of 2l which is given by

7o = (ap + ay) Teotar, (ag + ay),
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and for each i € {0,1}, let aﬁ”) be the maximal section a < ag + a; such that

Vm <n (7™(a) < az) and 7 (a) < ai_;.

n)

Explicitly, ag is given by

al =m(ag+ ar) -7 "(ar—;) - ] 7" (a2).

m<n
Note that {7™(a}) : 0 < i < 1 and m < n} partitions ay and {7"(a}') : n € N}
partitions aj_; - m(az). For each i € {0,1}, put
mo= T 5 mlaf) - 5 n(al),
n>0

noting that 7y and m have disjoint supports. As m;|2,, = id is clear, it only remains

to check the following:

T2

'\/\/\/\/\/’\/

0 a2 ai

ag a a a al al a2 a2 ag a
W N
0
1
0

Figure 1.22: The action of the 7;’s on the 7-orbit of an atom of 2.

Sublemma 8.14. 7 = g o m 0 my.
Proof. The proof breaks into three cases:

1. To see that 7|, = 7 o m 0 me|A,,, fix natural numbers m < n, suppose that

a < 7™ (al), and note that me(a) = a, thus

moom ome(a) = moom(a)
= mo7"(a)

— 71_erl (CL),

where the final equality follows from the fact that my, 71 have disjoint supports.
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2. To see that | (ag+ar)r—1(ag+ar) = T0 © T1 © T2|A(agtar)m—1(ag+ar)s SUPPOse that
a<(ag+ay) -7 Yag + ar),
and note that my(a) = m(a) is disjoint from 7(az), thus fixed by 7y and 7.
3. To see that m|A(4gta1)m-1(az) = T © T1 © T2|A(ag+ay)n—1(az), SUPPOSE that
a < (ap+ay) -7 tal),

and observe that

7T007T107T2(CL) == 7T007T107Tn+1(a)
= 7 "on"(a)

= 7(a).
Noting that
as + (ap +a1) - 7 H(ag +ay) + (ag + a1) - 7 H(az) = 1,
it follows that m = 7 o m; o ms. 4

Now suppose that @ € G. Clearly, there is a partition of unity into three m-
invariant pieces on which cg+cy, co+ ¢, and ¢q + ¢y are doubly recurrent, respectively,

and the proposition follows. -

Remark 8.15. The hypotheses of Proposition 8.11 fall well short of those of Theorem
5.8. However, Bergmanocity nevertheless ensures that if every element of GG is the
composition of finitely many involutions, then there is a bound on the number of

involutions necessary.

In particular, Proposition 8.11 implies that a wide variety of Boolean algebras

have strongly Bergman automorphism groups:
Corollary 8.16. The following groups are strongly 16-Bergman:

1. The group of permutations of an infinite set.
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2. The group of Borel automorphisms of an infinite Polish space.

3. The group of automorphisms of a Boolean algebra of the form

A = ]2,

where each Ay, is an infinite weakly homogeneous complete Boolean algebra.

Proof. It is straightforward to see that any aperiodic smooth automorphism acts
paradoxically, so we just need to check that each of these algebras admits such an
automorphism. This is straightforward for (1) and (2), so only (3) remains.

Clearly, it is enough to show that each infinite weakly homogeneous complete
Boolean algebra 2 admits an aperiodic smooth automorphism. If 21 has an atom,
then weak homogeneity ensures that 2 is purely atomic, and completeness ensures
that 2 is isomorphic to the power set algebra. As 2l is infinite, it must be the power
set algebra of an infinite set, and it follows that any aperiodic permutation of the
atoms of 2 induces the desired smooth aperiodic automorphism.

We are left with the case that 2 is atomless. By a theorem of Koppelberg and
Solovay (see Theorem 4.1 of Rubin-Stépanek [66]), A is of the form B*, where B is
a homogeneous complete Boolean algebra. So it is enough to show that 8 admits a
smooth aperiodic automorphism. As 2l is atomless, so too is B. It then that follows

that there is a partition of unity (b,), ., and isomorphisms m, : B;, — B, ,,, thus
T = H bn o n+1
nez

is the desired smooth aperiodic automorphism of 8. -

Remark 8.17. It follows from Corollary 8.16 and Maharam’s Theorem that the au-
tomorphism group of every atomless semi-finite complete measure algebra is strongly

16-Bergman.

There are circumstances under which the observations we have made thus far
yield a simple algebraic characterization of the existence of an invariant probability

measure. Suppose F is a countable Borel equivalence relation on a Polish space X.
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By Feldman-Moore [36], there is a countable group I' of Borel automorphisms of X

whose associated orbit equivalence relation,
vBlys Iyel (v-a=y)

is . The full group of E is the group [E] of Borel automorphisms of X whose graphs
are contained in E. This group can be identified with the full group of I', when I is

viewed as acting on the algebra of Borel subsets of X.

Theorem 8.18. Suppose that E is an aperiodic countable Borel equivalence relation
on a Polish space. Then [E] has the weak Bergman property, and exactly one of the
following holds:

1. E admits an invariant Borel probability measure.
2. [E] is strongly Bergman.
Moreover, if (2) holds then [E] is strongly 16-Bergman.

Proof. Let I' be a countable group of Borel automorphisms such that £ = Ef.
By a result of Becker-Kechris [6] which itself hinges on a theorem of Nadkarni [61],
a countable Borel equivalence relation E admits an invariant probability measure
exactly when the action of I' is not paradoxical. The theorem now follows from

Proposition 8.6, Theorem 7.16, and Proposition 8.11. -

9 Normal subgroups

In this section, we study the normal subgroup structure of full groups. We begin
with a new proof of Shortt’s [73] theorem characterizing the normal subgroups of the
group of Borel automorphisms of an uncountable Polish space. We then move on to
show a version of Theorem 3818 of Fremlin [39], which describes the normal subgroups
of a full group in terms of invariant ideals on the underlying algebra. Fremlin’s result
only goes through for actions with no partial transversals, which automatically rules

out many of the full groups in which we are interested, such as the full group of a
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countable Borel equivalence relation. Our version of the result goes through for an
arbitrary aperiodic action, although its conclusion is (necessarily) a bit weaker than
that of Fremlin’s theorem.

We begin with the new proof of Shortt’s theorem:

Theorem 9.1 (Shortt). The group of Borel automorphisms of an uncountable Polish
space has exactly three proper normal subgroups: the automorphisms of finite support
and even cycle type, the automorphisms of finite support, and the automorphisms of

countable support.

Proof (Fremlin-Miller). Suppose that N is a proper normal subgroup of the
group of all Borel automorphisms. We will begin with the case that every element
of N has countable support. Fix a countably infinite set S = {x,},en of elements
of X, and note that each Borel automorphism f € N for which f(S) = S induces a
permutation of the z,’s, and therefore a permutation 7, of the naturals which index
them. As there is a Borel isomorphism between any two countably infinite Borel

subsets of X, it follows that
N' ={ry: f € Nand f(S) =S}

does not depend on the choice of S. As N is normal in the group of all Borel
automorphisms, it follows that N’ is normal in S,,. As the only proper normal
subgroups of S, are the group of permutations of finite support and even cycle type
and the group of permutations of finite support, it follows that N must be one of the
groups mentioned in the statement of the theorem.

Now, fix a Borel automorphism f : X — X with uncountable support. It only
remains to check that the normal closure of f is necessarily the group of all Borel

automorphisms of X. For this, we will need the following lemma:

Lemma 9.2. There is a Borel automorphism g : X — X such that the commutator

[f,g] is an involution with uncountable, co-uncountable support.

Proof. For each n € NU {o0}, define X,, C X by

Xy ={re X :|lal] = n},
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and set X>4 = X \ (X3 U X3). The proof now breaks into three cases:

1. X5 is uncountable: We will build a copy of Figure 1.23. Find a Borel transversal
B C X, of B¢, find a Borel set B’ C B such that both B and B\ B’ are
uncountable, find a partition of B’ into uncountable Borel sets By, By C B/,

put Boir1 = f(By;) for i € {0,1}, find a Borel automorphism h : By — Bs, and

put
:{ h(z) if z € By,
g(x) = 1 h=Y(x) if x € By,
. =z otherwise.

Setting X/ = [B']y, it follows that the Eé§g>—class of every z € X/ consists of

® L ®
d

(E) —— (@)

Figure 1.23: The action of f,g: X — X on XJ.

exactly one point from each B;. Letting x; denote this element, it is clear that

fllzlir.g) = (xo 1) (22 23) and g|[x](sg) = (v0 22),

thus

[foalllzlirg = [(wo 1) (22 @3), (20 22)]
(xo x1) (w2 23) (20 T2) © (T 1) (22 3)(T0 T2)
= (z3 72 11 w0)(T3 T2 71 T0)
(o @2) (21 w3),
hence [f, g] is an involution with uncountable, co-uncountable support.
2. X3 is uncountable: We will build a copy of Figure 1.24. Find a Borel transversal
B C X3 of Ea{;’, find a partition of B into uncountable Borel sets By, Bs, put

B3z‘+j = fj(B:)n'),
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for i € {0,1} and j € {1,2}, find a Borel isomorphism h : By — Bj, and put

:{ h(z) if z € By,
g9(z) :{ h~l(z) if x € Bs,
(

x otherwise.

Setting X4 = [B]y, it follows that the Efjﬁm—class of every x € X/ consists of

T
@) —— @ —— @

J

By —— G ——
\/

Figure 1.24: The action of f,g: X — X on XJ.

exactly one point from each B;. Letting x; denote this element, it is clear that

flz]ir.9) = (2o 1 22) (23 24 25) and g|[x](rg) = (T0 73),

thus

L olllz)irgy = [(@o 21 22) (25 24 25), (20 73)]

(2o 1 22)(x3 T4 T5) (20 3) © (T3 1 X0) (25 T4 x3)(T0 T3)
= (xo x4 T5 T3 Ty X2)(T5 T4 T3 T2 T1 Tp)

(o @3)(21 24),

hence [f, g is an involution with uncountable, co-uncountable support.

. X5, is uncountable: We will build a copy of Figure 1.25. Find a Borel maximal
f<3-discrete section B C X>,4, find an uncountable, co-uncountable Borel set

By C B, put B; = fi(B) for i € {1,2,3}, and define
I{ f*(x) if x € By,
g(2)={ f2@) ifze By

'( x otherwise.
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Figure 1.25: The action of g on an orbit of f.

Noting that

fPofYx) if f7l(x) € By,
fogofHz) = { f2o f7N(x) if f7N(x) € By,
L ) otherwise
(

x) ifx e By,
{fQ(a: if z € Bs,

x otherwise,
it follows that

2() 1fxEBQUBl7
[f.9)(x) = (fogo f)og ' (x) I{ f2(x) if x € ByU Bs,

L =z otherwise,

hence [f, g is an involution with uncountable, co-uncountable support.

As one of X5, X3, and X, is uncountable, this completes the proof of the lemma.

Next, note that any two Borel involutions with uncountable, co-uncountable sup-
port are conjugate, since any Borel isomorphism between transversals can be easily
extended to the desired conjugacy. In particular, it follows that if ¢ is as above and
1 : X — X is any Borel involution with uncountable, co-uncountable support, then

there is a Borel automorphism h : X — X such that

i=ho[f,gloh™ =(hofoh )o((hog)of to(hog)™),

thus 4 is the composition of a conjugate of f and a conjugate of f~1.
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As it is easy to see that every Borel involution is a composition of two Borel
involutions which have uncountable, co-uncountable support, it follows from Theorem
5.8 that every Borel automorphism is a composition of twelve conjugates of f*!, thus

the normal closure of f contains every Borel automorphism. -

Remark 9.3. It is not hard to modify the proof of Theorem 9.1 so as to see that
if f: X — X has uncountable support, then every Borel automorphism of X is a
composition of six conjugates of f*'. To see this, it is enough to check that every
Borel automorphism is a composition of three Borel involutions with uncountable,
co-uncountable support. This follows from a fairly straightforward modification of
the proof of Theorem 5.8. (The main observation here is that if i : X — X a non-
crossing covering Borel involution then, by removing all of the arcs associated with
1 which have no arcs below them, we obtain a non-crossing covering involution with

uncountably many fixed-points.)

Remark 9.4. With a little more work, we can show that if f : X — X has uncount-
able support, then every Borel automorphism of X is a composition of four conjugates
of f¥1. To see this, partition X into two uncountable f-invariant Borel sets, one on
which f is smooth and one on which f is aperiodic. On the smooth part, we can
repeat the argument we have provided thus far, noting that by Proposition 4.1, the
restriction of f to this piece is the composition of two involutions. To handle the
aperiodic part, note that the proof of Lemma 9.2 can be modified so as to show that
there is a Borel automorphism ¢ : X — X such that the commutator [f, g is of strict
period 3 and has uncountable, co-uncountable support. Once this has been accom-
plished, it only remains to observe that by the proof of Theorem 7.14, every aperiodic
Borel automorphism is the composition of two automorphisms of strict period 3 which

have uncountable, co-uncountable support.

Remark 9.5. As noted in Moran [60], four is best possible. For if zg,xq, 2o are
distinct elements of an infinite set X, then (zo x1 x2) is not the composition of three

fixed-point free involutions of X.

Now it is time to move on to the main result of this section. Suppose that 2 is a
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r-complete Boolean algebra and G is a k-full group of automorphisms of 2. Ideally,

we would like to show that every normal subgroup of G is of the form

N ={r € G : supp(n) € 7},

where .# is a G-invariant ideal on (. In the special case that 2 is a complete Boolean
algebra and the action of G admits no non-trivial partial transversals, this is the exact
content of Theorem 381S of Fremlin [39]. Unfortunately, the requirement that the
action of G admits no non-trivial partial transversals automatically excludes purely
atomic Boolean algebras. In particular, this theorem tells us nothing about subgroups
of the group of Borel automorphisms of a Polish space.

Worse still, in all but the most trivial of cases, the existence of a partial G-
transversal gives rise to normal subgroups of G which are not of the desired form. In
order to get around this problem, we will seek only to characterize the elements of

N < G whose supports are in some sense large. Define
Goo ={m € G:3II' <G (IT'] < k and supp(n) is [-aperiodic)},

and for each N <G, let .Zy be the G-invariant ideal which is generated by the supports
of elements of G, N V.

Theorem 9.6. Suppose that U is a k-complete Boolean algebra, G is a k-full group

of automorphisms of 2 that admit maximal discrete sections, and N I G. Then
{m € G :supp(m) € Iy} <N,
thus Go NN = {m € G : supp(m) € FAn}.

Proof. We will begin with a series of observations that, in the spirit of the proof

of Theorem 9.1, will reduce the theorem to a question about involutions.

Lemma 9.7. Suppose that 2 is a k-complete Boolean algebra, I' is a group of car-
dinality strictly less than k which acts on A by automorphisms that admit maximal
discrete sections, and ¢ € [I'] has I'-aperiodic support. Then there are involutions

to, 11 € [I'] such that

supp(y) < supp([, to]) + supp(u1 o @, o] 0 17 '),
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and [, to] is an involution with T'-aperiodic support.

Proof. For each n > 1, we will use
af = ) supp(p') —supp(p")
1<i<n
to denote the period n part of p, and we will use
af, = ][] supp(¢")
n>1

to denote the aperiodic part of ¢.
We will begin by defining involutions on %Ay = Asg, Ay =Asye, and Ay = Q[ai43

1. On 2y: We will build a copy of Figure 1.26. Fix a ¢-transversal ¢y € 2y, and
note that by the first half of the proof of Proposition 6.7, there is an involution
Lo € [I'] such that supp(t2) < ¢o and

Co — SUPP(Q)

. . . . . : 2
is a partial I'-transversal. Fix a maximal ¢o-discrete section c(()o)7 set

2 ; 2
Cﬁ-;ﬁ =¢’o LS(C((JO))a

for 0 < j,k <1, and note that

2) ¢ 2 2 2 2 2
by = (C((JO) = Cél)) and ¢ = (Cgo) a Cgo))(cm = ci1),

thus

[90, L2] =

(

= (bt & D) L D) (cly) 2 i))?
(
(

ch T ) B ) T )’
(

2 2 0120 2
N(ely) 22222, ).

It follows that [p, t5] is an involution and

supp([p, ta]) = b + ey + iy + ¢
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@) —— @
B e
4

@) —— @)

Figure 1.26: The action of ¢, 15 on the cgk)’s

Also, it will be important later to note that

aj —supp(t»)
is the sum of the two partial I'-transversals ¢y — supp(z2) and ¢(ce — supp(t2)).

. On A3: We will build a copy of Figure 1.27. Let c3 be a transversal of the action
of ¢ on A3, and note that by the first half of the proof of Proposition 6.7, there

is an involution ¢3 € [I'] such that supp(i3) < ¢3 and

¢z — supp(ts)

. . . . . . 3
is a partial ['-transversal. Fix a maximal ¢3-discrete section c(()o), set

(3) 3 ))

_90 ot (Coo

for 0 < j <2,0 <k <1, and note that

3 3 3 3 3
l3 = (C(()o) = 001 ) and ¢ = (C(()o) - Cgo) - cgo))(c(()) 5 C§1) 5 cgl)>7
thus
3) 3 3 3 3 3) 13 (3
pos] = (el D el S (et L Y B D) (el 2 o))

-1 —1 -1 -1
<&f~é®&ﬂﬁwﬁiﬁﬁulwﬁw@ﬂé%
SR BN PR

3) Loy 3) ot (3) ¢t (3) ¢ ltou 3) 1 (3
(Céo 2 Cgl) E Cgl) E Cél) B Cgo) B Cgo))
3) ¢ 3 oL30 3
( 60 > 001 )(Cgo) % 051))'
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It follows that [p, ¢3] is an involution and

3 3 3 3
supp([p, t3]) = C(()o) + C(()l) + Cgo) + Cgl)

It will later be important to note that a§ —supp(t3) is the sum of cg%) + cg?i) and

the three partial ['-transversals of the form

¢i(C3 - SUPP(L?,)),

with 7 € {0,1,2}.

—_— —_—

;

@ — @ —— &
\‘/

Figure 1.27: The action of ¢, t3 on the cﬁ)’s.

3. On 2A4: We will build a copy of Figure 1.28. Fix a maximal ¢=3-discrete section
Ve Uy, set Y = ¢'(cq) for i € {1,2,3}, and define

la = (C(()4) £, 054))-
Noting that o 14 0 o=t = (p(ci?) £, () = (Y &, M), it follows that
i) = (e £ ) (el 5 of),
thus [p, 4] is an involution and

supp([e, t4]) = 684) + 0(14) + 054) + c§4).

Let ¢ € [I'] be the involution which agrees with ¢, on 2y, for k € {2,3,4}. It only

remains to find an involution ¢; € [I'] which sends

a = (af — supp([p, ta])) + (af — supp([p, 13])) + (a4 — supp([i, a]))
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Figure 1.28: The action of ¢4 on a ¢-orbit of 2>, in the purely atomic case.

into
b = supp([p, t2]) + supp([¢p, 13]) + supp([g, t>4]).
As supp(yp) is I'-aperiodic, so too is

c= c(()%) + c(()?(’]) + 084).

By the proof of Proposition 6.12, there is an involution " € [I'] which sends
d= 3 ¢'(ca—supp(a)) + Y ¢'(cs —supp(es))
0<i<1 0<i<2
into c. It follows that
n=(c5ad) T 2 ) T () 25 dl)
1<i<2 1<i<3

is as desired. B

It now follows that if supp(w) € Zy, then 7 is contained in a group I' < G of
cardinality strictly less than x which also contains finitely many involutions in N with
[-aperiodic supports which cover the support of 7. By Theorem 5.8, 7 is itself the
composition of three involutions whose supports are below the support of 7. So it

only remains to prove the following:

Lemma 9.8. Suppose that A is a k-complete Boolean algebra, I is a group of car-
dinality strictly less than k which acts on A by automorphisms that admit maximal
discrete sections, N <[], v € [I'] is an involution, and there are finitely many invo-

lutions v, € N with I'-aperiodic support such that
supp(e) < D supp(u)-
i

Then v € N.
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Proof. For each involution ' € [I'], put
e(t, ) => {aeU: A, =|A} =1 —supp( o).
We claim that, by expanding the list of +4’s, we can ensure that
supp(t) < Z Lylg)-
To see this, it is enough to observe the following:

Sublemma 9.9. Suppose that A is a k-complete Boolean algebra, I' is a group of
cardinality strictly less than k which acts on A by automorphisms that admit maz-
imal discrete sections, and 1,/ € [I'] are involutions. Then there are conjugates

Loy Uy thy Uy € [I] of O/ such that

supp(¢) - supp(e Z LyLy)
3

Proof. Let ag,a; € 2 be a partition of supp(¢) into maximal ¢-discrete sections,
and let af,a] € A be a partition of supp(//) into maximal ¢/-discrete sections. Set

aj, = a; - aj,, noting that
supp(¢) - supp(t') < ajp.
Setting
Lk = (lage) = (),
it follows that for all a < aj,

tiwol oupla) = txod(a)

= 1o/ oi(a)
~ i)

thus

/
ajr < e(t, k0l 0uj),

hence the involutions of the form ¢;;, 0 v/ 0 ¢, are as desired. .
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When a € 2 is m-invariant, we will use
mla=a " a
to denote the automorphism of 2l which is supported by a and agrees with 7 on ,.

Sublemma 9.10. Suppose that A is a k-complete Boolean algebra, I is a group of
cardinality strictly less than k which acts on A by automorphisms that admit maximal
discrete sections, N <[], t € N is an involution with T'-aperiodic support, and a € 2

is t-invariant. Then tla € N.
Proof. Of course, we may assume a < supp(m). There are essentially two cases:

1. a is I'-periodic: Let b be a maximal (-discrete section, note that b — a is I'-
aperiodic, and apply Proposition 6.7 to find an involution ¢ € [I'] such that

supp(¢) = b — a. Let byy be a maximal p-discrete section, put
bjx = ¢/ 0 " (boo),
for 0 < j,k <1, and note that

L|(IL — a) = (boo L> bl())(b()l L> b11) and Y = (boo i> b01)~

L
-~

e

Figure 1.29: The action of ¢, v, % on 2A;_,.

Set 1 = (boo SN b11), and observe that

poLo 80_1|(]1 - CL) = (boo Zs bm)(boo - blo)(bm = 511)(500 RS 501)

= (boo =5 byy)(bo1 =2 byp),
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and

Yoro (1 —a) = (boo — bu1)(boo = bio)(bor = b11)(boo — bu1)

= (boo i bo1) (b1o e, bi1),
thus

(porop™o(oroy™ (T —a) = (bo = bu)(bor = bio)

(bOO & 501)(510 ﬂ) bll)

= (bOO L) blO)(b01 L> bll)
- L‘(ﬂ - a)?

and it follows that to (porop o (Ypororp™) = ia.

. a is ['-aperiodic: Let b be a maximal (-discrete section, note that a - b is I'-
aperiodic, and apply Proposition 6.7 to find an involution ¢ € [I'] such that

supp(¢) = a - b. Let byy be a maximal ¢-discrete section, put
bjk = ¢/ 0 " (boo),
for 0 < 7,k <1, and note that

L‘CL = (boo — blo)(bm - bn) and ¢ = (boo L 501)-

@ —— ®
1
(o) ~— ()

Figure 1.30: The action of ¢, v, % on 2.

Set ¢ = (bgo —% by1), and observe that

(bOO & bOl)(bOO - blO)(b01 = bll)(bOO i) bOl)

= (bOO _Liﬂ bll)(b01 _Li@_) blO)7

worop ta
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and
poroa = (boo == bi1)(boo = bio)(bor = b11)(boo = b1z)
= (boo = bo1)(bro == buy),
thus

(porop™o(oroy™la = (b = bir)(bor = bio)

(boo 2> bo1) (bro =225 byy)

= (boo = blo)(bm = bn)

= ila,
and it follows that (¢ orop ) o (Yororp™) =la.

For the general case, simply note that ¢|a is the product of ¢|al  and ¢|(1 —al), and

that these automorphisms are in N by the above arguments. =

To complete the proof of the lemma, and thus the theorem, put
ag = e(t, L) — Z e(L, L),
I<k

and observe that ¢ is the product of the automorphisms of the form ¢x|ay. .

10 Closed normal subgroups

In this section, we use Theorem 9.6 to completely characterize the normal sub-
groups of a full group which satisfy a certain closure condition. We then use this to
give a new proof of Bezuglyi-Golodets’s [11] characterization of closed normal sub-
groups of full groups of probability algebras. We also give a version of this theorem
for the group of Borel automorphisms of an uncountable Polish space, when equipped
with the uniform topology of Bezuglyi-Dooley-Kwiatkowski [9].

Suppose that 2 is a k-complete Boolean algebra. A sequence (), . of automor-

phisms of A discretely converges to m if for densely many a € 2,

V*n € N (m,(a) = 7(a)).
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When 2 is purely atomic, this simply means that for each atom a € 2, the value of
mn(a) eventually settles down to m(a). A set o C Aut(l) is discretely o-closed if the

limit of every discretely convergent sequence in &% is also in 7.

Theorem 10.1. Suppose that A is a k-complete Boolean algebra, G is a k-full group
of automorphisms of A that admit maximal discrete sections, and G has a subgroup
of cardinality strictly less than k that acts aperiodically. Then the discretely o-closed

normal subgroups of G are exactly the groups of the form

N ={m € G : supp(n) € &},
where % is a G-invariant o-ideal on 2.

Proof. First note that if . is a G-invariant o-ideal on 2, then

N = {7 € G :supp(m) € &}

is clearly a normal subgroup of G. Moreover, if (m,), .\ is a sequence of elements of
N which discretely converges to 7, then
supp(m) < D supp(my),
neN
thus 7 € N, and it follows that N is discretely o-closed.
It remains to show that if N <G and .# is the G-invariant o-ideal generated by
the supports of elements of N, then

N = {r € G : supp(n) € #}.
For this, we will need the following lemma:

Lemma 10.2. Suppose that ¢ € N. Then there ezxists 1 € N with supp(p) < supp(m)
and an aperiodic group I' < G of cardinality strictly less than k which contains ¢ and

7w and for which © has I'-aperiodic support.

Proof. Let I'" be a subgroup of GG of cardinality strictly less than x that acts

aperiodically and contains . Let a be the I'-saturation of the I'-periodic part of
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supp(¢). As the action of I" on 2 is aperiodic, it follows that there is an involution

¢ € [I'] such that supp(t) < a and

t(a - supp(p)) < a — supp(p).

Setting my = [¢, (], it follows that

a - supp(yp) < supp(m) < a,

and supp(mp) is I'-periodic.
Let (t,),,cn be a sequence of involutions with supports in 2, such that the sections

of the form ¢, (supp(m)) are pairwise disjoint, and define
T =@o(omou')o-o(omor,’).

It is clear that (m,), ., is a sequence of elements of N which is discretely convergent

to an automorphism 7 € [I'] with [-aperiodic support, thus 7 € N. As

supp(y) < supp(7),
the lemma follows. .

It follows from Theorem 9.6 that
N ={r € G :supp(n) € In},

so it only remains to check that .#y is a o-ideal. That is, we must check that if

T, 71, ... € N and

supp(m) < > supp(m,),
neN

then supp(m) € N.
By Lemma 10.2, we may assume that each supp(m,) is I'-aperiodic. Let ¢g be an

involution which has the same support as m, and recursively find ¢, 1 such that

supp(tnt1) < supp(mpg1) — Y supp(im),

m<n
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and

(SUPP(WR-H) - > Supp(bm)> — supp(tn1)

m<n

is a partial [-transversal. Setting

Pn =10 O "0 ln,

it is clear that the ¢,’s are discretely convergent to an involution ¢ € N, and that
> supp(m,) — supp(:)
neN
is a partial I-transversal. It follows that there is an involution ¢/ € [I'] such that
> supp(m,) < supp(e) 4 supp(t oo t'),
nez

thus supp(m) € Hy. .

Corollary 10.3. Suppose that 2 is a complete Boolean algebra which satisfies the
countable chain condition and G is a full subgroup of Aut(2) which acts aperiodically.

Then the discretely o-closed normal subgroups of G are exactly the groups of the form
N ={r € G :supp(n) < a},
where a 1s a G-invariant element of 2.

Proof. Simply note that every o-ideal on 2 is of the form .# = 2, for some

a € 2, and apply Theorem 10.1. =

We will say that a measure algebra (2, 1) is a probability algebra if p is a proba-
bility measure. Note that every probability algebra necessarily satisfies the countable
chain condition, and is therefore complete. Associated with (2, ) is the uniform

topology on Aut(2l), which is generated by the metric

d(p, 1) = p(supp(p o ™).

We now are ready for our new proof of a theorem a theorem of Bezuglyi-Golodets
[11], which itself generalizes the special case when I" acts by measure-preserving au-

tomorphisms, due to Dye [27].
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Theorem 10.4 (Bezuglyi-Golodets). Suppose that (2, i) is a probability algebra
and G is a full group which acts aperiodically on A by automorphisms. Then the
normal subgroups of G which are closed in the uniform topology are exactly the groups
of the form

N = {r € G :supp(n) < a},

where a € A is I'-invariant.

Proof (Miller). Noting that any discretely convergent sequence is necessarily
convergent in the uniform topology, it follows from Corollary 10.3 that every normal

subgroup is of the desired form. It only remains to check that each group of the form
N = {m € G :supp(m) < a}

is closed in the uniform topology, or equivalently, that its complement is open. To see
this, note that if 7 € N, then € = u(supp(7) — a) is positive, and the e-ball centered
at m avoids V. -

Let % be the o-complete Boolean algebra of Borel subsets of an uncountable Polish
space X, and let P(X) denote the standard Borel space of probability measures on
X. In Bezuglyi-Dooley-Kwiatkowski [9], the uniform topology on Aut(Z) is defined
as the topology which is generated by the basic open sets of the form

U(o,hos - - i €) = {1 € Aut(2) : Vi < (pi(supp(p o v™")) <€)},

where ¢ € Aut(%), po,...,n € P(X), and € > 0. We will close this section by
proving an analog of Theorem 10.4 for the group of Borel automorphisms of X,
equipped with the uniform topology. Given a group G of Borel automorphisms and

a set M C P(X), we will say that M is G-invariant if
Y e M (g € M).
Let NULL,, denote the ideal of null Borel subsets of X, and for M C P(X), put

NULLy, = ﬂ NULL,,.

pneM
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Theorem 10.5. Suppose that G is a o-full group of automorphisms of B which
contains a countable aperiodic subgroup. Then the uniformly closed normal subgroups

of G are exactly those of the form
N ={m € G : supp(m) € NULL,,},
where M C P(X) is G-invariant.

Proof. First, we must check that all subsets of GG of the desired form are uniformly

closed normal subgroups. Suppose that M C P(X), and set
N = {m € G :supp(m) € NULLy}.
Clearly id € Nand m € N = 7! € N. As

supp(p o ¢) < supp(g) + supp(v),

it follows that N is a subgroup of G. As

supp( o w0 1~ 1) = Y (supp()),

it follows that if M is G-invariant, then N is a normal subgroup of G. To see that N
is uniformly closed, note that if 7 € N then there exists a probability measure u € M
such that

p(supp(m)) > e,

for some € > 0. Noting that if ¢ € N then

p(supp(m) — supp(p)) > ¢,

it follows that pu(supp(m o p™!)) > €, thus % (m, i, €) is an open neighborhood of 7
which avoids N.

It remains to check that every uniformly closed N < G is of the desired form. As
every discretely convergent sequence is uniformly convergent, it follows from Theorem

10.1 that there is a G-invariant o-ideal .# on 4 such that

N = {7 € G : supp(n) € }.
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Let M C P(X) be the set of all probability measures p on X for which .# C NULL,,.
It is clear that M is G-invariant and .# C NULL,,.

Now suppose, towards a contradiction, that there exists m € G \ N such that
supp(m) € NULLy,.
As N is uniformly closed, there exist py,...,u, € P(X) and € > 0 such that
U (T, 11y -y o, €) NN = 0.

Put by = O, and given ¢ < n and b; € Z, find b;,1 € % which is of maximal ;-
measure with the property that b; < b7 and b, ; € £ Set b = b,, and for each
1 <i < n with ;(b) < 1, let v; be the relative probability measure

vi(a) = pi(a = b)/pi(L = b).
Immediately we obtain the following:
Lemma 10.6. For all 1 <i <n, either pu;(b) =1 orv; € M.
As b € £ and £ is G-invariant, it follows that [b], € .#, so the automorphism
¢ =7l|[b]x

is in N. Noting that for all 1 <7 < n,

pi(supp(m 0 ™) — b)

p1i(supp(m o 1))

IA

pi((supp(7) + supp(y)) — b)

IA

pi(supp(m) — b) + pi(supp(p) — b)
0,

thus ¢ € % (m, p1, - - ., pin, €), we now have the desired contradiction. .
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Chapter 2

Some classification problems

1 Introduction

In this chapter, we modify techniques of Shelah-Weiss [72], Harrington-Kechris-
Louveau [44], and Dougherty-Jackson-Kechris [24] so as to produce a variety of new
descriptive set-theoretic classification results. We focus on three basic topics: order-
preserving embeddings of Borel functions, betweenness-preserving embeddability of
Borel forests of lines, and G-action embeddings of group actions on quotient spaces
of the form X/FE, where X is a Polish space and E is a countable Borel equivalence
relation on X.

Associated with each Borel function f : X — X is a Borel equivalence relation

Ei(f) and a Borel assignment of partial ordering <; to each E;(f)-class, given by
zE(f)y < ImneN (f"(z) = f"(y) and z <py < In >0 (f"(x) =y).

Given Borel functions f: X — X and ¢ : Y — Y, an order-preserving embedding of

f into ¢ is a Borel injection 7 : X — Y such that for all z,2’ € X,
cE(f)2' < m(x)Eg)m(a’) and © <; 2’ & w(x) <, w(2’).

The odometer is the isometry of 2V which adds 1 to the 0*® digit of =, and then carries
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right. More precisely, it is given by

[ or1y it 2 = 170y,
o(x) =
0° if x = 1.

In §2, we show the following:

Theorem. Suppose that X is a Polish space and f : X — X is a Borel function.
Then exactly one of the following holds:

1. X can be partitioned into countably many Borel <;-antichains.
2. There is an order-preserving Borel embedding of the odometer into f.

This generalizes the result of Shelah-Weiss [72] and strengthens special cases of
Harrington-Kechris-Louveau [44] and Kanovei [50].

Suppose that f : X — X is a Borel automorphism and A C X is Borel. We say
that A is a complete section for f if it intersects every orbit of f, and that A is doubly
recurrent for f if for all x € A, there exists m < 0 < n such that f™(x), f"(z) € A.
Associated with any such set A C X is the induced automorphism of A,

fala) = f*(z),

where n(x) is the least natural number n for which f"(z) € A. Two Borel automor-
phisms f: X — X and g : Y — Y are descriptive Kakutani equivalent if there are
doubly recurrent Borel complete sections A C X and B C Y and a Borel isomor-
phism of f4 and gg. This notion was introduced by Nadkarni [61], who asked if any
two Borel automorphisms of finite rank are descriptive Kakutani equivalent. This is
the analog of the measure-theoretic notion of Kakutani [49], who originally conjec-
tured that in the measure-theoretic context, all automorphisms should be Kakutani
equivalent (this later turned out to be false).

The results of §3 are joint with Christian Rosendal. We strengthen the argument of
Dougherty-Jackson-Kechris [24] so as to show that every Borel automorphism order-

preservingly embeds into the odometer. This leads to the following:
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Theorem (Miller-Rosendal). Suppose that X is a Polish space and f,g : X —
X are non-smooth aperiodic Borel automorphisms of X. Then f,g are descriptive

Kakutani equivalent.

In particular, this answers Nadkarni’s [61] question and provides a positive an-
swer to the descriptive version of Kakutani’s original conjecture. Actually, our proof
gives a somewhat stronger result, and we show that further strengthenings of it are
impeded by the complexities which arise in the measure-theoretic context. Christian
Rosendal has noted that our result also gives the corresponding result for Borel R-
flows. We close the section with an answer to a related question of Louveau. We use
the argument of Eigen-Hajian-Weiss [31] to show that any collection of non-smooth
Borel automorphisms which are minimal for the relation of Borel conjugacy must be
of size continuum.

A Borel forest of lines is a Borel forest . C X2 whose connected components are
trees of vertex degree 2. Clearly, if f: X — X is an aperiodic Borel automorphism,
then graph(f)Ugraph(f~!) is Borel forest of lines. However, Scot Adams has pointed
out there are Borel forests of lines which are not of this form. We term such forests
undirectable.

Although there is no notion of order-preserving embedding for Borel forests of
lines, there is something very close — a betweenness-preserving embedding. In §4,
we produce a combinatorially simple undirectable line %, by weaving together pairs
of orbits of the odometer. We then alter the combinatorics of the Shelah-Weiss [72]
argument so as to show that %} is the minimal undirectable Borel forest of lines. We
then apply this result to the study of 2-regular Borel marriage problems. We obtain a
new proof of Laczkovich’s [59] result that there is a 2-regular Borel marriage problem
with a solution but no universally measurable solution. A corollary of our result
for £, is that every 2-regular Borel marriage problem with a universally measurable
solution has a Borel solution. We also use this result to obtain a positive answer to a
question of Klopotowski-Nadkarni-Sarbadhikari-Srivastava [58], which deals with the
connection between definable solutions to Borel marriage problems and the existence

of certain sorts of ergodic probability measures.
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In §5, we define the corresponding notion of Kakutani equivalence for Borel forests
of lines, and modify the Dougherty-Jackson-Kechris [24] argument once more so as to
show that any two undirectable Borel forests of lines are Kakutani equivalent (again,

this is joint with Christian Rosendal). In particular, this leads to the following:

Theorem (Miller-Rosendal). Up to Kakutani equivalence, there are exactly three
Borel forests of lines on Polish spaces. In order of betweenness-preserving Borel em-

beddability, these are:

1. Forests which are induced by smooth Borel automorphisms.
2. Forests which are induced by non-smooth Borel automorphisms.

3. Forests which are not induced by Borel automorphisms at all.

Much as one can associate with any non-smooth Borel equivalence relation E the
o-ideal of Borel sets on which F is smooth, one can associate with any undirectable
Borel forest of lines . the o-ideal of Borel sets on which . is directable. We close §5
by showing that these directability ideals are genuinely new, in the sense that no such
ideal is also the smoothness ideal of any Borel equivalence relation. This generalizes
and strengthens a result of Kltopotowski-Nadkarni-Sarbadhikari-Srivastava [58].

In §6, we turn our attention to group actions on quotient spaces of the form X/FE,
where X is Polish and E is a countable Borel equivalence relation. We introduce
a descriptive notion of ergodicity for such actions which has strong strong ties to
the measure-theoretic study of normalizers of full groups (see Connes-Krieger [19],
Bezuglyi-Golodets [12] and [13], Bezuglyi [8], and Feldman-Sutherland-Zimmer [37]).
This study of this notion is partially motivated by the desire to understand the sorts of
actions for which the results of Chapter I do not apply. When the group in question
is cyclic, say I' = (m), then the ergodicity of the action of I' is equivalent to the
inexistence of a maximal m-discrete section.

In §7, we embark upon the task of proving the descriptive analogs of various
results from ergodic theory. We associate with each countable group G an equivalence
relation Ey(G) on Xo(G) = GN and a smooth action of G on X(G) which factors

over the quotient to an ergodic action of G. We then show the following;:
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Theorem. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, and G is a countable group which acts freely and in a Borel fashion

on X/E. Then exactly one of the following holds:
1. The action of G on X/E is not ergodic.

2. There is a continuous embedding of Xo(G) into X which induces a G-action

embedding of Xo(G)/Eo(G) into X/E.

As a corollary, we see that the descriptive notion of ergodicity for an action of G
on X/FE is equivalent to the existence of an E-ergodic probability measure for which

the action of G has a non-singular lifting. From this, we obtain the following:

Theorem. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, G is a countable group which acts ergodically and freely on X/E, L
1s a countable signature, and # is a class of countable L-structures which is closed

under isomorphism. Then the following are equivalent:
1. There is a definable assignment of J# -structures to the orbits of G.
2. There is a right-invariant J¢-structure on G.

As a special case, we obtain the following rigidity theorem:

Theorem. Suppose that X and Y are Polish spaces, EE and F are countable Borel
equivalence relations on X and Y, G and H are countable groups which act freely and

ergodically on X/E and Y/F, and Eq = Ey. Then G = H.

In §8, we describe a special case in which the conclusion of this theorem can be

substantially strengthened:

Theorem. Suppose that X and Y are Polish spaces, EE and F are countable Borel
equivalence relations on X and Y, G and H are countable groups which act freely
and ergodically on X/E and Y/F, Eq = Ey, and these equivalence relations have
hyperfinite liftings. Then G = H and the actions are Borel isomorphic.

For actions of finite groups, this has the following consequence:



117

Theorem. Suppose that X and 'Y are Polish spaces, E and F are hyperfinite Borel
equivalence relations on X and Y, G and H are finite groups which act freely and
ergodically on X/E and Y/F, and Eq = Ey. Then G = H and the actions are Borel

isomorphic.

This answers a question of Bezuglyi.

2 Order-preserving embeddability of o

Suppose that X and Y are Polish spacesand f: X — X and g : Y — Y are Borel

functions. The quasi-ordering induced by f is given by
r<py<IneN(f*(x) =y),
and the tail equivalence relation induced by f is given by
vEy(f)y < Im,n e N (f"(z) = f"(y)).

Note that E,(f) is the transitive closure of the comparability relation of <;.

Figure 2.1: A piece of an Ey( f)-class whose points are <-ascending from left to right.

A reduction of R C X? into S C Y2 is amap 7 : X — Y such that
Ve,2' € X ((z,2") € R < (n(x),n(2") € 9).

An order-preserving embedding of f into g is an injection m : X — Y which is

simultaneously a reduction of E;(f) into E:(g) and a reduction of <y into <,. We
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will use f <4 g to denote the existence of an order-preserving Borel embedding of f

into g. A function f is aperiodic if
Vevn >0 (f"(x) # x).
The notion of order-preserving embeddability is a bit simpler for such functions:

Proposition 2.1. Suppose that X is a Polish space and f: X — X is an aperiodic

Borel function. Then the following are equivalent:
1. m is an order-preserving embedding of f into g.
2. 7 1s a reduction of <j into <,.

Moreover, if [ is injective and g is aperiodic, then these are equivalent to:
3. Ve, o' € X (z <pa’ = m(x) <, (@) and w(x)E(g)m(2") = zE(f)x').

Proof. Clearly (1) = (2) = (3), so it is enough to show (2) = (1) and if f is
injective and g is aperiodic, then (3) = (2).
We will begin with (2) = (1). Suppose that f is aperiodic and 7 is a reduction of
<y into <. To see that 7 is injective, simply note that if 7(x) = m(2’) then
m(x) <g (') < 7(2),

thus z <; 2’ <; z. As f is aperiodic, this implies that z = z'.
It remains to check that 7 is a reduction of E;(f) into Ei(g), i.e.,

Vo, o' € X (zE(f)2' & n(x)E(g)n(2))).
To see (=), suppose that xE;(f)z" and find 2” € X such that z,2" <; 2”. Then
m(x),m(a) <g mw(2”),
thus 7(x)Ey(g)m(z’). To see (<), suppose m(x)Ey(g)m(z') and find n € N such that

m(x), m(z") <, g" o m(x).
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Note that the injectivity of 7 and the aperiodicity of f ensure that
m(w) <y mo f(&) <y -+ <g w0 f'(a),
thus ¢” om(x) <, mo f"(z). It follows that
r(@) <y 70 f'(a),

thus 2/ <; f"(z), hence zE,(f)x'.
It only remains to check (3) = (2). Suppose that f is injective, ¢ is aperiodic,
and m(xz) <, 7(z’). Then n(x)E(g)n(z'), so zE,(f)x’. Now the only way that (2)

can fail is if 2" <; z, but this implies that m(2') <, 7(x), a contradiction. -

A countable Borel equivalence relation E' is smooth if there is a Borel set B which
intersects every FE-class in exactly one point. Such a set is called a transversal of
E. The canonical example of a non-smooth equivalence relation is the equivalence

relation on Cantor space € = 2" given by

rEyy <V €N (z, = yn),
where “V*°” means “for all but finitely many.”
Proposition 2.2. Ej is not smooth.

Proof. Suppose, towards a contradiction, that B is a Borel transversal of FEj.

For each n € N, let i, be the involution of " which flips the n' digit, i.e.,

(
[in ()] = i

1—x, ifk=n,

T otherwise.
As each of these functions sends meager sets to meager sets and the sets of the form
iny © + 0, (B) cover €, B is non-meager. Fix s € 2<N such that B is comeager
in A5, set n = |s|, and observe that B and i,(B) are disjoint sets which are both

comeager in .45, the desired contradiction. -

As in Kanovei [50], we will use <, to denote the following partial ordering of %"

r<py< (x=yorIneN (z, <y, and Vm >n (,, = ym)))-
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We will also use < to denote the similarly defined linear ordering of 2* given by
r<py<e (r=yorIn<k(x,<y,andVn <m <k (z; = Ym)))
Note that if z,y € € agree from their k" digit on, then
z <oy < (z]k) <o (ylk).
The odometer is the isometry of € given by

[ 0r1y it 2 = 170,
o(x) =
0° if z = 1.

Thus the odometer is the map which adds 1 to the 0" digit of z, and then carries
right. Let %, denote the set of non-eventually constant elements of % .

Proposition 2.3. E(c) = (Ey|6y) U (€ \ 60)? and <, = <o U ([1%°]g, X [0%°]g,)-

Proof. We will show that F;(0)|6y, = Ey|%y and <, |6, = <o|%, and the rest

follows easily from the observation that ¢(1%°) = 0%. I claim that for n > 0,
Ve € 6o ({0°(0"%)}icon = {s2}seon and 0® 7 (0"2) = 1"2) .

The proof is by induction on n. The case n = 1 is trivial since o(0z) = o(1z) is clear

from the definition of o. Now suppose the claim has been proven up to n. Then

o (0"z) = coo?1(0"02)
= o(1"0x)
= 0"lz.
It follows that o™ ~1(0""1z) = ¢2"~1(0"1z) = 1"*'z and
{0"(0" )Y iconir = {0°(0"02) }icon U {0 (0™12) }scon
== {80x}8€2n U {81I}S€2n

= {Sx}SGZ”'H )

which completes the proof of the claim.
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It immediately follows that Ey|%y C Ei(0)|%o. To see the reverse inclusion, note
that it is enough to show zEqo™*!(z) for all x € 4, and this follows trivially from the
definition of o.

Now fix z,y € %o. It is clear that z <y o(z), thus = <, y = = <o y. It remains
to check that if x <y y, then z <, y. It already follows from the last paragraph that
xEy(0)y, so the only way this can fail is if y <, z. But it follows from our previous

observation that this implies y < x, a contradiction. -
An antichain for a partial order < is a set of pairwise <-incomparable elements.
The goal of this section is to prove the following:

Theorem 2.4. Suppose that X is a Polish space and f : X — X is a Borel function.
Then exactly one of the following holds:

1. X can be partitioned into countably many Borel <;-antichains.

2. There is an order-preserving Borel embedding of the odometer into f.

We will actually show the version of Theorem 2.4 in which (2) is replaced with,
“<( continuously embeds into <;,” but this is clearly sufficient by the above remarks.
Before getting to the proof, we will briefly discuss how Theorem 2.4 sits in relation
to similar known results. The main ingredient of Shelah-Weiss [72] is the special case
of Theorem 2.4 in which f is a Borel automorphism. Actually, in their proof (1) is

replaced with the statement, “F;(f) is smooth,” but these are equivalent:

Proposition 2.5. Suppose that X is a Polish space and f : X — X is a Borel
automorphism. Then X can be partitioned into countably many Borel <g-antichains

& Ey(f) is smooth.
Proof. To see (=), suppose A,, are Borel antichains which partition X, let
Y]y ={reX:dyeY (xE(f)y)}
denote the Fy(f)-saturation of Y C X, set

B, = An\ U [Am]fa

m<n
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and note that B = ,, B, is a Borel transversal of E;(f).
To see (<), suppose that B is a Borel transversal of Ey(f), let (k,), .y be an

enumeration of Z, and observe that the sets of the form
for n € Z, give the desired partition X into Borel <-antichains. -

If f is many-to-one, however, then these conditions are not equivalent:

Example 2.6. Consider the shift on
[ZN ={xeZN:VneN (z, < 1,1)},
given by s((Zn),cn) = (Tn+1)pen- 1t is clear that
Xp={rvecZ]" zy=k}

partitions [Z]Y into countably many Borel < -antichains. On the other hand, E;(s) is
not smooth. To see this, note that Ej reduces into F;(s) via the injection 7({(xy),,cn) =
(Tn +2n), oy Now suppose, towards a contradiction, that B is a Borel transversal
of Ei(s). Tt immediately follows that 7—!(B) is a Borel transversal of Fy, which

contradicts Proposition 2.2.

The main result of Kanovei [50] (and its subsequent strengthenings due to Lou-
veau) lives in a much broader setting than Theorem 2.4, in that it describes when
<o embeds into an arbitrary Borel partial order. However, when restricted to partial
orders of the form <;, where f is a Borel function, it is the version of Theorem 2.4 in
which (1) is replaced with the statement, “<; is contained in a Borel linear ordering

of X.” This can be easily recovered from Theorem 2.4:

Proposition 2.7. Suppose that X is a Polish space, < is a Borel partial ordering of
X, and there is a partition of X into countably many Borel <-antichains. Then <

can be extended to a Borel linear ordering of X.
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Proof. Given x € X and an antichain A C, we will write x < A whenever x lies
below some element of A. Suppose that A, are Borel antichains which partition X,

and for each s € {0,2}<N, define
By={z €Ay :Vn<|s| (x<A4,&s,=0)}.
Let s(x) = s1, where s is the unique element of {0,2}<N with x € B, and note that
Ve,y e X (v <y = s(x) <iex $(v)).
For each s € {0,2}<N fix a Borel linear ordering <, of B,. It follows that
r <y & (s(x) <ex s(y) or Is € {0,2}N (z <, ¥))

defines the desired extension of <. =

The structure of the proof of Theorem 2.4 is quite similar to that of the proof given
in Shelah-Weiss [72], in that there are three basic tools that need to be identified: a
o-ideal, a game, and a coloring. Unsurprisingly, the o-ideal here is simply the family
of sets which can be covered with a countable family of disjoint Borel antichains.
Unlike the situation in Shelah-Weiss [72], however, some amount of descriptive set
theory appears necessary to show that this o-ideal possesses various closure properties
that are essential to the proof. The game, which is necessarily different than the
one used in Shelah-Weiss [72], is a Choquet-like game in which player IT makes fewer
commitments than usual at each stage. The coloring is similar to that used in Shelah-
Weiss [72], although it is interesting to note that it is not always possible to build
countable Borel colorings of the graphs associated with Borel functions in the same
way that one can for Borel automorphisms (see Kechris-Solecki-Todorcevic [56]), and
it is only the fact that colorings of somewhat smaller graphs are all that is necessary
that saves the proof.

I should add that the change of topology results which Weiss [79] later used to
simplify the proof of Shelah-Weiss [72] can also be used to simplify the proof of
Theorem 2.4 that 1 will give, but only in the special case that f sends Borel sets

to Borel sets. This is because Borel functions do not necessarily send Borel sets to
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Borel sets, and it is impossible to find a Polish topology on a Polish space X whose
associated Borel sets properly extend the usual Borel subsets of X (see, for example,
Exercise 25.19 of [51]). Nevertheless, the extra bit of descriptive set theory necessary
to prove the full version of Theorem 2.4 is quite minimal, and certainly pales in
comparison to that which is used in Harrington-Kechris-Louveau [44].

Suppose X is a Polish space and f : X — X is a Borel function. The recurrent
part of a set Y C X is given by

rec(Y)={y €Y :3neN (f"(y) eY)} = [ [="(V),

neN

where “3*” is shorthand for “there exists infinitely many,” and “f=="(Y)” is short-
hand for “U,,>, f7"(Y).” The set Y C X is nowhere recurrent if rec(Y) = ), and

the set Y C X is strongly nowhere recurrent if
In e N (Y NfE™Y)=0).

Proposition 2.8. Suppose that X is a Polish space, f : X — X s an aperiodic Borel
function, and'Y C X. Then the following are equivalent:

1. 'Y can be covered with countably many nowhere recurrent analytic sets.

2. 'Y can be covered with countably many strongly nowhere recurrent analytic sets.
3. Y can be covered with countably many nowhere recurrent Borel sets.

4. Y can be covered with countably many pairwise disjoint Borel antichains.

Proof. To see (1) = (2), it suffices to show that every nowhere recurrent analytic
set A can be covered with countably many strongly nowhere recurrent analytic sets.
As X} obeys the generalized separation property (see 35.1 of [K]), there is a sequence
of Borel sets B,, 2 f=~"(A) whose intersection is empty. It follows that A, = A\ B,
is a countable collection of strongly nowhere recurrent analytic sets which cover A.

To see (2) = (3), it suffices to show that every strongly nowhere recurrent analytic

sett A can be covered with a nowhere recurrent Borel set. Fix a natural number n

such that AN f=7"(A) = 0, noting that AN f="(A) = () as well. As X1 obeys the
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separation property (see 14.7 of [K]), we can find a Borel set B O A which is disjoint
from f="(A), and then B\ rec(B) is a nowhere recurrent Borel set containing A.
To see (3) = (4), it suffices to show that every nowhere recurrent Borel set B can

be partitioned into countably many Borel antichains, and it is clear that
B,={zx € B: f"(z) € Band Vm >n (f™(z) € B)}

defines such a partition. As (4) = (1) is trivial, this completes the proof. .

Remark 2.9. Christian Rosendal has pointed out that by using the first reflection
principle (see 35.10 of Kechris [51]), one can easily see that every nowhere recurrent
analytic set is contained in a nowhere recurrent Borel set. We will not need this

strengthening of (1) = (3), however.
We will use .# to denote the o-ideal generated by Borel antichains.

Proposition 2.10. Suppose that X is a Polish space, f : X — X 1s Borel, and
A C X is analytic. Then A € I & 71 A) € & rec(A) € .

Proof. To see A € . = f~1(A) € ., simply note that pre-images of nowhere
recurrent sets are nowhere recurrent. To see f~1(A) € .# = rec(A) € .Z, note that

rec(A) € |J f(A).

n>0
It follows from our previous observation that each f~"(A) € .#, thus rec(A) € 4.
It remains to check that rec(A) € & = A € £ Suppose rec(A) € .Z, find nowhere
recurrent Borel sets B,, which cover rec(A), and note that A\ U,, B, is a nowhere

recurrent analytic set, thus A € 4. =

Corollary 2.11. Suppose that X is a Polish space, f : X — X is Borel, and A C X
is analytic. Then A € F < 3%k >0 (AN f7F(A) ¢ .9).

Proof. It is enough to show (=). If A &€ .#, then rec(A) € .# by Proposition
2.10. Fix n € N. As rec(A4) C Upon AN f7F(A), it follows that AN f7%(A) & & for

some k > n. -

It should be noted that one can have A € .# and f(A) € .
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Example 2.12. Set X = ¥ x N, put Xg = {(z,n) € X : n = 0}, and define

f: X —Xby

[ (o(2),0) ifn=0,

fla,n) = _
(x,n —1) otherwise.

Then A = X \ X, is nowhere recurrent, thus A € # but f(A) = X ¢ & by
Propositions 2.2 and 2.5.

It is because of the existence of such sets that the game which appears in Shelah-
Weiss [72] cannot be used here. Instead, we will use the Choquet-like game & which
is given by

I 0+#A eX] 0+ A €3}

subject to the requirements that A, = U .<7,, each element of each .7, is of diameter

<1/(n+1), and each A, is contained in some element of .o7,, and in which player

IT wins if N,, A, # 0.
Proposition 2.13. Player II has a winning strategy in &.

Proof. Given Y C X x .4, we will use p[Y] to denote the projection of Y onto
X. We will assume that .4/ is endowed with its usual metric, X is endowed with a
Polish metric which is compatible with its underlying Polish topology, and X x .4
is endowed with the product metric. This will be important because any sequence of
sets Y,, € X x4 whose diameter is vanishing with respect to the product metric gives
rise to another decreasing sequence of sets p[Y,] € X whose diameter is vanishing
with respect to the metric on X.

Now we will describe the winning strategy for player I1. After player I plays A,
player II fixes a closed set Cy € X x A4 such that Ay = p[Cy], finds a countable set
%o of closed sets of diameter < 1 whose union is Cy, and then plays o = {p[C{] :
C} € 60}

After player I plays A, player II fixes closed sets C;; € X x A4 and Cyy € %
such that

A= p[Cn] - p[010]>
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finds countable sets @);, for i < 1, of closed sets of diameter < 1/2 whose union is
C1i, and plays
| = {P[O(,)] ﬂp[C{] V<1 (Cz/ € 6u)}-

Player II simply continues in this fashion. After player I plays A, .1, player II
fixes closed sets Cp11n01 € X x A and C,11; € i, for i < n, such that
Apt1 = p[Cryins1] C ﬂ p[Chtail,
i<n
finds countable sets 6,,.1;, for i < n+ 1, of closed sets of diameter < 1/(n+ 1) whose
union is C,,,1;, and plays

( ]

i<n+1

It is clear that as long as player I does his part, this strategy leads to a valid
run of &. Fix i € N, and note that (Cy),,, is a decreasing sequence of closed sets
with vanishing diameter, so there is a single point (z;,y;) in their intersection. As
(p[Chil)i<,, also has vanishing diameter, it follows that z; is the unique element of
Ni<n p|Cri], and moreover, that the value of z; does not depend on i. It easily follows
that z; is the unique element of ), A,, thus the strategy we have described is a

winning strategy for player II. -

In addition to this winning strategy for &, we will also need a way of coloring

certain sorts of graphs. The graph associated with f : X — X is given by

(z,y) €9y < (z #yand (z = f(y) or y = f(2))).

Given any graph ¢ on X, we will use 4<" to denote the thickened graph in which
two distinct points are neighbors if they are of distance less than n from one another
with respect to the graph metric on 4. A set B C X is ¥-discrete if no point of B
has a ¢-neighbor which also lies in B. A coloring of ¢ is a function ¢ : X — [ such
that ¢(x) # ¢(y) whenever (z,y) € ¢4, or equivalently, a function ¢ : X — [ such that
the pre-image of any singleton is ¢-discrete. A k-coloring is a coloring ¢ : X — [

with xk = |].
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Ideally, we would like to show that each %Jf“ admits a Borel Ny-coloring. While
this is true when f is finite-to-one (see Lemma 1.17 of [48]), it is false in general (see
Proposition 6.2 of [56]). So instead, we will work with a somewhat smaller graph.

Let Ey(f) denote the subequivalence relation of F;(f) which is given by

zEo(f)y < In e N (f"(z) = ["(y)),
and set 4, (f) = 97" \ Eo(f).

Proposition 2.14. Suppose that X is a Polish space, f : X — X is a Borel function,
and n € N. Then 9, (f) admits a Borel Ny-coloring.

Proof. Assume without loss of generality that X = &. Let i(z) € N be least
such that

vem <n (f'(x) # f"(x) = f@)li(z) # [ (@)]i(x)),
and put 7(z) = (f"(2)[i()),,.,- Now suppose 7(r) = 7(y) and (z,y) € 47", and
find £,m < n with ff(z) = f™(y). Asi(x) = i(y), it follows that

fi@)li(z) = f"(W)lily) = f(@)li(z),

thus £ = m, so xEy(f)y. Hence, 7 is a Borel Rp-coloring of ¢,,(f). =

A function f: X — X is eventually periodic if
Ve e XV*n e Ndm >n (f"(z) = f"(x)).

It is easy to see that one can always find an E;(f)-invariant Borel set B C X such
that f|B is aperiodic and f|(X \ B) is eventually periodic. Thus, the following fact

will allow us to concentrate on aperiodic functions:

Proposition 2.15. Suppose that X s a Polish space and f : X — X is an eventually

periodic Borel function. Then X is in the associated ideal .&.

Proof. Note that B={x € X : 3n > 0 (z = f™(x))} is a Borel E;(f)-complete

section. Fix any Borel linear ordering < of X, and define

B, = {x € B : z is the n'" element of [z]z N B with respect to <}.
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Now put B' = f~'(B) \ B, and observe that (B,), .y U (f""(B’)), ey partitions X
into Borel <j-antichains, thus X € .. =

The following fact completes the proof of Theorem 2.4:

Proposition 2.16. Suppose that X is a Polish space and f : X — X is a Borel
function whose associated ideal . does not contain X. Then <, continuously reduces

nto <y.

Proof. By Lemma 2.15, we may assume that f is aperiodic. Let ¢ be a winning
strategy for player II in &. We will recursively define a decreasing sequence of .#-
positive clopen sets A,, and an increasing sequence of natural numbers k,,, beginning
with Ag = X and ky = 1. At stage n, we will have defined .Z-positive analytic sets
Ay D By 2 A O --- D B, 2 A,, which should be viewed as increasingly accurate
approximations to the left branch of the desired embedding. We will also have found

a sequence of natural numbers kg < k1 < -+ < kj,.

k1
o M

Ao Ar Aoo Ao Aol A

\\
kl \\\ m\.
ko ko g ko

Aooo A10o Ao1o A110 Aoo1 A101 Ao11 A111

Figure 2.2: The first three stages of the construction of 7 : ¢ — X.

We proceed to the next step via three separate stages:

1. Thinning out A,: Fix a Borel coloring ¢ : %, (f) — N, find i € N with
B={z €A, :c(x)=1i}
S-positive, and set B, ;1 = B.
2. Playing the game: Given a function f : 2"*!' — 22(X) such that

Vs €271 (f(3) € @(Bo, [ (By). ... 250 (Bin))
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define By C B,4; by
By= () £l (B,

se2n+tl

As there are only countably many such functions and B = U; By, it follows

that we can find such an f for which By is #-positive.
3. Finding the next link: For each k > 3k, set
Cr={r € By : ff(z) € A.}.

We claim that there exists k > 3k, such that C), ¢ .. To see this, it is enough
to note that

C=B;\ U Gk

k>3kn
is strongly nowhere recurrent, and therefore .#-null. So fix such a k € N, define

kni1 =k, and set A, 1 = Cj.

Once the recursion is complete, we obtain a decreasing sequence of Z-positive

analytic sets A,, C X and natural numbers k, € N such that:

(a) For each n € N, the set A, is %y, (f)-discrete.

(b) For each z € ¥, the sequence

I By e fzig” kixi(BnH)
I p(B) (B, [ (B 1))
constitutes a valid run of &. In particular, fzién %% (Apyq) is of diameter

<1/(n+1) and
N Fn s (Ay)

neN
is a singleton. Let 7(z) denote the unique element of this intersection.

(c) For each n € N, ffn1(A,,1) C A,.

It follows from (b) that m : ¥ — X is a continuous injection, so it only remains

to check that 7 is a reduction of <, into <y, i.e., that for all z,y € €,

r <oy e n(r) <;n(y).
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To see (=), it is enough to check that z <y y = m(x) <; 7(y). So suppose that
x <oy, and find n € N, s5,t € 2" with s, < t,,, and w € € such that x = sw and
y = tw. Now put z = 0""lw, and note that for all m > n,

frien Mo picn (B, ) = fRien (B,

iki

In particular, as fZiS"S “om(z) lies in the set on the left-hand side of this equality,

it must also lie in the set on the right-hand side. It then follows from the definition
of 7 that
fZiSn siki o 71—(2) = ﬂ(m)

Of course, a similar argument shows that
frse o n(z) = m(y).

Now, the fact that s,, < t,, ensures that

i<n i<n
is strictly greater than 0, and it follows that
flom(z) = flofru ™ on(z)
= R on(z)
= 7(y),

thus 7(z) <o 7(y).

It only remains to show (<«). Note that it is enough to show that
m(z) <y mly) = vEoy,

since then the only way (<) could fail is if 7(z) <; 7m(y) and y <o x, and our proof
of (=) implies that y <o x = 7(y) <f 7(y), a contradiction. We will actually show

the contrapositive. More precisely, we will show that if x,, # y,,, then

Vig, iy < kn/2 (f om(x) # f% o m(y)).
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Suppose, towards a contradiction, that x, <y, but we can find i,,, < k,/2 with
f=om(x) = fvon(y).
By the definition of 7, we can find u,v € B, ;1 such that
JPsn ™ (w) = m(2) and feen " (0) = 7(y).
Setting i, = i, + X<, Tik; and i, = iy + 32, yik;, we have that
fr(u) = f* (v).

Noting that i,,1, < 3k, and B, is %y, (f)-discrete, it follows that uEy(f)v. As f
is aperiodic and f™(u) = f™(v), this implies that i, = i,. That is,

i<n i<n

As x, = 0 and y,, = 1, this means that

kn = (1o — 1y) + Y (21 — yi) ki,

<n

contradicting the fact that the sum on the right is bounded above by &, /2 + k&, /3. -

3 Kakutani equivalence

The following fact comes from a result of Jackson-Kechris-Louveau [48]:

Proposition 3.1. Suppose ¢ is a locally countable Borel graph which admits a Borel

No-coloring. Then there is a Borel mazimal & -discrete set.

Proof. For Y C X, I will use
GY)={zeX :yeY ((z,y) €9)}

to denote the set of ¢-neighbors of points of Y. Note that if Y is Borel, then the local
countability of ¢ ensures that ¢4(Y") is also Borel. Fix a Borel Rj-coloring ¢ : X — N
of 4, put By = ¢ 1({0}), and recursively define B,, by

Buii = B U (e ({n+1})\ 9(B,)).
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It is clear that each B, is ¢-discrete, thus so too is B = U,, B,. Now note that if
r & B, then © € B.(y), thus ¢(z) > 0 and x € ¥ (Bz)-1) € 4(B). It follows that B

is maximal ¢-discrete. =

Given f: X — X, BC X, and z € X, the distance from x to B is

(
dp(x) = i

n if n is the least natural number such that f~"(z) € B,

oo if no such natural exists.

The set B has bounded gaps if sup,.y dg(x) < oo, and B C X is doubly recurrent if
Ve e Bdm <0 <n (f"(z), [*(x) € B).

Note that any set with bounded gaps is doubly recurrent. Associated with any doubly
recurrent Borel set is the induced automorphism of B, given by fg(z) = f®)(x),

where n(z) > 0 is least such that @ (z) € B.

Proposition 3.2. Suppose that X is a Polish space and f: X — X s an aperiodic
Borel automorphism. Then there is a decreasing, vanishing sequence of Borel sets

with bounded gaps.

Proof. Set By = X, and suppose that B, is a Borel set with bounded gaps.
Then B, is recurrent, so f induces an automorphism of B,,. Let B, 1 be any Borel
maximal ¢y, -discrete set. Note that dp,(r) < 3" for all z € X, and each B, is
@<2"_discrete. It follows that while N, B, need not be empty, this intersection is a
partial transversal, i.e., it intersects each orbit of f in at most one point.

It only remains to show the lemma when f is smooth. Set
Sp={k-2": k # 0},
fix a Borel transversal B C X, and observe that

B, = U (B)

keSn

is as desired. -

The following fact completes the description of order-preserving embeddability:
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Theorem 3.3 (Miller-Rosendal). Suppose that X is a Polish space and f : X — X

1s an aperiodic Borel automorphism. Then f order-preservingly embeds into o.

Proof. We may assume without loss of generality that X = 4. By Proposition

18, there is a decreasing, vanishing sequence of Borel complete sections B,, such that
Ve e X (dg,(x) < 2").
Let fo(z) = f~%@)(2), and define ¢, : € — 2"2" by

en(r) = D [ o fal@)ln,
m<2n
where @ denotes concatenation. Let by(n) = ¢™(0>°) be the base 2 representation of

n, noting that
Vm,n € N (m <n & by(m) <o ba(n)),

and define v, : X — 2"*! by

Un () = ba(dp, ., (fu(2)(n + 1) = ba(dp,,, (z) = dp, (2))|(n + 1).

knt1(x)—kn(z)

A
~ “~

[frn+1(2)]o [fr(2)]o o [f2:_10fn(2)]0
[frt1(z) [fr(2)]1 1 [f2 ~tofn(z)h
[frt1(z)]n—1 [frn(@)]n-1 Tn—1 [F2" Lo fn(@)]n-1

Figure 2.3: ¢,, approximates [z]; and 1, codes the distance between f,, (), frt1(2).

We claim that

W(x) = @ Qpn($) S ¢n(x)

neN

is the desired reduction. As the range of 7 is clearly contained in %y, it is enough to
show that
Ve,ye X (z <;y e () <on(y)).
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To see (=), it is enough to check that if z <; y, then 7(x) <o 7(y). Let n € N be
maximal such that f,(x) # f.(y), and note that

dp,, (falz)) < dB, 4, (fuly)) -

Asdp,, (fu(2)),dp, , (fuly)) < 2", it follows that ¢, (x) <¢ ¢n(y). As

Vm > n (0m(2) © Vm(r) = om(y) © Ym(y)),

it follows that 7(z) <o 7(y).
To see (<), it is enough to show that 7(z) <o 7(y) = zE;(f)y, since then x <y y
by (=). So suppose that m(z) <o 7(y), and fix n € N sufficiently large that

Vm >n (Som(x) D ¢m($) = Som(y) D wm(y))

Set k = dp, (z) — dg, (y), noting that dp,, (x) = dp,, (y) + k for all m > n. Identifying
©m(1), om(y) with the corresponding elements of (2™)2" | it follows that

:E|m = (@m@))dBm(x)
= (@m(y))dgm(y)ﬂ
flm Wt o £ (y)Im
= fy)m,

thus x = f*(y), so 2E;(f)y. —

Corollary 3.4. Fvery aperiodic Borel automorphism of a Polish space can be order-
preservingly Borel embedded into every non-smooth Borel automorphism of a Pol-
ish space. Thus, two aperiodic Borel automorphisms of a Polish space are order-

preservingly bi-embeddable if and only if they are both smooth or both non-smooth.

Proof. This follows directly from Theorems 2.4 and 3.3. -

Suppose that X and Y are Polish spaces and f : X — X and g : Y — Y are
Borel automorphisms. A set A C X is a complete section for f if A intersects every

orbit of f. The automorphisms f and g are descriptive Kakutani equivalent if there
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are Borel complete sections A, B for f, g and a Borel isomorphism 7 : A — B which
is a reduction of <; to <,. In Nadkarni [61], it is asked if all non-smooth Borel
automorphisms of finite rank are descriptive Kakutani equivalent. In fact, we have

the following:

Theorem 3.5 (Miller-Rosendal). All non-smooth aperiodic Borel automorphisms
of a Polish space are descriptive Kakutani equivalent. Moreover, if X andY are Pol-
1sh spaces and f: X — X and g:Y — Y are non-smooth aperiodic Borel automor-
phisms, then there are invariant Borel sets A C X and B CY such that f|A, g|(Y\B)
are order-preservingly Borel embeddable onto complete sections of g|B, f|(X \ A).

Proof. Fix order-preserving Borel embeddings ¢,v of f,g into g, f. We will
proceed via a standard Schroder-Bernstein argument, albeit with respect to the maps
that ¢,1) induce on the quotients X/E,(f),Y/E(g). Set Ay = X \ [(Y)];, and

recursively define

B, = [p(Au)]y and Auey = [(B,)];.

Setting A = U,, A, and B = U,, By, it follows that ¢ is an order-preserving Borel
embedding of f|A onto a complete section of g|B.

©
flA R —
FI(X\A) — gl(Y\B)
(

Figure 2.4: A witness to the descriptive Kakutani equivalence of f and g.

To see that 1 is a order-preserving Borel embedding of ¢|(Y \ B) onto a complete
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section of f|(X \ A), simply observe that

BY\B), = W)\ (B,
- [@w(Y)\Uw(Bn)]
f

neN

2 [\ U (B

neN

= (X\4g)\ UOAn
— X\ A

If R acts freely on X, then the usual ordering of the reals can be pushed through
the action to orderings of each orbit. Two actions of the reals are trajectory equiva-
lent if there is a Borel isomorphism of their underlying spaces which preserves these

induced orderings.

Theorem 3.6 (Rosendal). All non-smooth Borel free actions of R are trajectory

equivalent.

Proof. By a theorem of Wagh (see Nadkarni [61]), any Borel free action of R
has a Borel complete section which is discrete with respect to the induced ordering.
Clearly such a section can be modified so as to ensure that its intersection with each
class is of type Z, so that there is a non-smooth aperiodic Borel automorphism of
the complete section which induces the same ordering as the action of R. Find such
automorphisms corresponding to each of the actions, apply Theorem 3.5 to obtain
a descriptive Kakutani equivalence of these two automorphisms, and note that any

such map can easily be extended to a trajectory equivalence. -

In Dougherty-Jackson-Kechris [24], the analog of Theorem 3.5 is shown for the
weaker notion of Borel embeddability, in which the embedding is not required to be

order-preserving. Actually, in that case something even stronger holds:

Proposition 3.7. Suppose that f, g are aperiodic non-smooth Borel automorphisms.

Then at least one of f,g Borel embeds onto a complete section of the other.
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Proof. By reversing the roles of f, g if necessary, we may assume that f admits
at least as many invariant, ergodic probability measures as g. By Dougherty-Jackson-
Kechris [24], there is a Borel complete section B C Y such that Ei(f), Et(g)|B admit
the same number of invariant, ergodic probability measures. But then F;(f) is Borel
isomorphic to E;(g)|B, again by Dougherty-Jackson-Kechris [24], and this isomor-
phism is a Borel embedding of F;(f) onto a complete section of Fy(g). =

The analogous property for order-preserving Borel embeddability is false:
Proposition 3.8. There is a o-invariant Borel set B C € such that neither of
o|B,o|(X \ B)
1s order-preservingly Borel embeddable onto a complete section of the other.

Proof. Let p be the usual product measure on %, and note that since u is the
unique invariant ergodic probability measure for o, then exactly one of 0| B, o|(X \ B)
has an invariant ergodic finite measure. We will arrange things so that o|B has such
a measure. Note that this guarantees that o|(X \ B) does not Borel embed onto a
complete section of o| B, since u|B could be pulled back through any such embedding.

For each n > 1, fix a maximal 0<"3" (¢)-discrete Borel set A,, C X and find i < 3"
such that

A= U (4

in<j<(i+1)n
is of measure < 1/3". Now set A = X \ U,>; 4;, and B = [A],, noting that pu(A) >
1/2, thus B is of full measure.
Suppose, towards a contradiction, that 7 : B — X \ B is an order-preserving
Borel embedding of o|B onto a complete section of o|(X \ B). Then A’ = AUn(A)

intersects every orbit [z], in a set with large gaps, i.e.,
Vo € X¥Ym e N3neN (6"(z), 0" (2),...,0""(x) ¢ A).

As A’ is a complete section for o, there is some s € 2<N such that .45\ A’ is meager.

It follows that

V'z e XIneNVEeN (k=n (mod 2) = o*(z) € A'),
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which contradicts the fact that A’ intersects each orbit in a set with large gaps.

In fact, there are large collections of Borel automorphisms whose induced equiv-
alence relations are Borel isomorphic, but for which no automorphism in the col-
lection can be order-preservingly Borel embedded onto a complete section of any
of the others. One reason for this is that the sorts of complications which arise in
the measure-theoretic version of order-preserving Borel embeddability come into play
here. Suppose f: X — X and g : Y — Y are Borel automorphisms with invariant,
ergodic probability measures p and v. Then (f, ) and (g,v) are Kakutani equiva-
lent if there are recurrent Borel sets A C X and B C Y of positive measure and a
Borel isomorphism 7 of (fa, u[A) with (gp,v|B). It follows from the arguments of
Ornstein-Rudolph-Weiss [63] that there are large collections of such pairs which are

pairwise non-Kakutani equivalent. So it is enough to note the following fact:

Proposition 3.9. Suppose that f, g are Borel automorphisms with unique invariant
(ergodic) probability measures u,v. If (f,p),(g,v) are not Kakutani equivalent, then

neither of f,qg order-preservingly Borel embeds onto a complete section of the other.

Proof. Simply observe that by unique ergodicity, any order-preserving Borel
embedding of f onto a complete section of ¢ is measure-preserving, and therefore

provides a witness to the Kakutani equivalence of (f, ) and (g, v). =

We will close this section by answering a related question of Louveau. Suppose that
X and Y are Polish spaces and f : X — X and g : Y — Y are Borel automorphisms.
An embedding of f into g is a Borel injection 7 : X — Y such that wo f = go .
Equivalently, an embedding is a Borel isomorphism of (X, f) with (B, g|B), for some
g-invariant Borel set B C Y. It follows from Clemens [17] (and the generalization
provided by Gao [41]) that Borel embeddability of Borel automorphisms is far more
complicated than order-preserving Borel embeddability. However, their results do
leave open the possibility of an analog of Theorem 2.4 for embeddability, i.e., the
existence of a minimal non-smooth Borel automorphism, and Louveau asked if such

an automorphism exists. The answer is no:
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Theorem 3.10. Suppose that <7 is a collection of Borel automorphisms of a Polish
space, and for every non-smooth Borel automorphism f : X — X of a Polish space

X, there is an automorphism in &/ which Borel embeds into f. Then || = c.

Proof. To show this, we will simply note that the construction of Eigen-Hajian-
Weiss [31] does a bit more than the authors intended. Fix a set {4 }acy C %o which

is almost disjoint, i.e.,

Vo # B (| supp(za) N supp(zs)| < No),

define W, = {x € € : supp(z) C supp(z.)}, set

Xo = [Walg, = {x € € : |supp(x) \ supp(za)| < Ro},
and define X/, = U,.3 X3. The main observation is the following:

Lemma 3.11 (essentially Eigen-Hajian-Weiss). Suppose that « € € and B C
X, is a o-invariant Borel set for which o|B is non-smooth. Then o|B does not Borel

embed into o| X,.

Proof. Suppose that B C X, is a o-invariant Borel set and 7 is a Borel embedding

of o|B into o|X/,. Define
W,, = {x € 7(B) : supp(z) N supp(zs) = 0},
and note that
Vo € m(B) (supp(z) Nsupp(za)| < Vo),
thus 7(B) = [W/] g, -

The main point here is that for all n € N,

WanNo"(W,) =0 or W, Nno™ (W) = 0.

To see this, let £ be the smallest digit on which the base 2 representation of n
is non-zero. If k € supp(z,) then W/ N o™(W.) = 0, and if k ¢ supp(z,) then
W, No™(W,) = 0.
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Setting W2 = 7~ Y(W/), it follows that {c*(W,) N o?(W/)}i ez is a countable
family of Borel sets each of which intersects every Ey|B-class in at most one point,

and which together cover B. It follows that ¢|B is smooth. .

In particular, any non-smooth Borel automorphism embeds into at most one au-

tomorphism of the form o|X,, and the theorem follows. =

4 Betweenness-preserving embeddability of %

Suppose that X is a Polish space. A graph . C X2 is a forest of lines if every
connected component of .Z is a tree of vertex degree two, and such a forest is directable
if there is a Borel automorphism f : X — X such that .2 = £, where £} denotes
the union of the graphs of f and f~'. As pointed out by Scot Adams [1], not all Borel

forests of lines are directable.

Figure 2.5: The action of 7, j on %p.

One way of seeing this is as follows: for x € €, let T,, = 1 — x,,, set
i(x) =7 and j(x) = 0(T),
and put %y = graph(i) U graph(j). Note that j(0"1z) = 0"17.
Proposition 4.1. %|%, is an undirectable Borel forest of lines.

Proof. First, we will show that %|%, is a forest of lines. Clearly i|%, and

Jléy are fixed-point free. As the odometer is also fixed-point free, it follows that
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i(r) # ooi(x) = j(x), thus z, i(z), and j(x) are always distinct. It follows that
2|6, is a graph of vertex degree 2. As joi(x) = o(x) and o has no finite orbits, each
connected component of %|%y must be infinite. Since the only infinite, connected

graph of vertex degree 2 is a line, it follows that 2|, is a forest of lines.

o?(7) o(T) T o l(x) o7 %(@)
i i i 7 i J i
o z) o Mx) z o(z) o?(z)

Figure 2.6: The components of %, weave together pairs of Fj-classes.

It remains to check that %5| %) is undirectable. Suppose, towards a contradiction,

that there is a Borel automorphism f : 6y — 6, with £ = %|%), and observe that
B={x €% : f(zx)=1i(x)}

is an Ey-invariant Borel set which, together with B, partitions %,. As these two sets

are either both meager or both comeager, this is a contradiction. -

Suppose that X and Y are Polish spaces and .2 C X? and .# C Y? are Borel
forests of lines. An Z-path from = to x’ is a sequence ¥ = xg,xy,...,T, = &’ of
distinct points with (z;, z;41) € Z. The notion of betweenness induced by £ is given
by

xBy(y,z) < Jan L-path from y to z which goes through z.

A betweenness-preserving embedding of £ into . is an injection m : X — Y which

is simultaneously a reduction of F¢ into E , and of By into B 4.

Proposition 4.2. Suppose that X and Y are sets and £ and # are forests of

lines on X and Y. Then every reduction of By into B 4 is a betweenness-preserving

embedding of £ into M .
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Proof. Suppose 7 is a reduction of By into B_ 4. To see that 7 is injective, simply
note that if 7(z) = n(2') then 7w(x)B 4 (7(z'), w(z")), thus 2By (2’ 2"), so x = z’. To

see that 7 is a reduction of F¢ into FE 4, simply note that for all x, 2’ € X,
rEyx & xBg(v, 1))
& m(@)By(n(z), ()

& 7w(2)E 47(2)).

The primary goal of this section is to show the following analog of Theorem 2.4:

Theorem 4.3. Suppose that X is a Polish space and £ is a Borel forest of lines on
X. Then exactly one of the following holds:

1. £ 1s directable.

2. %Ly betweenness-preservingly Borel embeds into £ .

Already (1) = —(2) follows from Proposition 4.1, as any betweenness-preserving
embedding of % into a directable line would give a way of directing .%.

As in §2, we must develop several tools before getting to the main construction.
We will begin with a lemma which will be used in the spirit of Weiss [79], and removes

the need to play games:

Proposition 4.4. Suppose that X is a Polish space, & is a countable family of Borel
subsets of X, and % is a countable family of finite-to-1 Borel partial functions on
X. Then there is a zero-dimensional Polish topology on X, finer than the one with
which X was originally endowed but compatible with the underlying Borel structure
of X, in which each element of % is clopen and each element of F is a continuous

open-and-closed map.
Proof. Let < be a Borel linear ordering of X, and for each f € .% define

X(n) = {z € dom(f) : x is the n'® element of f~'({f(z)})}.

Note that the restriction of f to Xy, is injective. Let % be a countable basis for the
topology with which X was originally endowed, and let % be the smallest algebra
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of subsets of X which includes each X(s,), each element of 4 U %, and is closed
under images and pre-images under elements of .#. Noting that every element of
< is Borel, it follows from Exercise 13.5 of [51] that there is a Polish topology o,
compatible with the underlying Borel structure of X, in which each element of . is
clopen.

Now suppose we have constructed an algebra o7, of subsets of X and a Polish
topology 7,, compatible with the underlying Borel structure of X, in which each
element of 27, is clopen. Let %,,.1 be a countable open basis for 7,, and let 27,1 be
the smallest algebra of subsets of X which includes each element of 7, U %, and
is closed under images and pre-images under elements of .%. Again, every element of
.+ is Borel, so by appealing to Exercise 13.5 of [51], we can find a Polish topology
Tni1, compatible with the underlying Borel structure of X, in which each element of
41 is clopen.

Letting 7 be the topology generated by the 7,’s, it follows from Lemma 13.3 of
[51] that 7 is Polish, compatible with the underlying Borel structure of X, and has a
clopen basis given by & = U,, o,. As # C o4 C o7, it is clear that each element of
A is T-clopen. Now suppose [ € .Z. To see that f is 7-continuous, suppose that U
is T-open, find a countable collection of sets A,, in & such that U = UJ,, A,,, and note
that f~(U) = U, f'(A,), which is clearly T-open. To see that f sends T-open sets
to T-open sets, suppose that U is 7-open, find a countable collection of sets A,, in .o/
such that U = U,, A,, and note that f(U) = U, f(A,), which is clearly T-open. To
see that f sends 7-closed sets to T-closed sets, suppose C' is T-closed, find a collection

of sets A, in & with C' =, A,,, and note that

FO)=Ur(CnXym) = Uf<ﬂAnﬂX(f,m)>-

m

It remains to check that if z € f(C), then z € f(C). Find a sequence of points
z; € N, AnNX(fm,) such that f(z;) — 2. As f(X) is clopen, it follows that z € f(X),
thus we can find m € N such that z € f(X(s,n)). Note that since this set is 7-open, it

must be that m; is eventually constant with value m. It follows that all but finitely
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many of the z;’s are in
N (A0 X))

and as this latter set is 7-closed, it follows that z € f(C). =

Remark 4.5. If we drop the requirement that f is a closed map, then finite-to-one
can be weakened to countable-to-one in Proposition 4.4. However, the analog of
Proposition 4.4 for any countable-to-one Borel function for which uncountably many

points have infinite pre-images is false.

Suppose .Z is a Borel forest of lines. Given any set B, we will use £ to denote
the set of pairs (z,y) € B? which are the endpoints of an .#-path which contains no
points of B, with the exception of x and y. Note that every component of Z5 is a line
exactly when B is recurrent with respect to £, i.e., when any .#-path through [B]¢
can be extended to an .Z-path whose endpoints lie in B, where [B]y = [B]g,, is the
E g-saturation of B. Even when B is not recurrent, I will say that £ is directable
if the restriction of £ to the union of its components which are lines is directable.
Note that in this case, £p is induced by a partial Borel injection.

Associated with .Z is the o-ideal .# of Borel sets B for which %5 is directable.
Next we will introduce a notion which makes working with this o-ideal a bit easier.
A sequence § = (fn),c;, of Borel functions on X is a local director for .2 if for each

x € X the fi(z)’s are distinct and (fx(z), fr1(2)) € Z.
Proposition 4.6. Every Borel forest of lines admits a local director.

Proof. Set fy =id. By Theorem 18.10 of [51], there are Borel functions f_; and
f1 whose graphs partition .. Recursively define § = (f,), o, by letting fi(40)(2)
be the unique .Z-neighbor of fi(,41)(x) other than fi,(z). .

Associated with a local director § = (fn),,c, is an induced equivalence relation,

as well as an induced partial automorphism fz(x) = fa(z)(x), where n(x) > 0 is least

such that xE5 f,(2)(z). Note that every E o-class consists of at most 2 F3-classes, and
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Figure 2.7: The automorphism induced by a local director.

that Bz = Ei(f5). Given Borel equivalence relations £ C F' such that each F-class
consists of at most two F-classes, F'/E is smooth if there is an E-invariant Borel set

B such that B/E is a transversal of F//E.

Proposition 4.7. Suppose that X is a Polish space, £ is a Borel forest of lines
on X, § s a local director for £, and B C X is Borel. Then £g is directable
& (E¢|B)/(Ez|B) is smooth.

Proof. To see (=), suppose that f generates £ and observe that

A={[z]g, : In >0 (f(z) = ful2))}

is a transversal of E¢/FE5. To see (<), suppose that A C B is an fz-invariant Borel
set which induces a transversal of (E¢|B)/(E3|B), set

() ( fo(x) if z € Aand n > 0 is least such that f,(z) € B,
€T) =
i fon(x) ifz ¢ Aand n > 0 is least such that f_,(x) € B,

and note that f is a partial Borel injection from B which generates Zp. -

Before getting to the main construction, it will be important to make one final
observation which does not have a counterpart in §2. The need for this arises out of
the fact that, while %} is a very natural example of an undirectable line, it is of index
two above Ej, and the sorts of arguments we use require objects which live within
Eq.

Let 6 be the set of non-eventually 0 points of €, define

i'(x) = Tox1wy ... and §(0"1z) = 0" 1Tz 22 . . .,

and set £ = graph(i') U graph(j’).
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Proposition 4.8. There is an isometry m : € — € which sends (6o, E4,,-%p) to

Proof. Put Ry = {1} and for each n € N, define R, ;1 C 2" by
R,y ={x¢€ o2y, Tpi1}-

TBln |

Mo M oo M1 Mo o1

J J J
P P i i Ry

000 A111 H100 011 010 A101 A110 001

Figure 2.8: The points picked out by the first three R,,’s.

It is clear that the function
m(2) = (Xr, (To1 - Zn)) pen
is an isometry. To see that 7(%,) = %, note that

r€C < I*neN (v, #xp1)
& JI°neN (m,(z) =1)

& 7(x) € 6.

We claim that Eg; = Eo|6}. As E < C Ey is clear, it is enough to check that if
x,y € 6, are Ey-equivalent, then x and y are .£jj-connected. For this, it is enough to

check that for all n € N and z € €,
{02, /(0" 2), 5 0 d' (0" 2), ... i o (5 0 ") 710" 2)} = {s2}seomir. (1)
We will simultaneously show (f) and

Vz e 6y (i'o (o) 10" 2) = 0"12), (1)
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by induction on n € N. The case n = 0 is trivial, so suppose that (1) and (i) have
been established strictly below n. Applying (1) at n — 1 to 0z and 1z gives

o (0 i")?" ' TH0"02) = 0" 110z and ' o (§' 0 d)¥" T1(0"1z) = 0" 11z
By applying i’ o (j' 0 #/)¥" '~ to each side of the latter equation, we obtain
o (5 o) 70" 12) = 0"z
Noting that j/(0"7110z) = 0""'11z, it follows that

i’ o (]/ ° Z—/>2"71(0n+1z) — o (]l ° Z—/>2”*171 Ojl 0i o (]I o Z-/)anlfl(onoz)
! (]/ OZ‘/)Z"”—l oj’(O”‘lloz)
= i'o(j o) 70" 11z)

I
~.
(¢]

= 0"1z,
thus (1) holds at n and
{OnJrlZ, ’i/<0n+12>,j/ o i/(onJrlZ), o ,Z'/ o (]/ o i/>2n71<0n+1z>}

is of cardinality 2"*1, so (1) holds at n as well.

Thus, to show that 7 sends Eg, to Ey|%, it is enough to show that 7 sends %
to Z;. Clearly Zj is of vertex degree 2, and since each Ej-class is infinite, it follows
that £ is a Borel forest of lines. Thus, we need only show that 7 sends %} into
;. Noting that 7(z) and 7(T) agree off of their first digit, it follows that 7 sends
graph(i) into graph(i'). As 7 fixes the first n + 1 digits of any sequence which begins
with 0™1, it follows that 7(0"1z) and 7(0"1) agree off of their (n+ 1) digit, thus 7
sends graph(j) into graph(j’). =

From the point of view of the construction to come, it is really .7} that plays the

role of o. The following fact completes the proof of Theorem 4.3:

Proposition 4.9. Suppose X is a Polish space and £ is an undirectable Borel forest

of lines on X. Then £y continuously betweenness-preservingly embeds into L.
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Proof. By Lemma 4.6, there is a local director § = (f,),,cy of Z. By throwing
away an Z-invariant Borel set on which £ is directable, I can assume that f5 is a
Borel automorphism. By Lemma 4.4, there is a Polish topology 7 on X, finer than
that with which X was originally endowed but compatible with the underlying Borel
structure of X, in which each { : Ezf.(x)} is clopen and each fi' sends closed sets
to closed sets. Let d be a Polish metric which is compatible with this topology.

Next, we will recursively choose natural numbers k,, and Z-positive, 7-clopen sets

B,, which satisfy the following additional properties:
1. Vo € By (z, fi, (x) € B, and (z, fi, () € E3), and
2. ok, (Bns1), - -+, frr, (Bni1) are pairwise disjoint and of diameter < 1/(n + 1).

Note that (1) and (2) together imply that k1 > 7k, thus

Yok < Y k)T

i<n i<n

< kn+121/7z

i>0
— kn+1/6.
The recursion begins by setting By = X. Now suppose that we have built

{Bm}m<n and {ky, }m<n. We claim that for some natural number k£ > 0, the 7-clopen

set
A = {x x, fr(x) € B, and (z, fr(x)) ¢ Eg}
is S~positive. To see this, it is enough to check that the set
B=B,\J A
k>0
is #-null. Since

Vo € BYE > 0 (fi(z) € B = 2E5fi(x)),

it follows that B cannot intersect any Eg-class C in an (E3|C)-complete section

which is recurrent for f, thus B € 4.
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So fix k, with Ay, ¢ #, and note that for each z € Ay, , it follows from the
T-continuity of the f;’s that there is a 7-clopen neighborhood U of z, such that
fore, (U)o, fr, (U) are pairwise disjoint and of diameter < 1/(n + 1).

It follows that we can partition A, into countably many such sets. Let B, be any

S-positive set from such a partition.

k1

Bo B Boo Bio Bi1 Boi
/k—Q\
e .
/// \\
G k1 k1 X
ko %o ko %o
Booo B1oo Bi1o Boio Bo11 Bi11 Bio1 Bool

Figure 2.9: The first three stages of the construction of 7 : J — X.

Set By = X, and for s € 2", define
Bs = f]jg o ]:11 O"'of];;S:(Bn—&-l)-

Then, for each z € 2V, <B;c\n>n€N

diameter. It follows that N, cy By, consists of a unique element m(x).

is a decreasing sequence of 7-closed sets of vanishing

It is clear that 7 : 65 — X is continuous, so it only remains to check that 7 is an
isomorphism of £ with Z (1), As £, 2 are forests of lines, it is enough to check
the following:

1. Va,y € 6, (7(x)Emm(y) = xEyy).
2. For all z € €} and n € N, both
(m(0x), m(1z)) and (7 (0"10x), (0" 11x))
are in Z g1

Given z,y € X, set dg(x,y) = n if there is an Z-path from z to y with n edges,
and set dy(x,y) = 00 if (x,y) € E. I claim that for z,y € %,

do(m(x),m(y) <k, < Vm >n (T, = Ym).
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To see (=), it is enough to check that if x, 11 # Y41, then

dg(m(x), m(y)) > kn.

By reversing the roles of x and y if necessary, we may assume z,,; = 0, and then

de(m(z),m(y)) = dz(fiy oo fury (Bata), fig o+ 0 firl} (Bat2))
= de(fig oo fir (Bus2), frg © - © fin © frnin (Bra2))
> kpp1 —2) ks
i<n
> kpg1 — kny1/3
> k.

To see (<), suppose that Ym > n (z,, = ym), and note that for m > n, the

restriction of

fr=(fig oo fir)o(firoofiy)
to B = fi? o---o fi"(By41) is injective. This is because any two distinct points of
B’ are of d -distance at least k41 —23,<,, kb apart, thus their images under f’ are

of do-distance at least k41 —632,<,, km > 0 apart. It follows that

{r)} = N fivo o fil(Bnn)

m>n
= (N (oo fii)o(fiyor-ofiy)o(fiyor o fir(Bni))
m>n
— (f,fgo...o ]f’::)o(f]f:o...o ]v;"’o())<ﬂ f}fooo...of,f::(BmH))
m>n

= {(flro-off)o(firo--ofi)on(r)}.
Setting z = (fi oo fi) om(x), it follows that
m(x) = fiy 00 fir(2) and w(y) = fig o -0 fi" (2).
As z € B,,1, it follows that for all s € 27+1,

frg oo fir(z) = fzx—%;(z)v



where (i§) is the decreasing enumeration of supp(s). Noting that

0 <> (=) ksz < ka,

¢

it follows that m(x), 7(y) are of the form fi(z), with 0 < k < k,, thus

dg(m(x), m(y)) < kn.

It is also important to note that
dg(1(x),7(y)) < kny1 — 2k, = dg(m(2),7(y)) < k.
To see this suppose, towards a contradiction, that
kn < dg(m(x),m(y)) < kpy1 — 2kn.
Then x,11 # Yps1 and Vm > n + 1 z,, = Yy, so it follows that
m(y) = (i 00 fLr) © fuwwr o (fig 0+ 0 fiy) o m(x).

But then, as before,

dy(m(x),n(y)) > knpt1 — 2 max Z(—l)zkiz > ki1 — 2kn,
¢

se2n+l

and this is the desired contradiction.
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It follows that each pair of the form (iz,7x) is in f,r(%), as these two points are

of minimal distance apart. It also follows that, for all x € €j and n € N,
T(0"112) = i, © finsy © fi, 0 7(07102) = for, g, ., (0"112).

Thus, to see that (7(0"10z), 7(0"11z)) € Lr(«4y), it is enough to check that if

k= dg(n(0"10z), 7(y))

is less than k1 — 2k, (thus at most k), then fyom(0"10x) = 7(y), as it then follows

that k = k, 1 — 2k, is the minimal natural number such that

forom(0"10z) € w(%y).
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To see this, note that
m(y) = fi o o fin"l o fr, om(0"10x) = fi o m(0"10x),

for some k > 0, since k,, > Tk, _1. =

We will close this section with some applications of Theorem 4.3 to the study of
Borel marriage problems. Suppose that X is a Polish space, M, W C X are Borel
sets which partition X, and ¢ is a Borel graph for which M, W are discrete, or
equivalently, for which M, W witness that ¢ is bipartite. Intuitively, M should be
thought of as a set of men, W should be thought of as a set of women, and ¥ is the set
of pairs (m,w) of men and women who are willing to marry one another. A solution
to the marriage problem associated with (¢4, M, W) is a bijection f : M — W whose
graph is contained in ¥.

Now suppose that ¢ is of vertex degree two. Then ¥ clearly has a solvable
marriage problem: fix a transversal B C M of Ey, let f : B — W be a function
whose graph is contained in ¢, and observe that f has a unique extension to a
solution to the marriage problem for (¢, M, W). On the other hand, Laczkovich [59]
has shown that there is a Borel graph ¢ of vertex degree 2 whose marriage problem
admits no Borel solution.

Note that if Ey is finite, thus smooth, then the strategy of the previous paragraph
can be used to produce a Borel solution to the associated marriage problem. So
from the point of view of understanding the Borel marriage problem, I might as well

restrict my attention to the case that ¥ = % is a Borel forest of lines.

Proposition 4.10. Suppose that X is a Polish space, £ is a Borel forest of lines
on X, M, W partition X into Borel £-discrete sets. Then (£, M, W) has a solvable

Borel marriage problem < £ is directable.

Proof. To see (=), suppose that f is a solution to the Borel marriage problem
for .2, extend f to a Borel automorphism g : X — X by letting g(w) be the unique
Z-neighbor of w other than f~(w) for w € W, and observe that g induces .. To
see (<), suppose that f is a Borel automorphism inducing ., and note that f|M is

a solution to the Borel marriage problem of ¢. -
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This immediately yields an alternative solution to the problem of Laczkovich [59]:

Theorem 4.11. There is a Borel graph of vertex degree 2 on a Polish space and a
partition of the underlying space into discrete Borel sets such that the associated Borel

marriage problem is unsolvable.

Proof. The idea is to combine Propositions 4.1 and 4.10. There are several
ways of doing this. One way is to find a Borel maximal (.%|%,)-discrete set M, put
W =i(M), and set 4 = (%) muw- Another is to set M = 6, and W = %|%), and
put (z,(y,2)) € 4 whenever z € {y, z}. .

Laczkovich [59] actually shows that for his example, there is not even a solution
to the Lebesgue-measurable marriage problem. Of course the same thing is true for
the modifications of %, mentioned above, as can be seen by repeating the proof of
Proposition 4.1 with (the appropriate modification of) Lebesgue measure in place of
Baire category (as it stands, the proof there shows that there is no solution to the

Baire-measurable marriage problem). More generally, we have the following:

Theorem 4.12. Suppose that X is a Polish space, 4 C X? is a bipartite Borel graph
of vertex degree two, and M,W C X are Borel sets which partition X. If (4, M, W)
has a solvable universally measurable marriage problem, then (¢4, M, W) has a solvable

Borel marriage problem.

Proof. Suppose, towards a contradiction, that there is a solution to the uni-
versally measurable marriage problem for (¢, M, W), but that the Borel marriage
problem is unsolvable. Then there is a universally measurable function f which in-
duces ¢4 and a betweenness-preserving Borel embedding of % into ¢, and by pulling
back f through this embedding, one obtains a universally measurable function g which

induces .%. But there is no such function. =

From this, one can conclude that whenever a marriage problem admits a suf-
ficiently definable solution, then it admits a Borel solution. For instance, under
projective determinacy it follows that any Borel marriage problem with a projective

solution has a Borel solution.
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We will close this section with one final application of Theorem 4.3. Suppose that
(Z,X,Y) is a Borel marriage problem, where £ is a Borel forest of lines on X UY".
Set S =2 N (X xY), and define h,v: S — S by

h(z,y) = (2, y) and v(2,y) = (z,9),

where 2’y are the unique .Z-neighbors of y,z other than z,y. Let G = (h,v) be
the group generated by h,v, and let Gy = (hv) be the group generated by hv. In
Klopotowski-Nadkarni-Sarbadhikari-Srivastava [58], it is shown that if (£, X,Y) has
a Borel solution, then there is no G-quasi-invariant probability measure which is
Go-ergodic, and it is asked if the converse holds.

We can now give their question an affirmative answer. Define £’ C S? by
&' = graph(h) U graph(v),

noting that £’ is a Borel forest of lines on S. As in Proposition 4.10, it is straight-
forward to check that the existence of a Borel solution to (£, X,Y) is equivalent to
the directability of .. Now note that the function f; = v has a unique extension to
a local director §' of .£”, and the corresponding function f% is simply hv. It follows

that if u is a probability measure on S, then
w is G-quasi-invariant, Gg-ergodic < p is E¢/-quasi-invariant, Fg-ergodic.
So it is certainly enough to show the following more general fact:

Theorem 4.13. Suppose X is a Polish space, £ is a Borel forest of lines on X, and
8 = (fa)nez 15 a local director for £ such that

Vo € X (], € lols.).

Then exactly one of the following holds:

1. & is directable.

2. There is an Eg-quasi-invariant, Ez-ergodic probability measure.
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Proof. We will begin with (1) = —(2). Suppose that g : X — X is a Borel

automorphism which induces .Z, and observe that

B={reX:g(r)=fi(z)}

is a Borel Fz-invariant E¢-complete, co-complete section. It follows that there are
no E y-quasi-invariant, Fz-ergodic probability measures.

It remains to show —(1) = (2). Suppose that - is not directable, and apply
Theorem 4.3 to find a betweenness-preserving Borel embedding m of % into .Z. Let
1 be the Lebesgue measure on %, and define v on X by

= > u(r~ o f3(B))/2"F
nez
It is easily verified that v is EFz-quasi-invariant and Ez-ergodic. Suppose, towards a

contradiction, that v is not E¢-quasi-invariant, and find a Borel set B C X with
v(B) =0 and v([B]g,) > 0.

By the definition of v, we may assume that B if Fz-invariant. By throwing away a
null E g-invariant Borel set, we may assume that B intersects exactly one Es-class

within every E g-class within [B|g,,. It follows that .Z|[B]g,, is directable. Setting
A=7YB),

it follows that Z|[A]g, is also directable. As p([A]g,) > 0, this contradicts the fact

that %, is not directable on any Borel set of positive measure. -

5 More on betweenness and directability

In this section, we will provide strengthenings of the following:

Proposition 5.1. Suppose that X andY are Polish spaces and £ and £’ are Borel
forests of lines on X andY .

1. If £ is directable and £’ is undirectable, then £ betweenness-preservingly
embeds into L.
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2. If £" is non-smooth, then there is a Borel set on which £’ is non-smooth and

directable.

Proof. Of course it is enough to show (2) when .#”’ is undirectable. Let .Z,
be the Borel forest of lines which is induced by the odometer. It is easily verified
that the function 7 : ¥ — €, given by m(x) = 200210. . ., is a betweenness-preserving
embedding of .Z, into .%,. By Theorems 3.3 and 4.3, there are betweenness-preserving
Borel embeddings 7', 7" of £ into .£,, £, into .£’.

To see (1), simply note that 7”7 o o 7’ is a betweenness-preserving embedding of
Z into Z'. To see (2), observe that 7’ om (%) is a Borel set on which .#” is directable

but non-smooth. =

It will be convenient to have an alternative description of £ in terms of linear

orderings of 2". For z,y € 2"!, put
r<pyESr=yorz, <y,or (x, =y, and (z|n < yln & z, =0)).

Letting n(z,y) < n be greatest such that () # Yn(z,y), it is easily verified that

r<py & {x =y or <a:n(x7y) <Yney) & >, x; =0 (mod 2))} )

n(z,y)<i<n

Proposition 5.2. Suppose x,y,z € 6, and xEyyEyz. The following are equivalent:
1. y is L -between x, z.
2. V*n € N (y|n is <j-between x|n, z|n).

Proof. Clearly we may assume that x,y, z are not all equal. Let n(z,y, z) be the
greatest digit on which z,y, 2z do not all agree. Then y is Zj-between z, z exactly

when y|n appears between x|n, z|n in the sequence
0", i/(0n>,j/ o z”(()"), o 7@-/ o (]/ o i/)Q”’—lfl(On)’
for every n > n(z,y, z). Thus, it is enough to check that for each n,

On+1, i’(0n+1),j/ ° il(0n+1), o ,i/ o (]l o i/)2n71<0n+1)
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is <{-increasing. This follows from the obvious induction, the fact that

i’ o (], Oi/)zn_ —1(0n+1> — On—llo §6 On—lll

_ (]/ o i/>2"—1(0n+1>,
and the proof of Proposition 4.8. -

The following fact is the analog of Theorem 3.3:

Theorem 5.3 (Miller-Rosendal). Suppose that X is a Polish space and £ is a

Borel forest of lines on X. Then £ betweenness-preservingly embeds into Z;.

Proof. It is enough to show that every Borel forest of lines .2 on X = %
betweenness-preservingly Borel embeds into .Zjj. Let § = (f,),c; be a local director

for Z. Given a recurrent set B C X, put
dp(r) =min{n € N: f_,(x) € B} and dj(x) = min{n € N : f,(z) € B}.
Fix a decreasing, vanishing sequence of Borel complete sections B,, C X such that
Vn € NVz € X (dg (z),df (z) <2"7').
Fix a Borel linear ordering < of X, define g, : X — X by
gn(z) = mjin(f—dgn(x) (), fdgn (z) (),

put
Jn(z) = the unique j € Z such that f; o g,(z) = x,

and set k,(z) = j,(z) + 2", noting that 0 < k,(z) < 2".
Now define ¢, : X — 272" by

@n(x) = @ fmogn($)|na

_on—1 Sm<2n71

define wn X — 2n+1 by 1/Jn($) = bn+1(kn+1 o gn($>)7 where

bp(m) = the m™ element of <{|2,
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en(x)
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Figure 2.10: ¢, approximates [z]; and 1, specifies how to put the approximations

together.

and define &, : X — {0,1} by

fn(x) =

We claim that

m(2) = D (€u(@)) © n(z) ® Pn(7) ® Vn(x) © Yn(2)

neN

is the desired reduction, or equivalently, that

Va,y,z € X (y is Z-between z, z < 7(y) is £j-between 7(x), W(Z))

0 if dn (x)ES’gn-i-l ({L‘),

1 otherwise.

For each n € N, let n’ € N be the unique natural number such that for all x € X,

7T(£)|n/ = @ <§n(x)> D @n(x> & gpn(l’) & ¢n(x) S 1/)n(x)

m<n

Also, define

rEy < gu(x) = gu(y) and x <, y & (xEny and k, () < kn(y)),

noting that

rtEgy < dneN (xE,y)

for all x,y € X. We will show the following;:

& VneN (zE,y),
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1. Vn € NVz,y € X (2 <, y = n(z)|n/ <) n(y)|n’).
2. Vz,y € X (n(z)Eon(y) = zE¢y).
To see that this is sufficient, note that (1) and (2) together imply that
vn € NVz,y € E, (z <, y & 7(z)|n’ < 7(y)|n).
As the range of 7 is clearly contained in 4, it follows that for all x,y, z € X,

y is Z-between x,z < Vn €N (y is <,-between x, z)
& 7(z)Egr(y)Eym(2) and
V*n € N (m(y)|n’ is <j-between 7(x)|n', 7(2)|n’)
& 7(z)Egr(y)Eyr(2) and
Ven € N (m(y)|n is <{-between 7(z)|n,w(z)|n)

& w(y) is Z-between m(x), w(2).
To see (1), suppose = # y lie in the same connected component of .Z and set

n(z,y) = max{n € N: g,(z) # gn(y)}
By reversing the roles of x,y if necessary, we may assume that x <, )11 y. As
Kney)+1(2) < Ky +1(Y) = Kn@y)+1 © Gn@y) (@) < Kngey)+1 © o) (Y),
it follows that (5. (%) <¢ Vn(ey)(y), thus
m(@)|(n(z,y) + 1) < 7(y)l(n(z,y) + 1)
Now note that if m > n and x <,, y, then
T <pr1y S &) =0.
Similarly, if m > n and w(z)|n’ <{ 7(y)|n’, then

m(@)|(n+1) <o 7(y)l(n+1) & & (x) = 0.
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A simple inductive argument now gives (1).

To see (2), suppose that 7(x)Eym(y), fix n € N sufficiently large that

vm >n (<€m(w)> D () © () = (€n(y)) ® Pmly) © ¢m<y))a
and set £,, = k() — kpn(y), noting that for all m > n,

£ = (1) S 6@y
Identifying ¢,,(z), o (y) with the corresponding elements of (27™)2" | it follows that

rlm = fi. (@) © gm(x)Im
= (©m(®)) k(@)
= (m(¥)km)+tm
= frm@)+tm © Im(y)|m

= Srm()+(-1)r<i<mg; @) © gm(Y)|m
A e 0 gn@)lm i gu(y) Esga(y),
i Stm()—tn © Gm(y)|m  otherwise,

= fkn(y)‘f‘en o gn(y>|m7

thus = fi,(y)+e. © 9n(y), s0 TE2y. =

There is an analog of Kakutani equivalence in this setting. Two Borel forests
of lines .Z and 4 are Kakutani equivalent if there are Borel complete sections A
and B such that £y = #5. A proof identical to that given in §3 shows that
betweenness-preserving Borel bi-embeddability of lines implies Kakutani equivalence.

In particular, this gives our strengthening of the first half of Proposition 5.1:

Theorem 5.4. Up to Kakutani equivalence, there are exactly three Borel forests of
lines on Polish spaces. In order of betweenness-preserving Borel embeddability, these
are: those which are induced by smooth Borel automorphisms, those which are in-
duced by non-smooth Borel automorphisms, and those which are not induced by Borel

automorphisms at all.
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Proof. Simply combine Theorems 4.3 and 5.3 with Proposition 5.1. -

Various issues surrounding the proof of Theorem 5.3 lead to another natural forest

of lines, which T will mention briefly here. Put 47 = 42\ Ey, define

"(2,y) = (y,x) and j"(z,y) = (67 (y), o (),
and set £’ = graph(:”) U graph(j").
Proposition 5.5. £ |6 = Z£|60 x A(F).

Proof. Let + denote “addition with right carry” on ¥. Clearly (%,+) is an

abelian group with identity 0. We will use - to denote multiplication,

x-y= ZO"xoxl...,

Yyn=1
and we will use 1 to denote 10°°, the multiplicative identity.

One should note that i, j have simple representations in terms of this notation:
i(r)=T=—x—1and j(z) =0coi(x) = —x.

Define
Cga = Cg\ [061042 .. .]g,

where [z], denotes the orbit of x under o, define i,, j, on &, by
io(r) =a—x—1and j,(z) = a—z,
and put .Z, = graph(i,) U graph(j,). Letting

L = {<<O‘7x)7 (a,y)) : ($7y> S fa},

it follows that the map (x,y) — (2 + y,x) is an isomorphism of £’ with Z. So
it only remains to construct an isomorphism of .2, x A(%’) with £, and for this it
is enough to provide a uniform-in-« collection of isomorphisms from % to .Z,. Fix
a € €, define

o(r) = ()% 4+ as.. .,
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and note that

ra(graph(i)) = (-1 aran. . (~1)(—z 1) + mos. Do,
— {(~1)*% + 0. ..,

—((-D)*z + aras...) + (-1)* + Oz ...) |
= {(z,—2+ (-1)™ + 0a1as...)}
~f graph(ia) ifag =0,

B i graph(j,) if op =1,

TEG)

Z‘efa

and similarly,

malgraph()) = {(—1)%z + araz ..., (=1)(=2) + @1as. - Do,
= {(-D)"z+aas...,
—((=D)%z + aqag...) + 0arag .. )} e
= {(v,—z+0a102...)},cq.
{ graph(ja) if ap =0,
N i graph(i,) if ap =1,

thus 7, is an isomorphism of % with .%,, and it follows that

m(x,y) = (74, (), +y)

is an isomorphism of £y with .2 x A(%). .

Remark 5.6. In the above proof, it was necessary for some of the 7,’s to send (3, j)
t0 (Ja,la). In fact, there is a Borel isomorphism sending (i, jo) to (ig,jg) exactly
when oy = [y. To see this, it is enough to show that there is no Borel isomorphism
of (i,7) with (i1,71). Suppose, towards a contradiction, that 7 is such a map. As
Ja©lq = jpoig = 0, it follows that m must carry o to o, i.e., 7 and ¢ must commute.
But then, after throwing away an invariant Borel meager set, 7w(x) = x + v for some

fixed v € ¥, and no such map can carry ¢ to any i, with oy = 1.

Next, we will turn to a strengthening of the second half of Proposition 5.1. Given

countable Borel equivalence relations £y C Fy on X, we will say that Ey/E; is smooth
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if the underlying space X can be covered with countably many F;-invariant Borel set
B,, which are partial transversals of Ey/Fy, i.e., which intersect at most 1 Ej-class
within every Fs-class. Note that when FEs is countably generated over Ey, i.e., when
there are countably many FEi-invariant Borel functions f,, which together with F;
generate Fs, then the smoothness of Ey/E) is equivalent to the existence of an Fj-
invariant Borel set B which gives a transversal of Fy/E;. In the same way that one
may associate a o-ideal #(E) = {B : F|B is smooth} with every Borel equivalence

relation, one may associate a o-ideal
A(Ey/Ey) = {B : (FEy|B)/(E1|B) is smooth}
with every pair of countable Borel equivalence relations F;, C Ej.

Theorem 5.7. Suppose that X is a Polish space, Fy C FEy are countable Borel equiv-
alence relations on X, [Ey : Ey] <Xy, and Es/E; is non-smooth. Then S(Ey/Ey) €

J(E), for any non-smooth Borel equivalence relation E.

Proof. Let ¢ (FE,/E:) be the o-ideal of Borel sets B for which (E,|B)/(E1|B)

admits a Borel transversal. We will show the apparently weaker fact that

S (B Ey) & I(E),

for any non-smooth Borel equivalence relation E. To see that this is enough, assume
without loss of generality that [Es : E;] = n, find a sequence of Borel functions f;,

with fo = id, such that

o (e, = ULioln ).

i<n
and put zEly < Vi < n (fi(z)E1fi(y)). Clearly #Z(E,/E) C H(Ey/E,), so if
J(Ey/E)) € A(E), then S(Ey/Ey) € A(E) as well.

Now suppose, towards a contradiction, that E is a Borel equivalence relation
with the property that whenever F|B is non-smooth, (F3|B)/(E;|B) has no Borel
transversal. By [44], there is a Borel set B such that E|B is non-smooth and hyperfi-
nite. By replacing E with F|B, I may assume that F is aperiodic and hyperfinite. T
will perform the Glimm-Effros style embedding of E, into F from [79], along the way
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ensuring that the image of %; intersects at most one Ej-class within every Fs-class,
thus lies within ¢ (Ey/E4) \ H(F), the desired contradiction.

Let f be a Borel automorphism which generates E, put f, = f", fix a countable
collection of Borel automorphisms g,, the union of whose graphs is F5, let 7 be a
zero-dimensional Polish topology on X, finer than that with which X was originally
endowed but compatible with the underlying Borel structure of X, in which each
{z ¢ fm(x)E;fu(x)} is clopen, the support of any composition of the f’s and g,’s
is clopen, and f and the g¢,’s are homeomorphisms, and let d be a Polish metric
compatible with 7.

I will recursively choose natural numbers k,, and #(E)-positive, T-clopen sets B,
which satisfy several additional properties. Letting f, = fp) o---o fir, for s € ontl

and
5, = {id} U{ fi}ii<n U {gi}i<n,

these properties are as follows:
1. Vo € Boyi (2, fi,(2) € By, and Vs, t € 2°Vh € J, (fo(z) # ho fio fi,(2))),
2. V& € BpyVs, t € 241 ((fy(2), fi(z)) € B2\ E1), and
3. Vs € 2ntl (fs(Bn+1) is of diameter < 1/(n + 1))

The recursion begins by setting By = X. Now suppose I have built {B,,}n<, and
{km}m<n. I claim that for some natural number k, the 7-clopen set Ay, of all x such

that
V. (z, fr(z) € B, and Vs, t € 2"Vh € J, (fs(x) # ho f; o fy(z)), and

2. Vst € 2" ((fulx), fro ful@) & Bz \ En),

is S(E)-positive. To see this, it suffices to check that B = B,, \ U[Ax] g is A(E)-null.
It follows from the definition of B that

Vo € BY®y € BN [z]p3s, t € 2" ((fs(2), fi(y)) € B2\ Ey). (%)

I will show that this implies that B intersects every E-class C' in only finitely many
points, which of course implies that B € #(E).
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Let (C;) be an enumeration of C'/Ey, let (z;) be an enumeration of BN C, set
Ti={j e N:3s 2" (fs(z:) € Cy)},
and define a finite equivalence relation F' on N, by putting
1F'j < C;, C; lie within the same Fy-class.

Clearly (T;) is a sequence of partial transversals of F', and it follows from () that the
union along any infinite subsequence is not a partial transversal. So it only remains

to note the following:

Lemma 5.8. Suppose that F is a finite equivalence relation on N and (T;),. is a
sequence of partial transversals of F' of bounded cardinality. Then there is an infinite

set N C N such that U;cn T; s a partial transversal of F'.

Proof. By induction on k = max; |S;|. The case k = 1 is trivial, so suppose that
we have shown the lemma below k. Let (D;) be an enumeration of the equivalence

classes of I, put D; = U,<; D;, and note that if
Vivej (T, N D, = 0),

then N can be easily built: set i¢ = 0, and given 1,, fix ¢ sufficiently large that
Ty - -, T;, € D} and choose 4,11 such that T; ., N D, = 0. Clearly N = {i,, }nen is
as desired.

So we may assume that for some i, there are infinitely many j with 7; N D} # (.
By passing to an infinite subsequence, I may assume that this is true for all j, and
moreover, that this intersection is independent of j (here is where we use that F' is
finite). Now it follows from the induction hypothesis that by passing to an infinite
subsequence once more, I may assume that J.S; \ D] is a partial transversal of F,

thus so too is U S;. .

So fix such a k = k,,, and note that, by the 7-continuity of the f;’s and g;’s, each
x € Ay, has a 7-clopen neighborhood U such that f(U) is of diameter < 1/(n + 1),
for each s € 2". It follows that there is a partition of A, into countably many such

sets. Let B,41 be any #(E)-positive set from such a partition.



167

k1
T M

Bo B Boo Bio Boi1 B
L)
\\
kl \\\\\\\ ﬁ\/\
ko ko ko ko
Booo B1oo Boio Bi1o Boo1 Bio1 Bo11 Bi11

Figure 2.11: The first three stages of the construction of 7 : 6y — X.

Set By = X, and for s € 2", define

B, = fS(Bn-H) = fljg o Ijll ©--+0 fljs(Bn-i-l)-

Then, for each z € 2V, {B.n} is a decreasing sequence of 7-clopen sets of vanishing
diameter, and it follows that N By, consists of a unique element 7(x).

It is clear that m : ¥y — X is continuous, so it only remains to check that = is
an embedding of Fy|%; into F, the image of which consists of at most one Ej-class

within any Fjs-class. For this, it is enough to check that

(a) Vo,y ((z,y) & Eo = (7(x),7(y)) € EU E), and
(b) VaVs,t (w(sx),nw(tx)) € E\ (E2\ Ey).

To see (a), simply note that if x,, # y,, then 7(x) # h o n(y) for any h € 2, by
(1). Thus, if x,y disagree on infinitely many coordinates, then m(x) # h o 7(y) for
any h € U2, and then (a) follows from the fact that £'U Ey = U¢| s, graph(h).

To see (b), simply note that

{71'(81‘)} = ﬂ f]‘:go---o IZLO kwr?ﬂo"'oflfs_n_l(Bm‘*‘l)
m>n
— fljg O--+0 fs:z ( m flf:+1 0---0 flf,;nnl<Bm+1)>
m>n

— {figerrofiom(0™ 0},

and similarly w(tz) = f2 oo fir omw(0"* '), thus (7(sz), 7 (tx)) € E\ (Ea\ Ey).
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Corollary 5.9. Suppose that X is a Polish space and £ is an undirectable Borel
forest of lines on X. Then the directability o-ideal of £ is not the smoothness o-

ideal of any Borel equivalence relation on X.

Proof. Let § be a local director for .Z, recall that the directability o-ideal
induced by .% is exactly S(Ey/Ej3), and apply Theorem 5.7. -

6 Ergodic equivalence relations on quotients

Suppose that F}, ..., F, are countable Borel equivalence relations on Polish spaces

Xi,...,X,. Although the []; F;-saturation of B C []; X; is given by

[B]HZFZ = {([xl]F17"'7['rn]Fn) : (xlw"?In) € B}a

we will also use this notation to denote the corresponding subset of [, X;/I1; F;. The
quotient Borel structure on []; X;/F; is given by

‘@(HXi/E> ~{Blgr:BC [T X is Borel }.

When each F; is smooth, the space [], X;/F; is standard Borel. On the other hand, as
soon as one of the F;’s is non-smooth, the quotient Borel structure is neither countably

generated nor is it generated by products of Borel rectangles.

A function f: X;/F; — X3/ F; is Borel if its graph,

graph(f) = {([z]r, [Y]r) € X1 x Xo/Fy X Fy : f([2]r) = [y]r, }

is Borel. It follows from the Lusin-Novikov uniformization theorem (see 18.10 of
Kechris [51]) that a countable-to-one function f : X;/Fy — Xy/F» is Borel exactly
when it has a Borel lifting, i.e., a Borel function f : X; — X, such that graph(f) =

[graph(f)]m x &y, or equivalently, such that

va € X1 (f(z) € f([a]m))-

In fact, there is useful strengthening of this:
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Proposition 6.1. Suppose that X1, Xy are Polish spaces, Fi, F5 are countable Borel
equivalence relations on Xy, Xs, Fy is aperiodic, and f : Xi/Fi — Xo/F, is a

countable-to-one Borel function. Then f has a finite-to-one Borel lifting.

Proof. By the Lusin-Novikov uniformization theorem (see 18.10 of Kechris [51]),
there is a countable family of Borel partial injections f,: X; — X, whose domains

partition X; with

Vn € NVz € dom(f,) (fa(z) € f([2]m)).

Let n(z) be the unique natural number such that z € dom( fy(z))-

Lemma 6.2. Suppose that X is a Polish space and F' is an aperiodic countable Borel
equivalence relation on X. Then there is a partition of X into Borel complete sections
C,, and a finite-to-one Borel function ¢ : X — X such that Vn € N (p(C,,) C Cpiq)
and Vx € X (¢(z) € [z]F).

Proof. Note that it is enough to prove the lemma off of an F-invariant Borel
set on which F' is smooth, for it is clear how to proceed in the smooth case. By

Feldman-Moore [36], we can find Borel involutions i, : X — X such that

Vn eN <F: U graph(im)>.

m>n
Now we will recursively define several sets and involutions. Put Ay = X, and given
A, define

Bg@ = (supp(im+n) N An N im-l-n(An)) \ U B? U im-&-n(Bg),

£<m
where supp(f) = {z € X : f(z) # «} denotes the support of f. Set B, = U, en B
and for each z € B,, let m,(z) denote the unique natural number such that = €

Bgln(m). Now define j, : B, — B, by

]n(x) = Z.77"071(:0)-1-n(m)-

As each B!, is i,,4,-invariant, it follows that j, is an involution. As A, \ B, is a partial
transversal for F', we may assume that A, = B,. Let C,, be a Borel transversal of

the orbit equivalence relation induced by j,, and put A, 1 = jn(C).
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Figure 2.12: The construction of (Cy,),, .y and ¢.

Noting that X \U,cy Cn is a partial transversal of F', we may assume that (Cy,),,cx

is a partition of X. Now define ¢, : C;, — C,,11 by

@) [ @)  ifzeC,andiy(z) € Cppy,
p\T) =
i int1 0 in(z) otherwise.
It is clear that ¢ : X — X \ C} is exactly two-to-one. .

Now fix C, and ¢ : X5 — X5 as in Lemma 6.2, and define f: X7 — X5 by

f@) = "D 0 fuw ().

As ¢ is finite-to-one, so too is f. -

There is a connection between the notions we have mentioned thus far and the
ergodic-theoretic study of normalizers of full groups. Suppose that E is a countable

Borel equivalence relation on a Polish space X. The full group of E is
[E] ={f: X — X Borel : graph(f) C E}.

The normalizer of [E] is the group N[E] of Borel automorphisms f such that fo[E]o
/=1 = [E], or equivalently, such that Vz,y € X (zEy < f(z)Ef(y)).

It is clear that any element of N[E] gives rise to a Borel automorphism of X/FE, and
moreover, that the corresponding map from N[E]/E to the Borel automorphisms of
X/ FE is injective. Next we will see that in the ergodic-theoretic context, this is actually
a bijection. We will use F¢ denote the orbit equivalence relation on X induced by an

action of the group G on X/E.
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Proposition 6.3. Suppose that X is a Polish space, E is a countable Borel equiv-
alence relation on X, f : X/E — X/E is a Borel automorphism, and p is an

Epy-invariant probability measure on X. Then there exists fe N[E] such that

Vo € X (f(x) € f([2]p))-
Proof. By the Lusin-Novikov uniformization theorem (see 18.10 of [51]), there is

a sequence of partial Borel injections f,: X — X such that

graph(f) = J graph(f,).

neN

Recursively define A, = dom(f,) \ Upen Am U fu(An), set A = U, ey An, and for
x € A, let n(x) be the unique natural number such that x € A, ). Now define

f(7) = fa@(2),

and note that for each z € X, either [z]p C dom(f) or f([z]g) C rng(f). As
X \ dom(f) and X \ rng(f) are both null by the invariance of j, the proposition
follows. -

Remark 6.4. If £ and Ey have the same set of invariant (ergodic) probability
measures, then a combination of the above proof with a compressibility argument

shows that f has a lifting in N[E].

Suppose F is a countable Borel equivalence relation on X/F. The E-saturation
of BC X/Fis
[Blg ={r € X/F:3y € B (xEy)}.

A complete section for E is a set B C X/F such that [B]g = X/F. A co-complete
section for E is the complement of a complete section. The equivalence relation E is
ergodic if it admits no Borel complete section which is also co-complete. The following

fact provides plenty of examples of ergodic equivalence relations:

Proposition 6.5. Suppose that F C E are Borel equivalence relations on a Polish

space X and there is an F'-ergodic, E-quasi-invariant probability measure p on X.

Then E/F is ergodic.
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Proof. To see this, suppose that B is a Borel complete section for E/F. It follows
that the corresponding Borel set B C X is an F-invariant Borel complete section for
E. Then u(B) = 1 by F-ergodicity of p, thus (X \ B) = 0. It then follows from the
E-quasi-invariance of p that X \ B is not a complete section for F, thus B is not a

co-complete section for E/F. =

7 Rigidity for ergodic actions
Suppose that G is a countable group. Put Xo(G) = GV, define
GEo(G)h < 3N € NVn > N (g, = hy),

and let G act on Xo(G) via g- g = (940, 9g1, - - .). Of course, the action of G on X,(G)

is smooth.
Proposition 7.1. The induced action of G on Xo(G)/Eo(G) is ergodic.

Proof. Note that both Ey(G) and Eg are generic and generically ergodic, and

repeat the proof of Proposition 6.5 with category in place of measure. -

For the sake of the arguments to come, it will be convenient to work with a slight

modification of the action of G on X((G)/Ey(G). Define Fy(G) C Eo(G) by
GF(G)h = AN €N (G- Gn = ho...hy and Yn > N (G, = hy)),

and let G act on Xo(G) via g - (o, G1,---) = (9Jo, G1, G2, - - -). Note that the equiv-
alence relation which is generated by the induced action of G on Xo(G)/Fy(G) is
Eo(G)/Fo(G). Tt is easily verified that the function 7 : Xo(G) — Xo(G) which is
given by
( go iftn=0,
() = i o ,
Gn_19n otherwise,
is an isometry which simultaneously carries Ey(G) to Fy(G) and the old action of G to
the new action of G. The following fact shows that the action of G on Xy(G)/Fy(G)

(as well as the action of G on X((G)/Ey(G)) is the minimal free ergodic G-action:
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Theorem 7.2. Suppose that X is a standard Borel space, F is a countable Borel
equivalence relation on X, and G is a countable group which acts freely and in a

Borel fashion on X/F. Then exactly one of the following holds:
1. The action of G on X/F is not ergodic.

2. There is a continuous embedding of Xo(G) into X which induces a G-action
embedding of Xo(G)/Fo(G) into X/F.

Proof. Proposition 7.1 essentially shows (1) = —(2), so it is enough to show
(1) = (2). We claim that for this, it is enough to show that if the action of G on
X/F is ergodic, then there is a continuous injection 7 : X — X(G) such that

(a) ¥(3,h) € Eo(G)Vg € G (g- GFo(G)h & g - [m(P)]r = [x(h)]F).
(b) ¥(g,h) & Eo(G) ((m(9), 7(h)) & F).

To see this really is sufficient, set £ = Eg and suppose, towards a contradiction,
that there exists (7, 1) ¢ Fo(G) such that 7(7)E7(h). Then there exists g € G such
that ¢ - [7(§)]r = [7(h)]r. Now it follows from (a) that 7(g - §) € g - [7(§)]p, thus
(9-F.h) & Eo(G) but (g- g, h) € F, which contradicts (b). Thus we have shown that
(a) and (b) together imply

(W) (g, h) & Eo(G) ((m(g), () & E).

Clearly (a) and (b’) imply that 7 is simultaneously an embedding of Fy(G) into F
and of Fy(G) into E, and it then follows that the induced map from X(G)/Fy(G) to
X/F is a G-action embedding.

So suppose that the action of G on X/F is ergodic. Let .# be the o-ideal of Borel
sets B C X such that (F|B)/(F|B) is not ergodic. By Feldman-Moore [36], there are
Borel automorphisms f, : X — X, with fy = id, such that F' = U,,cy graph(f,), and
by Proposition 6.1 there are finite-to-one Borel functions f, : X — X such that

Vg € GVz € X (fy(z) € g [z]F).
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Figure 2.13: The action of f, , on [z]g.

By Proposition 4.4, there is a Polish metric d on X which is compatible with the
underlying Borel structure of X and in which each f,, and f, is a continuous open-
and-closed map.

We will associate with every Borel partial function a: X — N and g € G a lifting
fag 1 X — X of g|dom(a),

fa,g(l‘) _ { fa(a:) o fg(x) if g# 1g and = € dOm(a),

T otherwise.

Let IT be the set of sequences (d(y,): X — N)
such that

(9.1)EGXN of Borel partial functions

voo(g’n) € G+ x N (a(g,n) = ®>a (T)

where GT = G\ {1g}. Associated with each @ € II, § € Xy(G), and S C N is a
function fsgs: X — X given by

fags = f&@no,nowﬁno © f&(gnl,nl)»inl e fﬁ(ﬁnk,nk>v§nk Oty

where ng, nq, ... is the increasing enumeration of S. Note that this makes sense even
when S is infinite, as (f) ensures that only finitely many of the functions in this
composition are non-trivial. Associated with each finite family . # C G x N is the
set

X7 = {7 € Xo(G) :Yn €N (g, = 1 or (gn,n) € F)}.

Given . C GT x N, B C X, and € > 0, we say that @ € Il is (%, B, €)-good if:
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1. .Z is finite and V(g,n) & F (agn) = 0).

2. B is clopen and Z-positive.

3. V§ € Xz (diam (fzg,0.00)(B)) < €).

4. VG, h € X5n € N (§y # hn = Vi <0 (fa5000/(B) N fi0 f5fij0.00)(B) = 0))-

For § € Xz and n € N, we will use g™ to denote the element of Xz which results
from replacing each of the first n entries of § with 15. Note that for all § € X #,

fagnoo) = fagm ooy = fagm [0,00)-

Setting Xé?) ={g™ : g€ X}, it follows from (4) that
V5. h € X2 (5 h = Jaginoo)(B) 0 fafi oo (B) = 0)

Now suppose that @ € IT is (.:#, B, €)-good and & € Il is (%', B', ¢')-good. Then

(&, F', B €) extends (d,.F, B, ¢) if the following conditions are satisfied:

3. V§ € Xo(G)V(g,n) € F (%n) = A(gm))-

4. v.g € XO(G) v<ga n) ¢ F ( o o f&,g’,(n,oo)(B,) g f&,ﬁ,(n,m)(B))'

Ygn)d

Note that if (&, F', B',€') extends (a, %, B, ¢), then

Vi€ X (fagi0.00) = fagioe) and VG € Xo(G) (fa 50,00 (B") S fago,.00)(B))-

The rest of the proof will be quite similar to the proofs of the previous sections, as

soon as we establish the following lemma:

Lemma 7.3. Suppose that F C F' are finite subsets of Gt x N, € > 0, and d is
(F, B,€)-good. Then there exists B' C B and an (F',B',€')-good & € & such that
(o, F', B €) extends (a,.7, B,e).
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Proof. By the obvious induction, we may assume that %’ = .% U{(g,n)}, where

(9,n) € Z. Fix an enumeration ¢°, ..., g™ ~1 of Xé?“% and set
X=Xz U{G€ X : 3 <m (g") = (g)D) ).

I will recursively define .#-positive Borel sets By 2 B; D --- D By; and a° C a! C
... C aM ¢ II, beginning with By = B and @° = &. Suppose now that we have

already defined B,, and a™, for some m < M. For each k € N, define

(') o

ik 2 € famgn e (Bw) and (¢, 1) = (g,m),
() i

~m

g () otherwise,

put £ =max{k € N:3g € G ((9,k) € #')}, and let Ay be the set of all x € B,, such
that:

(@) (fr o fg) © fam g (no0)(T) € fam g (no0)(Bm), and
(b) Vi <€YF € X, Wh € Xpis \ X (fatmm) gooo) (@) # fi o Fatm 1 10.00) (x)).
I claim that A = By, \ Upen Ak is #null. To see this, suppose that x € A and set
y = famgm (noo)(2)-
Note that if § € X,,,, then
Gn =9 = fam g (n.00)(Bm) N fam g.n.oc)(Bm) = 0,
thus fzmm g0,.00) = fam g 0,00)- It follows that if £ € N and
(fi 0 fg)(y) € fam gm (n,c0)(Bm),
then there exists ¢ < ¢, § € X,,, and he Xm+1 \ Xin such that
Jam 310,00)(T) = fi © fam i jom) © (i © fo)(¥),

thus
(fk © fg)(y) € f:’r’}l,7}_i7[07n) © fz’il © f&m,ﬁ,[O,OO) © fé’j"ll,g'm,(n,oo) (y>

(e
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As there are only finitely many possibilities for 4, g, h and all of the functions involved
are finite-to-one, it follows that there are only finitely many possible values of (fy o

fq)(y) which are in fam gm (n.00)(Bm). That is,

Jam gm (n,00) (Bm) N <9 I1 §"f’> - [@]F

i>n
is finite. It follows that A can be partitioned into a pair of Borel sets Ay, A; such

that:
L. fam gm (no0)(Bm) intersects every F|Aq-class in a finite non-zero set.

2. fam gm (noo)(Bm) entirely misses at least one F-class and has non-zero intersec-

tion with at least one F-class within each E|A;-class.

Clearly (E|A;1)/(F|A1) is not ergodic. It follows that (E|Ay)/(F|Ap) is also not
ergodic, since F'|Ag is smooth. Thus A € 4.

It now follows that there exists & € N such that Ay, is #positive. Put a**! = am™*,
and note that since A, is open, it can be thinned down to an .#-positive clopen set
B, with

VG € Xpy1 (diam (fart1 gj0.00)(Bmi1)) < €).

Setting B’ = By, and @ = aM, it follows that @' is (&', B',¢')-good and that
(&, F', B €) extends (a, F#, B, e€). H

Now fix an increasing, exhaustive sequence .%, of finite subsets of G* x N and
a sequence of positive real numbers ¢, — 0. Put By = X, let @ be the triv-
ial element of II, and repeatedly apply Lemma 7.3 so as to produce a decreasing
sequence of Z-positive clopen sets B, and an increasing sequence a" € II such
that each @™ is (Z,41, Bui1, €nt1)-good and each (@™t

(A, Fn, Bn,y€n). It follows from conditions (2) and (3) of the definition of goodness

or
s Fut1, Bni1, €nv1) extends

that each (far ,0,00)(Bn))nen is @ decreasing sequence of closed sets with vanishing

diameter. Thus
Bi = () farg,0.00)(Bn)

neN
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consists of a single point, which we will denote by 7(g). It follows from condition (3)
of the definition of goodness that the function 7 : Xo(G) — X is continuous, and it
follows from condition (4) of the definition of goodness that 7 is injective.
Now observe that for § € Xo(G), m € N, and ¢ € N sufficiently large that
Vi <m ((gi,1) € Fu),
Bjony = [ fangom 0,00)(Bn)

neN

= [ fan g moo)(Bn)

neN

C () fargiom (fangom) © fangm,oc) (Bn))

neN

= fz??‘%ﬁ,[&m)( DN f&"@[o,oo)(Bn))
-1
= f&f,g,[o,m) (Bﬁ)v
thus 7(9) = fat.g0m) © 7(7™). Now suppose that Q’EO(G)E, fix £,m € N sufficiently
large that
g = R and ¥i < m ((g.1), (hi,1) € F0),

and observe that
[w(g- P = [farggiom o T(T™)] = 9o Gt - [1(7™)] . = g - [7(3)]
and
[w ()] = [far oy © T (0] o = Foo o o - [ (RO)]
thus

w(g-§Fr(h) < g-m(g)Fr(h)

thus (a) holds.
It only remains to check (b). It is enough to show that if §,h € X,(G) and
Gn 7 ﬁn, then

Vi <n (7(g) # f; om(R)). (1)
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Fix ¢ € N sufficiently large that Vi < m ((gi,4), (hi,i) € %), and note that by

condition (4) of the definition of goodness,

Vi < (fa0 go,.00)(Be) N fi © fso i .00y (Be) = 0),

and (1) follows. =

As a corollary, we see that Proposition 6.5 is the only route to ergodic free actions:

Theorem 7.4. Suppose that X is a standard Borel space, F is a countable Borel
equivalence relation on X, and G is a countable group which acts freely and in a

Borel fashion on X/F. Then the following are equivalent:
1. The action of G on X 1is ergodic.
2. There is an E-ergodic, Eq-quasi-invariant probability measure on X.

Proof. By Proposition 6.5, it is enough to show (1) = (2). Let 7 : X(o(G) — X
be the embedding of Theorem 7.2, let © be a strictly positive probability measure on
P(G), let v be the associated product measure on X,(G), and fix Borel automor-
phisms f, : X — X such that

F= U graph(fn).

neN

It is easily verified that v(B) = ¥ ,cn (77 o fr(B)) /2" is as desired. —|

Now suppose that L = {R;}ic; is a countable relational language and % is a class
of countable L-structures. An assignment C' — K¢ of L-structures to the classes of

E/F is Borel if
Vie I ({([z1]F,....[z.]r) €C": C € E/F and Rf(c([xl]p,...,[xn]p)} is Borel),

and such an assignment is a J#-structuring if each K¢ is isomorphic to some L-

structure in JZ.

Theorem 7.5. Suppose that X is a Polish space, FF C E are countable Borel equiv-
alence relations on X, E/F is generated by a free ergodic action of G, L = {R;}ier
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s a countable relational language, and K is a set of L-structures on G. Then the

following are equivalent:

1. & contains a right-invariant L-structure.

2. There is a Borel J-structuring of E/F.

Proof. To see (1) = (2), note that the right-invariance of K¢ € % ensures that
RiC = {([xl]p, o xnlr) € C" A € CA(gy, .., g0) € R?Vl <i<n (g -x= :pz)}

defines the desired assignment of L-structures.

To see (2) = (1), it follows from Theorem 7.2 that it is enough to show that
every Borel JZ-structuring C' — K¢ of Ey(G)/Fy(G) gives rise to a right-invariant
L-structure Kg € . For each v € I and g1, ..., ¢,, € G, note that

i (=]
Xgl,...,gni = {iL‘ € XO(G) : R’L Fol) (gl ’ [x]FO(G)7 <oy Ong [.T]FO(G))}
is Fy(G)-invariant, and therefore either meager or comeager. Setting

S=A{(. g1, 9n,) s X}, . is comeager},

it follows that there is a comeager Fy(G)-invariant Borel set B contained in

ﬂ Xél""ﬂm n ﬂ X \ Xél,--~7gni'

(2791779711)6‘5 (279177gn1)¢5

Fix x € B, set C' = [z]g, (@), and note that

R ={(g1,--,9n) €G": (g1 []p, .., Gn: - [2]F) € R}

defines the desired L-structure. -

It is worth noting that the definability constraint on the structuring can be weak-
ened under appropriate determinacy hypothesis. For instance, under projective de-

terminacy Borel can be weakened to projective.

Theorem 7.6. Suppose that X is a Polish space, F C E are countable Borel equiv-
alence relations on X, and E/F is ergodic. Then there is at most one group which

freely acts in a Borel fashion on X/F so as to generate E/F.
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Proof. Suppose that G and H are groups which both act freely on X/F so as to
generate £//F. It then follows from Theorem 7.5 that there is a transitive free action
of H on G and a function 7 : H — G such that h- g = w(h)g. Clearly any such 7 is

an isomorphism of H and G. -

Theorem 7.5 also gives a recipe for building equivalence relations which are difficult

to distinguish:

Proposition 7.7. Suppose that X, and X5 are Polish spaces, Fy C Fy and Fy C Ey
are countable Borel equivalence relations on X; and Xo, and E1/Fy and Ey/Fy are
generated by an ergodic action of the same group. Then Ey/F| and Ey/Fy admit the

same definable structurings.

Finally, Theorem 7.5 makes it easy to see that various sorts of structurability
behave much differently for ergodic equivalence relations than for equivalence relations

on Polish spaces. We will just mention one such example here:

Proposition 7.8. Suppose that X is a standard Borel space, F' C E are countable
Borel equivalence relations on X, and E/F is ergodic. Then the following are mutually

exclusive:
1. E/F is generated by the action of an aperiodic Borel automorphism of X/F.
2. E/F is the increasing union of finite Borel subequivalence relations on X/F.

Proof. Suppose, towards a contradiction, that both (1) and (2) hold. Then E/F
is induced by a free Borel action of Z, and (2) coupled with Theorem 7.5 then imply
that Z is locally finite, a contradiction. -

8 Ergodic hyperfinite actions

Suppose that X is a Polish space and F' C FE are countable Borel equivalence
relations on X. The equivalence relation E/F is hyperfinite if E is hyperfinite. A

Borel action of a group G on X/F is hyperfinite if the induced equivalence relation on
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X/F is hyperfinite. It is not hard to see that the equivalence relation Fy(G)/Fy(G)
of §7 is hyperfinite.

Theorem 8.1. Suppose that X is a Polish space, F' is a countable Borel equivalence
relation on X, and G acts freely and hyperfinitely on X/F. Then there is a Borel
G-action embedding of X/F into Xo(G)/Fo(G).

Proof. We can assume that X = Xo(G). Let f : Xo(G) — Xo(G) be a Borel
automorphism which induces ' = E, and fix a decreasing sequence of Borel sets B,

such that

k<2n

Vn € N (X: U fk(Bn)>,

and whose intersection is a transversal for the restriction of E to its periodic part.
Put
kn(z) =min{k € N: f*(z) € B,},
define ¢, : X — G™%" by
r)= @ O (@)n
k<2n
where & denotes concatenation. Fix go € G\ {1}, put g1 = 1, define ¢, ; : X — G"*!
by
Vnt1(T) = (Goos Gors - - - > Gb) »
where bgb; ... b, is the base 2 representation of k,.1(x) — k,(z), and let g,1(x) be

the unique element of G such that

(e @) (TT¥nr@))guir @) - rsa@)le = Fa@)e,

where [] denotes the product of the elements along the sequence. Now define 7 :
X — Xo(G) by
= D ¢nl(z) ® Yu(2) & (gn(@)) -

n>0

Lemma 8.2. If zEy, then n(z)Ey(G)n(y) and g - [z]r = [y|r < g - 7(x)Fo(G)n(y).
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Proof. Set f,(z) = f~*@(z). For the first assertion, fix N € N with fy(z) =
fn(y) and note that for n > N,

nt1(®) © Vi1 () @ (gnt1(2)) = Pnr1(Y) © Vi1 (Y) © (Gnr1(y))

thus 7(z) Eo(G)m(y). For the second assertion, define

g: = II (I #e1(®) (1T ¥ns1(2)) guia ()

n<N

for z € X, and note that
g - m(x)Fo(G)m(y) < 99: = gy-
Now it follows from the definition of g, ,; that for all z € X,
9= v (2)]r = 2,

and since fyy1(x) = fv11(y) and the action of G is free, it follows that

g-[2lr=Wr & 99 [[na(@)]r =gy [fva(y)lr
< 99z = Gy
& g-m(2)Fo(G)m(y),

and the lemma follows. =

Lemma 8.3. 0 is injective, and moreover, if w(x)Ey(G)n(y) then xEy.

Proof. Suppose that w(x)Ey(G)m(y) and fix N € N sufficiently large that for all
n>N,

Pnt1(2) ® o1 (2) B (Gnr1(2)) = Pnr1(y) & Vs (y) B (Gnr1(y)) -
It follows that k,(z) — kn(x) = kn(y) — kn(y) for all n > N, thus
zln = fkn(w)—kn(y)(y)|n — ka(w)—kN(y)<y>|n’

thus = fAN@=kNW) () so xBy. Also, if x # y then ky(x) # kn(y), thus 7 is

injective. 4
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By Lemma 8.2, zF'y = xEy = 7n(x)Fy(G)n(y), and by Lemma 8.3,
() Fo(G)n(y) = m(x)Eo(G)n(y) = aBy = xFy,

thus 7 is simultaneously an embedding of F into F(G) and an embedding of E into

Ey(G). It follows from Lemma 8.2 that 7 induces an embedding of G-actions. .

Putting together this result with the results of the previous section, we now have:

Theorem 8.4. Suppose that G is a countable group. Then any two free ergodic
hyperfinite actions of G on quotients of Polish spaces by countable Borel equivalence

relations are Borel isomorphic.

Proof. As in the proof of Theorem 3.5, this follows from a Schréder-Bernstein

argument. .

Corollary 8.5. Suppose that G is a finite group. Then any two free ergodic ac-
tions of G on quotients of Polish spaces by hyperfinite equivalence relations are Borel

1somorphic.

Proof. By Proposition 1.3 of Jackson-Kechris-Louveau [48], every Borel equiva-
lence relation with a finite index hyperfinite subequivalence relation is itself hyperfi-

nite, and the corollary follows. =
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Chapter 3

Measures and graphings

1 Introduction

The primary motivation underlying this chapter is the desire to understand the
sort of information that can be discerned about countable Borel equivalence relations
from probability measures and graphings which live on them.

Suppose that X is a Polish space and f : X — X is a Borel automorphism. A

probability measure p on X is f-invariant if
VB C X Borel (u(B) = u(f~(B))).
A probability measure y on X is f-quasi-invariant if
VB C X Borel (u(B) =0« u(f'(B)) =0).

The full group of a countable Borel equivalence relation £ on X is the group [E] of
Borel automorphisms f : X — X such that

Ve e X (zEf(x)),
and a set B C X is E-invariant if it is equal to its E-saturation,

[Blg ={x € X :3y € B (zFEy)}.
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The probability measure u is E-(quasi-)invariant if it is (quasi-)invariant with respect
to every element of [E], and the probability measure u is E-ergodic if every E-invariant
Borel set is null or conull.

The following theorem shows that we can get our hands on all such measures:

Theorem (Farrell-Varadarajan). Suppose X is a Polish space and E is a countable
Borel equivalence relation on X which admits an invariant probability measure. Then
the set &4(E) of E-invariant, E-ergodic probability measures is non-empty and Borel,
and there is a (surjective) Borel function m: X — ES(E) such that

1. If p is E-invariant, then p = [m(x) du(zx).
2. If u is also E-ergodic, then m(x) = p for p-almost every x € X.

Of course, this says nothing when E admits no invariant measures. Nadkarni [62]
filled this void by showing that the inexistence of invariant measures always has a
very specific sort of witness. The full semigroup of E is the group [E] of partial Borel
injections f:X — X such that xEf(z) whenever x € dom(f). A complete section
for F is a set B C X which intersects every class of E. A compression of E is a
partial Borel injection f € [F] with full domain and co-complete range. Intuitively,

a compression can be thought of as a uniform witness to the fact that each class of
E' is Dedekind infinite.

Theorem (Nadkarni). Suppose that X is a Polish space and E is a countable Borel
equivalence relation on X. Then E has no invariant probability measure exactly when

E is compressible.

By making use of Nadkarni’s theorem, one can also obtain an analog of Tarski’s
theorem on the existence of finitely additive invariant probability measures. An equiv-
alence relation E is paradozical if there are partial injections f,g € [E] with full

domains, whose ranges partition X.

Theorem (Becker-Kechris). Suppose that X is a Polish space and E is a countable
Borel equivalence relation on X. Then E has no invariant probability measure exactly

when E s paradoxical.
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Together, these results give rise to a powerful tool for studying equivalence rela-
tions, for they imply that one can prove things about equivalence relations by combin-
ing sufficiently uniform measure-theoretic arguments with arguments that presume
the existence of a compression or a paradoxical decomposition. A notable such ap-
plication appears in Dougherty-Jackson-Kechris [24], where hyperfinite equivalence
relations are classified up to Borel isomorphism.

Unfortunately, most Borel probability measures are not E-invariant, and these
theorems say nothing about such measures. The theorem of Farrell-Varadarajan
has been generalized to quasi-invariant measures, first by Kifer-Pirogov [57] in the
hyperfinite case (the proof of their result was later simplified by Schmidt [71]), and
then by Ditzen [23] in the general case. On the other hand, the results of Nadkarni
[61] and Becker-Kechris [6] have not been so generalized.

In §2, we present several facts about quasi-invariant measures. We begin by
showing that every probability measure is F-quasi-invariant on a complete section, so
that the study of probability measures essentially reduces to the study of those which
are quasi-invariant. (Actually, this result is morally due to Woodin, who showed the
analogous fact for Baire category.) Here we also introduce the well-known way of
associating with each quasi-invariant measure a Borel function D : E — R, which
describes a relative notion of mass between F-related points of X. That is, when zEy
we think of z as being D(z,y) times more massive than y. This intuition is solidified

by the fact that if f € [E] and B C X is Borel, then

u(f 1 (B) = [ D(f (@), 2) dufa).

In particular, E is p-invariant if the associated function D : E — R™ has constant
value 1. We describe how a simple proof of the analog of the Lebesgue density theorem
for Polish ultrametric spaces can be used to calculate D from p. We then isolate a
o-ideal (which agrees with usual o-ideal of smooth sets when D = 1), which plays a
fundamental role in our work, and describe some of its properties.

In §3, we prove several selection theorems which allow us to build finite Borel
subequivalence relations whose classes satisfy a wide range of properties. We also note

various barriers to further strengthenings of these theorems. Coincidentally, one of
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these barriers gives rise to a quite simple answer to a question of Nadkarni [62] and its
subsequent modification in Eigen-Hajian-Nadkarni [30] (where the original question
was answered in a different manner) regarding a potential alternative characterization
of compressibility.

In §4 and §5, we embark upon the program of providing analogs and general-
izations of the theorems of Farrell-Varadarajan, Nadkarni, and Becker-Kechris for
probability measures with a given D : E — R™. The generalization of the theorem of
Farrell-Varadarajan to this context has already been achieved, first by Kifer-Pirogov
[57] for hyperfinite equivalence relations, and then in general by Ditzen [23]. The
proof of Kifer-Pirogov [57] was quite complex, and their theorem was given a much
simpler proof, using only the Hurewicz ergodic theorem, by Schmidt [71]. Ditzen’s
proof uses quite a bit of ergodic theory beyond this, however. While analogs of the
theorems of Nadkarni and Becker-Kechris did not exist before now, it is worth noting
that Nadkarni has found a new proof of the hyperfinite case of his theorem which uses
little more than Srivatsa’s descriptive strengthening of the Birkhoff ergodic theorem
(the invariant special case of the Hurewicz ergodic theorem).

The main result of §4 is a slight weakening of the Hurewicz ergodic theorem
which holds for all countable Borel equivalence relations. We prove this theorem
using nothing more than the selection results of §3. We then describe how this can be
used to give two new proofs of Ditzen’s [23] theorem. The second of these proofs is
really a reduction of Ditzen’s [23] theorem to that of Kifer-Pirogov [57]. The source

of this reduction is the following fact, which we again prove with our bare hands:

Theorem. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, and D : E — RY is a Borel cocycle. Then there is a hyperfinite
equivalence relation F' C E such the the set of D-invariant probability measures and

the set of D|F-invariant probability measures coincide.

In §5, we give the analog of the theorems of Nadkarni [61] and Becker-Kechris [6]
in the quasi-invariant setting. One of the main difficulties here is that the function
D : E — R can impose limitations on the existence of invariant functions in [E]

so severe that it may be impossible to find a compression, even when no D-invariant
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probability measures exist. This is similar to the situation that arises with a countable
group I' of Borel automorphisms of X. Even if there are no I'-invariant probability
measures, it is clearly impossible for any element of I" to be a compression, for every
element of I' has full range. The solution is to search for compressions in the full

semigroup of the orbit equivalence relation associated with T,
cEXy e 3Iyel (y-x=1y).

This allows us to break up sets and map pieces of one set to pieces of another via
different elements of I'. We handle the new limitations imposed by D by going one
step further, and work with an enlarged full group [[D] in which we can break up
points and map pieces of one point to pieces of another via different elements of
I'. This leads to natural analogs of the notions of aperiodicity, compressibility, and
paradoxicality. We show that the natural analogs of the theorems of Nadkarni and
Becker-Kechris go through with respect to these notions (whose definitions we shall

suppress until §5):

Theorem. Suppose that X is a Polish space, E s a countable Borel equivalence
relation on X, D : E — R" is a Borel cocycle, and E is D-aperiodic. Then exactly

one of the following holds:
1. E admits a D-invariant probability measure.
2. E is D-compressible.
3. E is D-paradozical.

As an application of our results, we also provide compressibility-like criteria for
the existence of an invariant probability measure for a countable-to-one function,
answering a question of Nadkarni. We close this section with a result (joint with
Kechris) on the incompatibility between measure and category in this setting, which
generalizes a result of Wright [80].

In §6, we turn our attention to graphings. We focus on results concerning ends of

graphs. All of our results here generalize work of Paulin [65], which itself generalizes
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work of Adams [1]. Again, the main tools of this section are the selection results of §3.
With few exceptions, our results do not depend at all on the presence of D-invariant
measures. For those which do, we still give descriptive results by showing them off of
a D-compressible set.

We begin by showing that every aperiodic countable Borel equivalence relation

admits a single-ended locally finite graphing. We then show the following:

Theorem. Suppose X is a Polish space and 9 is a locally countable Borel graph on

X, each of whose connected components has exactly two ends. Then Ey is hyperfinite.
We also show the following, which was independently observed by Blanc [15]:

Theorem. Suppose that X is a Polish space and 94 is a locally countable Borel graph
on X. Then off of an E-invariant Borel set on which E is smooth, every component

of 4 has 0, 1, 2, or infinitely many ends.

In order to strengthen this theorem, we then work with cocycles. Given a Borel
graph ¢ and a Borel cocycle D : Ey — R, we study a natural subset of the ends of
¢ which we term the D-ends. When D = 1, these are exactly the usual ends of ¢.

Here we show the following:

Theorem. Suppose that X is a Polish space, ¢ is a locally countable Borel graph
on X, and D : E4 — R* is a Borel cocycle. Then off of a D-negligible E-invariant
Borel set, every component of ¢ has 0, 1, 2, or perfectly many D-ends.

We close the section with a generalization of the Poincaré recurrence lemma:

Theorem. Suppose that X is a Polish space, 4 is a locally countable Borel graph on
X, D : Ey — R is a Borel cocycle, and B is a Borel complete section for Eg. Then
off of a D-negligible E-invariant Borel set, B is dense in the D-ends of 4.

2 Quasi-invariant measures

Suppose that X is a Polish space. By a measure on X, we mean a countably

additive extended real-valued function p on the Borel subsets of X such that (@) = 0.
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By a probability measure on X, we mean a measure p on X such that u(X) = 1. The
set of all probability measures on X is denoted by P(X).
Now suppose that E is a countable Borel equivalence relation on X. The E-

saturation of a set B C X is given by
[Blp ={x € X :3y € B (zEy)}.

The set B C X is E-invariant if B = [B]g, and the set B C X is a complete section for
E if [B]p = X. By the Lusin-Novikov Uniformization Theorem (see Theorem 18.10
of Kechris [51]), every countable Borel equivalence relation is the union of countably
many Borel graphs. It follows that the E-saturation of every Borel set is also Borel.

A probability measure u is E-quasi-invariant if the saturation of every null set is
null. There is a substantial sense in which every probability measure on X is nearly
FE-quasi-invariant. This is essentially due to Woodin, who showed the analogous fact

for Baire category:

Proposition 2.1 (essentially Woodin). Suppose that X is a Polish space, E is
a countable Borel equivalence relation on X, and p is a probability measure on X.
Then there is a conull Borel E-complete section B C X such that u|B is (E|B)-quasi-

mvariant.

Proof. We may assume, without loss of generality, that X = R. Fix a sequence
of open intervals %;, which form a basis for the usual topology on R. Also, fix a

sequence of Borel automorphisms f, : X — X such that

E= U graph(f,,).

neN

For each pair of natural numbers (m,n) for which it is possible, fix a Borel set

Boun € Uy, such that pu(Buy,) > (%) /2 and pu(f;7 (Bmn)) = 0. Now define
A=X\U 1. (Bun).

Lemma 2.2. u|A is (E|A)-quasi-invariant.
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Proof. Suppose, towards a contradiction, that there is a Borel null set A C A

such that [A']g4 is non-null. Set A, = AN f,'(A), and note that

[Alpa= U f(ANA,).

neN

In particular, it follows that there exists n € N such that

u(fa(A"NAy)) > 0.
By the Lebesgue density theorem, there exists m € N such that

P(fu(A N Ap) N Un) > 1(Unn) /2.
It follows that B, exists, and since u(B,) > w(%y)/2, we have that
fu(A' N A N By # 0.
It then follows that AN f, 1(B,.,) # 0, a contradiction. 4
It now follows that the set

B=AU(X\[A])

is a conull Borel complete section for £ and p|B is (F|B)-quasi-invariant. .

It was Kechris who pointed out that Woodin’s argument can be used here. As
our original proof is a bit more in the spirit of the arguments to come (and avoids the

need for the Lebesgue density theorem), it seems worthwhile to reproduce it here:

Alternative Proof (Miller). A topological space is zero-dimensional if it has
a clopen basis. By change of topology results (see §13 of Kechris [51]), there is a zero-
dimensional Polish topology on X, compatible with its underlying Borel structure.

An ultrametric on X is a metric d which satisfies the strong triangle inequality,

Vz,y,z € X (d(z, 2) < max(d(z,y),d(y, 2))).
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It follows that there is a complete ultrametric d on X which is compatible with its
underlying Borel structure, as any zero-dimensional Polish space admits such an ultra-
metric. We will use %(z, €) to denote the ball around z of radius €. The requirement

that d is an ultrametric ensures that
V6 < eVr,y € X (B(x,0) N B(y,e) =0 or B(x,8) C B(y,e)).

For each f € [E] and € > 0, set

_ Mf(#(,9)
) =B e))

Note that py . is well-defined off of a (countable) union of null open balls, and therefore
has conull domain. As dom(py,) decreases as e — 0, it follows that

m dom(pfvﬁ) = ﬂ dom(ﬂf,l/n)a

e>0 n>0
thus for all f € [E], almost every point of X is in the domain of every ps.. Set
Ap = {x € () dom(py,) : limsup py(z) < oo} .
e>0 =0

Lemma 2.3. For all f € [E], the set Ay is conull.

Proof. The measure p is reqular if

VB C X Borel (,LL(B) = inf H(U))a

BCU open

and the measure p is tight if

VB C X Borel (M(B) = inf ,u(K)).

BDOK compact

Every probability measure on a Polish space is regular and tight (see, for example,
§17 of Kechris [51]).

Now suppose, towards a contradiction, that X \ Ay is of positive measure. It
follows from the tightness of ;1 that there is a compact set K C X \ Ay of positive
measure which is contained in the domain of every py¢., for e > 0. We will show that

nu(K) < u(f(K)) for all n € N, contradicting the fact that u(f(K)) < 1.
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It follows from the regularity of the probability measure B +— p(f(B)) that there
is an open set % O K such that

p(f (%)) < p(f(K)) + p(K).

For each x € K, fix €, > 0 such that #(z,¢,) C % and ps.,(z) > n+1. As K is
compact, we can find a finite family of points z; € K such that the set
/‘// = U %<xi7€xi)
i<k
contains . As (X, d) is an ultrametric space, after throwing out some of the x;’s we

may assume that the balls #(x;, €,,) partition ¥". As ¥ C %, it follows that

(n+Du(¥) = > (n+1)u(Bxi es,))

i<k
< (B )
= :(kf (7))
< p(f(K)) + p(K),
thus nu(K) < (n+ Du(¥) — w(K) < u(f(K)), the desired contradiction. ’

By Feldman-Moore [36], there are Borel automorphisms f,, : X — X such that

E = J graph(f,).

neN
It follows from Lemma 2.3 that the set A =, cy Ay, is conull.

Lemma 2.4. u|A is E|A-quasi-invariant.

Proof. Suppose, towards a contradiction, that B C A is a null Borel set whose
saturation is of positive measure. As

(Bl = | fu(B),

neN
it follows that there exists n € N such that u(f,(B)) > €, for some € > 0. Set f = f,..
By the tightness of the measure C' +— pu(f(C)), there is a compact set K C B such
that p(f(K)) > e. It follows from Lemma 2.3 that for m € N sufficiently large,

limsup ps(x) < m.

e—0
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For each = € K, fix ¢, > 0 such that ps.(z) < m. As K is compact, we can find a
finite family of points x; € K such that

V= U B(Ti, €x;)

i<k

contains J#. It now follows that

u(f(K))

IN

2#(1‘(93(%%)))
'X;Cmu(c%’(%ﬁmi))

e 07

IA

the desired contradiction. =
It now follows that the set
B=AU(X\[A]lr)

is a conull Borel complete section for £ and p|B is (F|B)-quasi-invariant. .

Suppose that f : X — X is a Borel automorphism. The measure p is f-quasi-
invariant if f sends null sets to null sets. We will use f.u to denote the probability
measure given by B +— u(f~'(B)). Note that u is f-quasi-invariant exactly when
w and f,p have the same null sets. By the Radon-Nikodym Theorem (see Theorem
6.10 of Rudin [67]), there is a Borel function df.u/dp : X — R in L'(u) such that
for every ¢ : X — RT in L(p),

[ e@) dion@) = [ p@)dfp/d)(a) duz).

and moreover, the function df,u/dpu is unique modulo null sets. In Polish ultrametric

spaces, these derivatives are not difficult to compute:

Proposition 2.5. Suppose that (X,d) is a Polish ultrametric space, f : X — X is a

Borel automorphism, and i is an f-quasi-invariant probability measure. Then

fi(B(y, 6))> e

(dfspe/dp) () = lim < 1(B(y.e€))

e—0
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Proof. The main point is the following version of the Lebesgue density theorem:

Lemma 2.6. Suppose that (X,d) is a Polish ultrametric space, p is a probability
measure on X, and @ : X — R is (locally) in L'(u). Then

f%(fcve)gp(y) du(y)) —a.e
w(B(x,e)) s

Proof. By an approximation argument, it is enough to show the lemma for simple

o(z) = lim (

e—0

functions, thus for characteristic functions. For this, it is enough to show

¥B C X Borel ¥z € B Qi_r% (“ (f(;i(f)’;)» = 1> , (1)

as (f) can then be applied to B and X \ B. Fix a Borel set B C X, and for z € B
and € > 0, put

(BN A(x,€))
pz(€) = .

9= @@ 0)

Note that by replacing X with the conull closed set

{2 € X :Ve>0 (u(Blx,¢)) > 0)},

we may assume that p,(¢) is defined everywhere. Now suppose, towards a contradic-
tion, that
A= {w € X: limionfpx(e) < 1}
€E—

is of positive measure. Then we can find § > 0 such that
A = {x €A: limiélfpx(e) <1- (5}

is of positive measure. By the tightness of i, there is compact set K C A’ of positive

measure. Now suppose % 2 K is open, and for each = € K, choose €, > 0 such that
PB(x,€,) C U and p,(e,) <1—4.

As {HB(x,€;)}rex forms an open cover of K| there is a finite subcover {#(x;, €,,) }icn-

As d is an ultrametric, we may assume this subcover is pairwise disjoint. Setting

V= U :@(SE’Z’,Gwi),

<n
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it follows that

u(K) _ p(E)
wz) — W)
S ilK 0 Bla1,60))
Z'L<TLM<%($17EI1))
< 1-4,

thus there is no open set 7 O K such that u(%) < u(K)/(1 — 6), contradicting the
regularity of u. It follows that

V,r € B <1iren_>ionf pe(€) > 1) :
thus (1) holds. +

It now follows that for p-almost all x € X,

oo (dfep/dp) (y) u(y)> ae
u( (,€)) N

and the proposition follows. =

e—0

(ofdp)(z) = nm(

The full group of E is the group [E] of Borel automorphisms of X whose graphs
are contained in X, or equivalently, the group of Borel automorphisms f : X — X
such that

Ve e X (zEf(x)).

Note that p is F-quasi-invariant exactly when p is quasi-invariant with respect to
every element of [E]. A function D : E — R" is a cocycle if D(z,z) = D(x,y)D(y, 2)

whenever xEyFEz.

Proposition 2.7. Suppose that X is a Polish space, E is a countable Borel equiva-
lence relation on X, and p is an E-quasi-invariant probability measure. Then there
is a Borel cocycle D : E — R such that for every f € [E] and (locally) integrable
p: X — R

/ () dfip( / p(x ) dp(z).
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Proof. By Feldman-Moore [36], there is a countable group I' < [E] which gen-
erates E. That is, E coincides with the orbit equivalence relation associated with T,
which is given by

tEXy e 3Iyel (y-x=y).
By the Lusin-Novikov Uniformization Theorem, there is a Borel function 7 : £ — T’
such that

V(z,y) € E (n(z,y) -y = x).
Define D : E — R* by

D(y, x) = (dm(, y)pr/dp) (y)-

Now suppose that f € [E], for each v € T' put
Ay ={reX: @) =1tz and n(r,y " z) =),
and observe that

[ o) drnt) = 3 [ o) drnte)

yel

= 3 [, el)drp/dp)(a) du(z)

vyel

= 2 / v w)ep/dp) du(z)

~yel

- ¥ / -, ) dp(x)

=/<p ;@) dp(z).

Unfortunately, it need not be the case that D is a cocycle. However, it is the case

that D is a cocycle almost everywhere, in the sense that
Viz € XVu,v,w € [r]p (D(u,w) = D(u,v)D(v,w)).

Granting this, D can be turned into the desired cocycle by setting it equal to 1 on
the union of the F-classes on whose restriction it fails to be a cocycle.
To see that D really is a cocycle almost everywhere, it is enough to show that for

all v,0 € T,
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or equivalently, that

(do.pp/dp) () = (d(y6™)upe/dp) (™" - ) - (dryups/dps) () p—a.e. (1)

Fix a Polish ultrametric d on X which is compatible with the underlying Borel struc-
ture of X. Noting that the pullback of d through the action of 7 is also a Polish
ultrametric on X which is compatible with its underlying Borel structure, it follows

from the uniqueness of the derivative and Proposition 2.5 that

(A0 ol ) = i (LI

_ i (OO By x,€) e
B £—>0 <7*M(7%(7—1 'aj?E))) H o
= (doup/dy.p)(z) p—a.e.

The chain rule (for derivatives of measures) now implies that (f) holds. —

Remark 2.8. It is not difficult to see that D : E — R™ is unique modulo null sets,

in that any other such map must agree with D on an F-invariant set of full measure.

Remark 2.9. Our primary use of Proposition 2.7 will be when ¢ is the characteristic

function 1g of some Borel set B C X, in which case we obtain that

vf € [B) (n(r7(B) = [ D (@),2) du(a))

Note that when D : E — R™ is the constant cocycle, this just says that the elements

of [E] are all measure-preserving. In this case, we say that u is E-invariant.

Remark 2.10. A probability measure g on X is D-invariant if D agrees with the
cocycle of Proposition 2.7 almost everywhere. It follows that if I' generates F, then

w1 is D-invariant exactly when
Vize XVyerl (D(y™ 'z, ) = (dy.p/dp)(z)).
In fact, if % is a countable open basis for X, then y is D-invariant exactly when

vy eDVU € % (u(y'(U)) = /UD(7‘1 ) dp(x))
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To see this, observe that this condition ensures that the map B +— [ D(y~! -z, z) is
a probability measure. It follows from regularity that both this measure and ~,u are

determined by their values on %/, and therefore must be identical.

Remark 2.11. As noted in Kechris-Miller [55], the cocycle D is simply the Radon-

Nikodym derivative of the o-finite measures M; and M, on E which are given by

Mi(A) = [ |4, du(w) and 4, (4) = [ 4] du(y).
where A, ={y € A: (x,y) € A} and AY ={z € A: (z,y) € A}.

In light of the observations we have made thus far, it is reasonable to view the
Borel cocycle D : E — R* associated with a quasi-invariant measure p as giving a
notion of relative mass between FE-related points of X. That is, we think of each
equivalence class as being a single mass which has been divided into countably many
pieces, and D(z,y) as the ratio of the mass of the piece corresponding to = to the
mass of the piece corresponding to y.

In fact, we obtain a notion of relative mass between subsets of each E-class. Let
[E]=>* = {S C X finite : Va,y € S (zEy)},
and define an equivalence relation F' on [E]<* by
(S,T) € F < (S and T are contained in the same E-class).

Given an F-class C', z € C, and S C C, we will use

|S]. = >_ D(,2)

zeSs

to denote the mass of S relative to z, and we extend D to D:F —R" by setting

— |S|z _ ZmGSD(x’ Z)
|T|z z:yETD(y7Z)7

D(S,T)

where z € C. Note that because D is a Borel cocycle, 5(5, T) is independent of the
choice of z € C and is also a Borel cocycle. As no confusion will result, we will use

D to refer to both cocycles.
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Now suppose that S € [E]<*. Although |S|, can depend on our choice of z,
whether or not |S|, is finite does not. We say that S is D-finite if |S|, is finite, and
S is D-infinite otherwise. The equivalence relation E is D-periodic if all of its classes
are D-finite, and E is D-aperiodic if all of its classes are D-infinite. A set B C X
is D-negligible if it is null with respect to every D-invariant measure, and ¢ holds

D-almost everywhere if the set of x for which () fails is D-negligible.

Proposition 2.12. Suppose that X is a Polish space, E is a countable Borel equiv-

alence relation on X, and D : E — R™" is a Borel cocycle.
1. If E is D-periodic, then E is smooth.
2. If E is smooth, then D-almost every class of E is D-finite.

Proof. To see (1), note that the classes of any D-periodic equivalence relation

each contain a finite, non-empty set of x’s such that
Vy € a]p (D(y,z) < 1).
Letting < be a Borel linear ordering of X, it follows that
A={reB:Vyezlg (Dy,z)<lory=<ux)}

is a Borel transversal of F.
To see (2) suppose, towards a contradiction, that F is smooth, D-aperiodic and
1 is D-invariant. Fix a Borel transversal B C X of E, and build an infinite pairwise

disjoint sequence of Borel complete sections B,, C X such that
Vn € N (u(B,) > p(B)).

Then Y, cn p(By) = 00, a contradiction. -

Now suppose that E is a smooth equivalence relation and D : E — R™ is a Borel
cocycle. It follows from Proposition 2.12 that the D-aperiodic part of £ admits no

D-invariant probability measures. Moreover, if B C X is a Borel transversal of the
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restriction of F to its D-periodic part, then there is a natural correspondence between
P(B) and the space of D-invariant probability measures.

Thus, from now on we will focus on D-aperiodic equivalence relations. The pre-
ordering induced by D is the assignment of pre-orderings to the classes of E which is
given by

r<py< (zBy and D(z,y) < 1).

Clearly the restriction of <p to any F-class is pre-linear.

Proposition 2.13. Suppose that X s a Polish space, E is a countable Borel equiv-

alence relation, D : E — R* is a Borel cocycle, and E is D-aperiodic. Then
{z € X : <p|[z]g is a discrete linear ordering of [x]g}
1s D-negligible.
Proof. Suppose, towards a contradiction, that
Ve € X (<p|[z]g is a discrete linear ordering of [z]g),

and that there is a D-invariant probability measure  on X. By Proposition 2.12, we
may assume that <p provides a Z-ordering of each class of E. Let 4+ be the successor

function for <p, and observe that

W(X) = p(x)
= /XD(:ﬁ,x) dp(x)
> p(X),

a contradiction. -

Note that in the invariant case, the restriction of <p to each class of F|B is a
discrete linear order exactly when B is a partial transversal of F, so that the o-ideal
generated by such sets is just the o-ideal of Borel sets B C X for which E|B is
smooth. It is not difficult, however, to come up with cocycles D : E — R* for which
the latter o-ideal is strictly contained in the former. It is the former o-ideal which

will be of primary importance in the arguments to come.
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It is trivial to see that the restriction of <p to each class of E can be a discrete
pre-order, even in the presence of a D-invariant probability measure. Nevertheless,
there is a density condition that <p must obey off of a D-negligible set. A cocycle

D is dense around x if
Ve > 03"y € [z]g (1 < D(z,y) <1+e¢).

Proposition 2.14. Suppose that X is a Polish space, E is a countable Borel equiv-
alence relation on X, and D : E — R* is a Borel cocycle. Then there is a Borel set
B C X such that the restriction of <p to each class of E|B is a discrete linear order

and D is dense around every point of X \ [Blg.

Proof. Set A = {# € X : D is not dense around z}, let x — €(x) be a Borel
assignment of points of (0, 1) to points of A such that

Vo € AV®y € [z]g (D(z,y) < 1or D(z,y) > 1+ €(x)),
and for each F-class C, define
e(C) = sup e(x).
z€ANC
Put 2Fy < D(x,y) = 1, fix a Borel transversal A’ C A of F'|A, and observe that
B={ze A :e(x)>e([z]g)/2}
is an (E|A)-complete section and <p discretely orders each class of E|B. .
Of course, Proposition 2.14 cannot be strengthened so as to ensure that
Ve > 03%y € [z]g (1 < D(z,y) <1+e),
off of a D-negligible set. It is important to note that we also cannot guarantee that
Iy € [a]p (D(x,y) = 1),

off of a D-negligible set:
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Example 2.15. We will use € = 2" to denote Cantor space, and .4, to denote the
basic clopen subset of ¢ which consists of sequences that begin with s € 2<N. Let u
be the probability measure on 2V which satisfies

(%)

M) = 1 gua

for all s € 2<N, and let
(0My if 2 = 170y,
o(x) =
0>* if z =1°°.
be the odometer on €. Alternatively, one can think of the odometer as “addition by

10*° with right carry.” Define Ey on € by
rEoy < YV € N (z, = yn),
noting that off of the eventually constant sequences,
rEyy < Ine€Z (o"(x) =vy).
Now note that if % C € is open, then
wW%)/4 < o (%)) < 4% ),

from which it easily follows that p is Eyp-quasi-invariant. By Proposition 2.5, pu is

invariant with respect to the cocycle D : Ey — R™ which is given by

M(U”(«/’@w)))

D(z,y) = lim( )

k—oo
N
lim (M( k))
koo \ (A k)
_ ; (w—yi)/2°
= 1l
i<k
— 22i<k(xi_yi)/2i,

where x = ¢"(y). In particular, if D(x,y) = 1 then x and y must be base 2 represen-

tations of the same real. As xFEyy, it follows that z = v.
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3 Maximal finite subequivalence relations

Suppose that X is a Polish space and F is a countable Borel equivalence relation on
X. A (partial) finite subequivalence relation (or fsr) of E is a finite Borel equivalence
relation F', defined on a Borel set dom(F') C X, such that ' C E. The standard
Borel space of finite subsets of X is denoted by [X]<*°, and the standard Borel space
of finite, pairwise E-related subsets of X is denote by [E]<*.

In contrast with the viewpoint of ergodic theory, we will often find it useful to think
of ourselves as working within individual E-classes, albeit in a sufficiently uniform
manner that the objects we build are Borel. As a result, it will be useful to think
of Borel sets ® C [E]<™ as definable statements about finite subsets of E-classes.
Adopting this point of view, it is natural to use ®(.S) to denote S € ®. Anfsr F C F
is ®-satisfying if

Vo € dom(F) (®([z]r)),

and a ®-satisfying fsr F' C F is ®-mazimal if
VS € [E]** (SNdom(F) =0 = —®(9)),
or equivalently, if there is no ®-satisfying fsr F’ 2 F such that
Vz € dom(F) ([z]r = [z]).

The following fact was first explicitly isolated in Kechris-Miller [55], although it can

also be easily shown via the techniques of Kechris-Solecki-Todorcevic [56]:

Theorem 3.1. Suppose that X is a Polish space, E is a countable Borel equivalence

relation on X, and ® C [E]|<* is Borel. Then E admits a ®-mazimal fsr.

Proof. Consider the graph G on [E]<* which is given by
G={(S,T)€[E]<*:S#T and SNT # 0}.

We begin by noting that G admits a Borel Rg-coloring, i.e., a Borel map ¢ : [E]~>® —
I, with I a countable (discrete) set, such that

VS, T € [E]=™ ((S,T) € G = ¢(5) # ¢(T)).
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By Feldman-Moore [36], there are Borel involutions g, : X — X such that
E = U graph(g,).
neN

be the

<-increasing enumeration of S and let ¢(S) be the lexicographically least sequence

Let < be a Borel linear ordering of X, and given S € [E]<®, let (x7)

i<n
(kij); j<p Of natural numbers such that

W,j<n(gk STy =1

1j ) 7/
Now suppose, towards contradiction, that ¢ is not a coloring. Then we can find

(S,T) € G such that ¢(S) = ¢(T). Put n = |S| = |T| and fix i,j < n such that

ry = yf . Then

thus i = j and 27 = y7. It follows that for all m < n,

x
= G (47)
= Y
thus S = T, contradicting our assumption that (S,7) € G.
Now that we have seen that ¢ is a coloring, recursively define a sequence of fsr’s

F, of E by putting xF,,y exactly when

35 € [E]=*® <w,y € S and ®(5) and ¢(S) =n and SN ( U dom(Fm)> = @) :

m<n
Noting that
Vm # n (dom(F},,) N dom(F,) = 0),
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it follows that F' = U<y F), is an fsr of E. It is also clear that the classes of F' satisfy
®. To see that F is ®-maximal, it remains to check that if S € [E]<> satisfies ®,
then S Ndom(F) # 0. In fact, it follows from the definition of F,g) that either S
forms a class of Fys) or SN F, # 0, for some n < ¢(9). -

Theorem 3.1 is a remarkably useful tool in the study of countable Borel equivalence

relations. Here is a simple example of its application:

Lemma 3.2. Suppose that X is a Polish space, E is an aperiodic countable Borel
equivalence relation on X, and n 1s a positive natural number. Then there is a Borel

subequivalence relation F of E, all of whose classes are of cardinality n.
Proof. It is clear how to proceed when FE is smooth. In the general case, put
®(5) = [S] =mn,

and let F' C E be a $-maximal fsr. Clearly X \ dom(F') intersects each E-class in at

most n — 1 points, thus F is smooth off of the set on which F' is as desired. -

As can be easily seen by considering ® = [E]<*°, a ®-maximal fsr can be properly

contained in another ®-maximal fsr. Thus we are lead to the following question:

Question 3.3. Are there stronger notions of maximality which satisfy an analog of

Theorem 3.17

A ®-maximal fsr F' C F is strongly ®-maximal if
Vz € dom(F) VS € [E]*® (S Ndom(F) =0 = —®([z]r U S)),
or equivalently, if there is no ®-satisfying fsr £’ 2 F such that
Vo € dom(F) ([z]r = [z]p N dom(F)).

Although strong maximality might appear to be a rather innocuous strengthening of

maximality, there are simple obstructions to the existence of such fsr’s:
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Example 3.4. Set X =N, £ = N2, and define
o(S)<=0€es.
Clearly F does not admit a strongly ®-maximal fsr.
Nevertheless, a version of Theorem 3.1 still goes through:

Theorem 3.5. Suppose that E is a countable Borel equivalence relation and ® C

[E]<* is Borel. Then there is an E-invariant Borel set B C X such that
1. E|B admits no invariant probability measures.
2. E|(X \ B) admits a strongly ®-mazximal fsr.

Proof. Given a ®-maximal fsr F' C FE, let ®r be the set of S € ® such that
S Ndom(F) is a single F-class which is properly contained in S,

noting that F is strongly ®-maximal exactly when ®p = ().
Fix a ®-maximal fsr F{y C F, and recursively define an increasing sequence of fsr’s
of E by letting F, ;1 be the union of F,, with a ® 5 -maximal fsr F). Define

F:UFna

neN

let A C X be the aperiodic part of F', and set B = [A]p. It is clear that F|(X \ B) is a
strongly ®-maximal fsr of E|(X\ B). As the intersection of each F-class with dom(Fp)
is a non-empty finite set, it follows that F|A is a smooth aperiodic subequivalence

relation of F|A, thus E|B admits no invariant probability measures. =

Remark 3.6. By Example 3.4, the analog of Theorem 3.5 for Baire category is false.

There is another direction in which one can improve Theorem 3.1. Given a se-

< we say that an fsr F' C E is simultaneously ®,,-

quence of Borel sets @,, C [F]
satisfying if for each n € N, every FE-class contains an F-class which satisfies ®,,.
Although it is once again straightforward to see that such an fsr need not always

exist, we do have the following:
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Theorem 3.7. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, D : & — R™ is a Borel cocycle, E is D-aperiodic, and (®), .y s
a sequence of Borel subsets of [E]<*° such that each ®,, contains a subset of every
E-class. Then there is a D-co-negligible E-invariant Borel set B C X such that E|B

admits a simultaneously ®,,-satisfying fsr.

Proof. We begin by recursively defining Borel sets W,, C [E]<>, fsr's F,, C E,
and Borel sets A,, C X. Set

U, (S)< 3T CS (9,(T) and Vm < n (D(A,, NS, [T)Eg,) > 2")), (%)

and fix a U,-maximal fsr F,, C E. Fix a Borel assignment S — T'(S) of witness to
(%) to the classes of F}, and define
A, = U T(S).

S an Fp—class

For each m € N, define

= An\ U [An]£,.s

n>m

and set F' = U,en Fu|Bn. As the B,,’s are pairwise disjoint and F,,-invariant, it
follows that F' C E|B is ®,-satisfying, where

B=IB

neN

It remains to show that X \ B is D-negligible. Suppose, towards a contradiction, that
there is a D-invariant probability measure p such that u([B,,]g) < 1, and fix m € N
such that A = X \ [B,,|g is of positive measure. As [dom(F),)|g is co-D-negligible,
it follows that u(A Ndom(F,,)) > 0, thus for all n > m,

(AN [A)E,) = Andom(Fm)D([T([x]Fn)]Fm,[x]Fn) du(x)
— e DTl s A 0 ()5,
D(Ap N [z]k,, [2]F,) du(z)
= /Andom(Fn) (Am N [2]p,, [2]F,) /2" dpu(z)
= (AN A, Ndom(F,))/2"

< (AN A)/2m.
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It follows that
A N A Z ,u A ﬂ F'rn)

n>0
thus u(A N B,y,) > 0, the desired contradiction. -

Corollary 3.8. Suppose that X is a Polish space, E is an aperiodic countable Borel

equivalence relation on X, p is an E-invariant probability measure on X, and (@),

< such that each ®,, contains a subset of every

is a sequence of Borel subsets of [E|
E-class. Then there is a conull E-invariant Borel set B C X such that E|B admits

a sitmultaneously ®,,-satisfying fsr.

Although Corollary 3.8 has several applications, the main reason we mention it

here is that it points to a significant difference between measure and category:

Example 3.9. For each n € N, define ®,, C [Ey]<* by
D,(S) < Jr e X (S={0"(2)}icn) -

Letting i be the usual product measure on %, it follows from Corollary 3.8 that there
is a conull Ey-invariant Borel set B C X such that Ey|B admits a simultaneously
®,,-satisfying fsr.

On the other hand, every FEy-invariant Borel set B C X for which Ey|B admits a
simultaneously ®,,-satisfying fsr is necessarily meager! To see this suppose, towards
a contradiction, that B C X is a non-meager Ey-invariant Borel set and F' C Fy|B is

a simultaneously ®,,-satisfying fsr. Define

A={x €€ : (v,0(x)) ¢ F},

and note that since A is an Ep|B-complete section, there exists s € 2<N such that
B is comeager in 4;. Find a comeager FEjy-invariant Borel set C' C % such that

C N A, C B, and note that since
02\5\((/1@ _ JVS,

it follows that there are comeagerly many FEjy-classes which do not contain an F-class

which satisfies ®,,, for any n > 2!*|, a contradiction.
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As we have already mentioned, the goal of the next several sections is to provide an
effective means of describing the set of D-invariant probability measures. A significant
part of this project is to understand the circumstances under which there are no D-
invariant probability measures. In the invariant case, an answer to this piece of the
puzzle was given by Nadkarni [62]. Suppose that X is a Polish space and FE is a
countable Borel equivalence relation on X. The full semigroup of E is the semigroup
[E] of all partial Borel injections from X into itself whose graphs are contained in E.
A map f € [E] is a compression of E if it has full domain and the complement of its

range is an E-complete section, and E is compressible if it admits a compression.

Theorem 3.10 (Nadkarni). Suppose X is a Polish space and E is an aperiodic
countable Borel equivalence relation on X. Then E has no invariant probability mea-

sure < E 1is compressible.

We will eventually provide a new proof of this theorem, as well as a version
for D-invariant measures. In the meantime, we will close this section by noting
that the idea behind Example 3.9 can be used to answer questions of Nadkarni [62]
and Eigen-Hajian-Nadkarni [30] regarding a potential alternative characterization of
compressibility.

Suppose f: X — X is an aperiodic Borel automorphism. A set B C X is weakly

wandering if there is an infinite set S C N such that (f"(B)), g is pairwise disjoint.

Question 3.11 (Nadkarni). Suppose that X is a Polish space, f : X — X is a
Borel automorphism, and E is the orbit equivalence relation associated with f. Is E

compressible exactly when E admits a weakly wandering Borel complete section?

It is straightforward to see that if E' admits a weakly wandering Borel complete
section, then F is compressible. However, Eigen-Hajian-Nadkarni [30] answered Ques-
tion 3.11 in the negative by constructing a compressible Borel automorphism which
admits no weakly wandering Borel complete section. However, their method left open

the following possibility:

Question 3.12 (Eigen-Hajian-Nadkarni). Suppose that X is a Polish space, f :

X — X is a Borel automorphism, and E is the orbit equivalence relation associated
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with f. Is E compressible exactly when there is a countably generated partition 9B
of X into E-invariant Borel sets such that E|B admits a weakly wandering Borel

complete section, for each B € %7
Again, the answer to this question is no. Here is a counterexample:

Example 3.13. Let p be the usual product measure on %, fix a null comeager Ej-
invariant Borel set A C ¢, and put f = o|A. As u is the unique invariant probability
measure for Fy, it follows that there are no invariant probability measures for Fy|A,
and thus Fy|A is compressible.

Now suppose that % is a countably generated partition of A into Ep-invariant
Borel sets, and note that there is a comeager set C' € ZA. As in Example 3.9, it
follows that if B C C' is a Borel complete section for Fy|C', then after throwing out a
meager Ej-invariant Borel subset of C', we may assume that there exists an s € 2<N
such that 4, N C C B. Tt then follows that no collection of more than 2%l iterates of

B under f is pairwise disjoint, thus f|C admits no weakly wandering Borel complete

section.

4 Ergodic decomposition

Suppose that X is a Polish space, E is a countable Borel equivalence relation on
X, D: E — Rt is a Borel cocycle, and f : X — R is a Borel function. For each set
S € [E]=*>, fix z € [S]g and put
ZxES f(x)D(mv Z)
EwGS D(l’, Z)

Since D is a cocycle, this quantity does not depend on our choice of z. Intuitively,

Is(f) =

Is(f) is simply S’s best guess at the value of [ f du. We will use
pns(B) = Is(1p)
to denote the density of B within S.

Proposition 4.1. Suppose that X is a Polish space, E is a countable Borel equiva-

lence relation on X, D : E — R* is a Borel cocycle, i is a D-invariant probability
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measure on X, F C FE is a finite Borel equivalence relation, and f : X — R is a

bounded Borel function. Then

/f dp(x /[[x

Proof. By breaking up X into countably many F-invariant pieces, we may assume
that each F'-class is of cardinality n > 0. Let B C X be a Borel transversal for F
let g : X — X be a Borel automorphism whose associated orbit equivalence relation

is F', and observe that

[ @) dute) = 3 [ r@) du)

<n

- z/fog (9'(x). 2) dp(a)

<n

=/zf du(x)

yElz)p

= [ () ¥ Dly.2) dula)

ye :U]F

The following fact is intended as a descriptive version of the Hurewicz ergodic

theorem for countable Borel equivalence relations:

Theorem 4.2. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, D : E — RT is a Borel cocycle, and ¥ is a countable family of
bounded real-valued Borel functions on X. Then there is a Borel set B C X such
that the restriction of <p to each class of E|B is a discrete linear order, and an
increasing sequence of finite Borel subequivalence relations F,, C E such that for all

x € X\ [Blg, dl f € %, and all D-invariant probability measures u € P(X):
1. {Iia)p, (f))nen converges uniformly in x to some I.(f) € R.

2. x— I.(f) is E-invariant.
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3. [ f(x) dp(x) = [ L(f) dp(z).

Proof. A finite Borel equivalence relation F' C F is e-approximating for f if
VC € X/BVS,T € C/F (Is(f) — In(f)] < ).

Lemma 4.3. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, D : E — R* is a Borel cocycle, ¢ > 0, and ' C E is a finite Borel
equivalence relation which is e-approrimating for f. Then there is a Borel set B C X

and a finite Borel equivalence relation F C F' C E such that:
1. F"is (3¢/4)-approximating for f|(X \ [Blg).
2. The restriction of <p to each class of E|B is a discrete linear order.

Proof. For each E-class C, set

() = 5 (188 Tlas () + 509 Lo (1) )

define ® C [E]<* by
®(S) < (9 is F-invariant and |Is(f) — g, (f)] < €/4)
let I C E be a ®-maximal fsr, and define F/ = F U F”. Setting

A={r e X :3Jy,z € z]g (‘I[y]F/ (f) — I[z]F/(f>’ > 3e/4)},

it is clear that F'|(X \ A) is (3¢/4)-approximating for f.

Now suppose, towards a contradiction, that there is no Borel complete section
B C A for E|A such that the restriction of <p to each class of F|B is a discrete
linear order. We will use Dr to denote the cocycle induced by D on X/F.

Sublemma 4.4. Suppose that X is a Polish space, E is a countable Borel equivalence
relation, F' C E is a finite Borel subequivalence relation, and D : E — R is a Borel
cocycle. If E/F admits a <p,-linearly discretely ordered Borel complete section, then

E admits a <p-linearly discretely ordered Borel complete section.
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Proof. By breaking X into countably many F-invariant Borel sets and going
down to an F-invariant Borel complete section, we may assume that each class of F’
is of cardinality n € N. Fix an F-invariant Borel complete section A C X for E such
that the restriction of <p,. to each class of (E/F)|(B/F) is a discrete linear order.

As it is clear how to proceed when E/F is smooth, we may assume that
Vo€ Ady,z € A (D([lylr, [2]r), D([z]F, [2]r) = n).

Define B C A by
B={zxe A:Vy € [z|r (D(z,y) > 1)},

noting that B is a complete section for F'|A and
Ve e B (1 <|[z]pl. <n).

As D([z|Fr, lylr) = D([x]F, ) D(z,y)D(y, ly]r), it follows that

D(z,y)/n < D([]r, [ylr) < nD(z,y),
thus for all z,y € B there exists ',y € B such that

Vz€ B (x<pz<py=[']r <p, [z]r <p; [y]r)
As Dy is discrete, the set of all such z must be finite. Define F” on B by
rF'y < D(z,y) =1,

note that the classes of F” are finite, and let C' C B be a Borel transversal of F’. It is
clear that C' is an F-complete section and the restriction of <p to each class of E|C

is a discrete linear order. =

Now define (E|A)-complete sections Y, Z C A by

Y={yecA: Iy, (f) <Iy,(f) —e/4}

and

Z ={ze€ A: Iy, (f) > I,(f) +e/4},
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noting that Y and Z are disjoint from dom(F"), thus F|Y = F'|Y and F|Z = F'|Z.
By Proposition 2.14 and Sublemma 4.4, we may assume that there exists z € A such
that the restrictions of Dp to (E/F)|(Y/F) and (E/F)/(Z/F) are dense around every
point of [z]p NY and [z]p N Z.

Fix y € [z]pNY’ and z € [z]g N Z', choose m,n € N such that

2/3 < (m/n) D([ylr, [2]r) < 3/2,
and choose ¢ > 0 sufficiently small that
o/(mllylrle), 0/ (nl[2]ple) < 1/2.
Now fix pairwise F-inequivalent elements y; € [z]p MY and z; € [z]g N Z such that
Vi,j € N (1 < D([yi]r, [ylr), D([z]F, [z]r) < 1+46).
Set Y' = U, [¥i)r and Z" = U, ., [z]F, and note that
mllylrle < [Y'a < ml[y]rls +md
and
n|[2]rle <|Z'le < nl[2]p|e + nd,

thus
milylele _ Sienlldels _ m(flels +5)

n(|lelrle +0) = X llzlrle = nllz]rle
As the middle quantity is by definition D(Y’, Z’), we have that

D(Y',Z") < (m/n)D([ylr, [z]r) + 6/ (n|[2]r|.) <2
and
D(Z'Y") < (n/m)D([z]F, [y]r) + 6/ (m|[y]Fls) < 2,
so D(Y'UZ',Y"),D(Y'U Z',Z') < 3. Tt follows that
Iy (f) = DY, Y'UZ)yi(f)+ D(Z,Y' U Z")z(f)
(1/3) Iy (f) + (2/3)1z(f)
< (13U (f) = €/4) + (2/3) U (f) +€/2)
I (f) + €/4,

IN
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and similarly,

Iy (f) = DY, Y'UZ)y(f)+ D(Z,Y' U Z)z(f)
> (2/3) Iy (f) + (1/3) Iz (f)
> (2/3) Ty (f) = €/2) + (1/3) L1y, (f) + €/4)
Iy (f) — €/4,

thus [Iywuz (f) — I, (f)] < €/4, contradicting the ®-maximality of F”. s

Now fix a sequence of functions f, € .%# such that

Vn € N (ﬁ == {fm}mZn) 3

put Fy = A(X) = {(z,2)},ex, and given a finite Borel equivalence relation F,, C F,
apply Lemma 4.3 finitely many times to produce an E-invariant Borel set B, C X on
which F admits a <p-discretely linearly ordered complete section and a finite Borel
equivalence relation F,, C F,,; C E which is (1/n)-approximating for f,.

It is clear that the restriction of F to B = U, ¢y B, admits a Borel complete section
C' C B such that the restriction of <p to each class of E|C is a discrete linear order.

Moreover, the sequence (Ij),. (f)),ey converges uniformly for z € X \ B. Letting

I]Fn

I.(f) be this limit, it follows from Proposition 4.1 that

[ £ ) = lim [ 1, (f) di(@) = [ L(f) du(a)

Note that for all € > 0 and n € N sufficiently large, F), is e-approximating for f. It
easily follows that I,(f) is E-invariant. .

Now we are ready to prove Ditzen’s theorem:

Theorem 4.5 (Ditzen). Suppose that X is a Polish space, E is a countable Borel
equivalence relation on X, D : E — R is a Borel cocycle, and E admits a D-
invariant probability measure. Then the set &%(D) of D-invariant, E-ergodic proba-

bility measures on X is non-empty and Borel, and there is a [surjective] Borel function

m: X — &4(D) such that
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1. If p is D-invariant, then p = [7(x) du(z).
2. If pu is also E-ergodic, then Vix € X (m(x) = p).

Proof (Miller). Without loss of generality, we may assume that X = %. Let
7 be the set of characteristic functions of basic clopen sets. By Theorem 4.2, there
is a co-D-negligible E-invariant Borel set A C X and bounded FE-invariant Borel
functions I(f) : A — R, for f € .#, such that

[ F(@) dute) = [ L(7) dp().

for every D-invariant probability measure p on X. It follows from the proof of The-

orem 4.2 that
L(Lg) =1 and ¥s € 2 (L(Ly) = L(Ly,) + L(Lxo)),
for all z € A. It now follows from Exercise 17.7 of Kechris [51] that each assignment
N L(Ly,)
uniquely determines a probability measure p, on X. It follows that
Vs € 27 () = [ ol A) ()

for every D-invariant probability measure ¢ on X. In particular, if u is also E-ergodic,
then
Vs € 2"z € A (u(A) = pa(M)),

thus Viz € A (p = pi,). Tt follows that
B ={z € A: u, is not a D-invariant, F-ergodic probability measure}
is null with respect to every D-invariant, E-ergodic probability measure on X.

Lemma 4.6. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, D : E — R™ is a Borel cocycle, and B C X is a Borel set which is
null with respect to every D-invariant, E-ergodic probability measure on X. Then B

18 null with respect to every D-invariant probability measure on X.
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Proof. As usual, we may extend the topology of X, while maintaining its under-
lying Borel structure, so that B is open. By Feldman-Moore [36], there is a countable
group G < [E] which generates E. Fix an enumeration (B,),.y of a G-invariant
algebra of sets Z which forms a basis for the new topology such that B € %, and
define d : #(D)? — R by

neN

We claim that (#(D),d) is a compact metric space. It is clear that d is symmetric
and satisfies the triangle inequality. As any probability measure on X is determined

by its values on the elements of A, it follows that
p=v<<dpr) =0,

thus d is a metric.

As d is clearly complete, it only remains to check that it is totally bounded, i.e.,
that X can be covered with finitely many e-balls, for all ¢ > 0 (see Proposition 4.2
of Kechris [51]). Fix n > 4/¢, let S be the set of functions from {0, ...,n} into itself,
and for each s € S, fix u, € H(D) such that

Vi<mn (s;/n<ps(B;) < (si+1)/n),

if such a probability measure exists. It is clear that for each p € #(D), there exists
s € S such that
Vi <n (|ps(Bi) — p(By)| < €/4),

and it follows that

d(p, ps) = Z [1(Bs) — ps(Bi)| /2" + Z [1(By) — ps(Bi)|/2"

i<n i>n

< N e/2T 4> 1/
i<n >n

< €/2+1/2

< e

thus the sets of the form Z(us, €) form the desired cover.
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Now that we have established that (#(D),d) is compact, set
a= sup p(B),
pesA(D)
and define
A={peJD): u(B)=aj.

As the map p — p(B) is continuous, it follows that A is a non-empty compact convex
subspace of (A(D),d). It now follows from the Krein-Millman Theorem that A has
an extreme point p. Since every extreme point of A is clearly E-ergodic, it follows

that a = 0. 4

It follows that the set of D-invariant, FE-ergodic probability measures on X is

non-empty and
EA(D) ={p € P(X): pis D-invariant and ¥,z € A (1= pz)},
thus &#(D) is Borel. Fix a D-invariant, F-ergodic probability measure p, and set

( u, ifxe A\ B,
m(x) =
i i otherwise.

Clearly 7 is as desired. -

Theorem 4.2 can also be used to reduce Ditzen’s theorem to that of Kifer-Pirogov.

This can be seen via the following strengthening of Lemma 9.3.2 of Zimmer [82]:

Theorem 4.7. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, and D : E — R is a Borel cocycle. Then there is a hyperfinite
equivalence relation F C E such that &4(D) = &F(D|F), thus (D) = S(D|F).

Proof. Without loss of generality, we may assume that X is a Polish ultrametric
space. Let Z be the (countable) set of open balls of rational radius, and apply
Theorem 4.2 to obtain an E-invariant Borel set A C X off of which F admits a <p-
discretely linearly ordered complete section, and an increasing sequence of finite Borel
subequivalence relations F,, C F such that for all x € A, B € 4%, and D-invariant

probability measure p € P(X):
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L. (I}, (1B)),en converges uniformly in  to some I,(1p) € R.
2. I,(1p) is E-invariant.
3. [1p(x) du(x) = [ I.(1p) du(z).
Setting p,(B) = I,(1p), it follows that if u € &#(D), then
VB € #V,x € B (u(B) = p1(B)).

We will show that
F=[J F.U(E[(X\A)

neN
is the desired hyperfinite subequivalence relation.

Suppose that p € £4(D) and A C X is a non-null Borel set. We will show that
w([A]lr) = 1. Fix 0 < € < 1/2. By Lemma 2.6, we can find B € 4 such that

(AN B) > (1 —€)u(B),
and it follows from (1) that we can find n € N such that
Viw € X (|, (B) = u(B)| < en(B))
where ps(B) = Is(1g). Now define C' C X by
C = {2 € Xt iy (AN B) > (1 = ¢/(1 = ), (B)},
and observe that
(1= u(B) < wANB)
= /M[x]p (AN B) dp(x)
- /Mm~Aﬂmdu@+/ Hials, (AN B) dp(x)

< /M[m]Fn(B (1 ( )) X\C“[w}Fn(B) e
) o e (B) du(z)
Ju(

) X\C (1 — Ou(B) du(z)
- MB%—fo>MX\CM1—dMB)
— u(B)(1—en(X\0)),

" |

7= (1”
7~

1

™ |
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thus 1 — eu(X \ C) > 1 — €2, and it follows that u(C) > 1 —e.
Noting that for almost all x € B we have that

fialr, (AN B) 1

)M[m]Fn (B)
)*u(B)

> (1—e€
> (1—e€
> 0,

it follows that almost all of C' is contained in [A N B]p,. In particular, we have that

p(lAlr) = w([ANBlF,)
> pu(C)
> 1 —k,
and as 0 < € < 1/2 was arbitrary, it follows that u([A]r) = 1. .

5 Existence of D-invariant probability measures

Suppose that X is a Polish space, E is a countable Borel equivalence relation on

X, and D : E — R* is a Borel cocycle. A map f € [E] is D-invariant if
va € dom(f) (D(f(z),2) = 1).

We will use [D] and [D] to denote the D-invariant elements of [E] and [E], respec-
tively. The following simple example provides a significant obstruction to a general-

ization of Theorem 3.10:

Example 5.1. Suppose that X = N and E = (N*)2. Define D : E — R™ by
D(m,n) =m/n.

Clearly D is a Borel cocycle, E is D-aperiodic, E admits no D-invariant Borel prob-
ability measures, and
[D] = {id|S : S C N},

thus [D] contains no compressions of E.
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A natural first reaction to this example is to hope that if [D] is sufficiently trivial
then there is no D-invariant probability measure, and then to try to push through an
analog of Theorem 3.10 outside of this special case. Such an approach is implausible,
however, for Example 2.15 provides a setting in which [D] is trivial but there is a
D-invariant probability measure.

So it seems that if we are to have any hope of coming up with an analog of
Theorem 3.10, [D] must be enriched in such a manner that points which cannot be
mapped to one another via a D-invariant function can be split into pieces so that
fractions of these points can be mapped to one another. This is not so different from
the invariant case: If G is a countable group of Borel automorphisms for which there
is no G-invariant probability measure, then it is necessary to pass to the full group of
E¢ in order to find a compression. The purpose of this is to allow us to begin with
two sets A, B C X which do not map to one another via an element of GG, break them
up into pieces, and then map these pieces to one another via different elements of G.
The additional constraint of D-invariance simply forces us to go a step further, and
break up the points of X themselves.

We will use B to denote the set of Borel functions b : X — [0, 1]. We will think of
the elements of B as fractional Borel subsets of X, with b(x) specifying the fraction
of z included in b. We will use < to denote the partial ordering of B given by

a<beVrelX (a(z) <b(x)).

The minimal element of (B, <) is the constantly 0 function O, and the maximal
element of (B, <) is the constantly 1 function 1. We will use + and — to denote the

binary operations on 9B given by
la + b](z) = min(a(z) + b(x), 1)
and
[a — b](z) = max(a(z) — b(x),0).

It is straightforward to check that the map B +— 1g provides an embedding of the

Borel subsets of X under union into B under addition.
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Given a Borel cocycle D : E — R*, we will think of each non-negative function
¢ : E'— R as specifying D-invariant mappings between (possibly fractional) multiples
of (the masses associated with) points of X. Specifically, if r = ¢(x,y), then we think
of ¢ as sending r copies of x to rD(z,y) copies of y. The domain of ¢ is a real-valued

function on X, given by

[domp(p)](x) = Y ol(z,y),

y€lr]p

and similarly, the range of ¢ is given by

g (@)l(y) = > w(z,y)D(x,y).

mE[y]E

The fractional full semigroup of D is
[D]] ={¢: E — [0,1] Borel : domp(¢),rngp(p) € B}.
Given ¢ € [[D] and b < domp(p), the restriction of ¢ to b is

o T0](x,y) = (2, y) D(x, y)b(x)/[domp ()] (x),

as well as the image of b under ,

@[b] = rngp (e [ ).

Given @, 9 : E — R* such that domp(¢) < rngp, (1), the composition of ¢, is

exip(z,y) = D Uz, 2)e(zy),

z€[z|E
Also, the inverse of ¢ € [[D] is given by
o' (z,y) = ¢y, z)D(y, x).
Note that [D] embeds into [D]] via the map f +— ¢, where

(1 if x € dom(f) and f(z) =y,
gpf(:c,y) :i

0 otherwise.
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The image of [D] under this embedding is the subsemigroup of the image of [D] of
maps for which

domp(p) =1 and rngp(p) = 1.

A map has full domain if it satisfies the former condition, and full range if it satisfies
the latter.

A fractional Borel set b € B is a complete section for E if
By, ={z € B:b(x) > 0}

is a complete section for E, and B is a co-complete section for E if its complement
1 —b is a complete section. A D-compression of E is a map ¢ € [D]] with full domain
and co-complete range. The equivalence relation E is D-compressible if it admits a
D-compression.

The following fact is the analog of Nadkarni’s theorem [62]:

Theorem 5.2. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, D : E — R" is a Borel cocycle, and E is D-aperiodic. Then exactly
one of the following holds:

1. E admits a D-invariant probability measure.
2. E is D-compressible.

Proof. To see (2) = —(1) suppose, towards a contradiction, that ¢ € [[D] is a
D-compression of £ and p is a D-invariant probability measure on X. Fix a sequence

of automorphisms f,, € [E] and a sequence of Borel sets B,, C X such that the sets
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of the form graph(f,|B,) partition F, and observe that

/ [rngp(0)](y) duly) = / > o(z,y)D(x,y) duly)

z€Y|E

= /Z oL W), ) DU (), y) Ly () duly)

neN

= > / W), y)D(f " (1), y) du(y)

neN B")

= > / Y),y) d(fa)si(y)

neN B")

= % [, e, fulx)) dule)

neN

/Zsorcfn )13,(z) dp(a)

neN

> elx,y) du(x)

y€[z]lp

= [ldomp())(x) du(a).

As domp(p) = 1, it follows that rng,(¢) = 1 p-almost everywhere. As rngp () is a
co-complete section for F/, this contradicts the fact that p is E-quasi-invariant.

To see =(1) = (2), we will first use an enhanced version of the proof of Theorem
4.5 to show that if there are no D-invariant probability measures on X, then X can
be partition into countably many F-invariant Borel sets on which we obtain very
specific sorts of witnesses to D-negligibility. We will then describe how to build
D-compressions from such witnesses.

Suppose that B C X is an E-invariant Borel set.

1. A witness to D-negligibility of B of type 1 is a Borel complete section A C B

such that the restriction of <p to each class of E|A is a discrete linear order.

2. A witness to D-negligibility of B of type 2 is a partition of B into Borel sets
B,, C B and an increasing sequence of finite Borel equivalence relations F,, C F

such that

(a) For all # € X and all B in the algebra % generated by the B,’s, fis),, (B)

converges uniformly in x to some real number y,(B).
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(b) For each B € A, the map x +— p,(B) is E-invariant.

<C> ZTLGN IU:E(BTL) <L

3. A witness to D-negligibility of B of type 3 is a finite Borel equivalence relation
F C E, a Borel automorphism f € [E], and a Borel complete section A C B
such that for all x € B,

D(f([z]p) N A, [z]p N A) > 1.

Lemma 5.3. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, and D : E — R™ is a Borel cocycle which admits no invariant prob-
ability measures. Then X can be partitioned into countably many E-invariant Borel

sets which admit witnesses to D-negligibility.

Proof. We will gradually strip away verifiably D-negligible E-invariant Borel
subsets of X until nothing remains. By Feldman-Moore [36], there is a countable

group G < [E] which generates E. For each g € G, define D, : X — R* by

and for each n > 0, set
Xgn={r € X :1/n < Dy(x) <n}.

By Exercise 13.12 of Kechris [51], we can find a Polish ultrametric d on X, compatible
with its underlying Borel structure, in which each element of G is a homeomorphism,
each D, is continuous, and each X, is clopen. Let % be a countable G-invariant
algebra of clopen subsets of X which contains all clopen balls of rational diameter
and every X,,, for ¢ € G and n € N. Let .# be the closure of the family of functions
of the form 1y and D,, for U € % and g € G, under pairwise multiplication. Note
that each element of .% is continuous. By Theorem 4.2, there is an E-invariant Borel
set X7 C X whose complement is verifiably D-negligible of type 1, and an increasing
sequence of finite Borel equivalence relations F,, C F|X; such that for all x € Xj,

feF, and pe AD):
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L. (11}, (f))en converges uniformly in z € X; to some I,(f) € R.

2. I.(f) is E-invariant.

3. [ f(x) du(x) = [ L(f) du(z).
We will use p,(U) to denote I,(1y). For z € X; and B C X Borel, put
( )
wr(B) = infi > (V) : ¥ C U covers B} .
ver

Sublemma 5.4. For all x € Xy, the map p. is a measure on X.
Proof. First, we will show that p is an outer measure. That is,
L pi(0) =0.
2. YA C B C X Borel (u(A) < ui(B)).
3. VBy, By, ... C X Borel (1} (Unen Br) < Xnen ti(Bn)).

Conditions (1) and (2) follow trivially from the definition of p}. To see (3), fix € > 0
and covers ¥, C % of B,, such that

ﬂ:c(Bn) = Z ,ux(v) o 6/2n+17
Vetn
and observe that ¥ = U,,cy 7» is a cover of U,,cy By, and

r (U Bn) < V)< et Y (B,

neN Vey neN

thus 1% (Upen Br) < Xnen 1 (Bn).

In fact, pf is a metric outer measure. That is,
VA, B C X Borel (d(A4,B) > 0= pi(AUB) = 1(A) + p3(B)),

where

d(A,B) = inf d(x,y).

r€AyeB
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To see this, fix € > 0 and find a cover ¥ C % of AU B with
ver

Let (Vo) en
sets of diameter less than d(A, B) which partitions V;,. Set

be an enumeration of ¥, and for each n € N, find a family %, C % of

v =] ",

neN

and define
WA:{WGW:AQW#Q}

and
WB:{WEW:BOW%@},

noting that #4 N #5 = (). Now observe that

p(A) +pp(B) < 3 W)+ D, (W)

WeW s We¥s
< > (W

wew

neNWe#,

Fix n € N and an enumeration W,,,, of #;,, and note that since p, is finitely additive,

> (W) = lim Zux

Wer, €—>oo

— g, (U wmn)

=00 m<t

meN

= M$(Vn>,

thus
1 (A) + 15(B) < 37 pa(Va) < (AU B) +

neN

and it follows that p}(A) + pi(B) < pi(AU B).
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It now follows from Example 4 of §17.B of Kechris [51] that u} is a measure. -

Now let %, C % denote the set of clopen balls of diameter 1/n, and note that
there is an E-invariant Borel set Xy C X such that X \ X5 is verifiably D-negligible
of type 2, and

> we(U) =1,

Uen
for all n € N and = € X,. More generally, as i, (U) 4+ (X \U) =1 for all U € %,
it follows that

pa(U) = Z (U NV).
VeU,

Sublemma 5.5. For allz € Xy and f € F, I.(f) = [ f(y) dui(y).

Proof. We will begin with the special case that f = 1y, for some U € % . It is
enough to show that p(U) > p.(U) — €, for all e > 0 and x € X,. For each n € N,
fix a finite pairwise disjoint family ¥;, C %, of subsets of U such that

po(UNU) > pal0) = /2.

Set K, = U NNy U7, and observe that K = (N, oy K, is totally bounded and

closed, thus compact. Now suppose, towards a contradiction, that

i (K) < o (U) — .

Then there is a cover of K by pairwise disjoint sets V,, € % such that
S (V) < () .
neN

By compactness, there is a finite subcover Vi, ..., V,,. Letting V be the union of the
sets in this subcover, it follows that V € % and p (V) < . (U) — €.
We claim that K, C V for some n € N. As

1z (V) < pa(U) — € < g (Ky)

and g is monotonic, this will give the desired contradiction. So suppose, towards a

contradiction, that for each n € N there exists x,, € K,, \ V. It follows that for each
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n € N, the closure of X,, = {z, };m>n is compact, thus

N X, CK\V £0,

neN

which contradicts the fact that K C V.

Now we are ready for the general case. We will proceed via a straightforward
approximation argument. Unfortunately, we need to make several approximations
before getting to the main calculation, and the order in which these approximations
are made is not the same as the order in which they are used. In order to help the
reader keep track of things, we will therefore associate with each approximation a
number which indicates the order in which it is used in the final calculation.

Suppose that f € #, fix € > 0, and note that by the continuity of f, there is a
partition ¥ C % of X and real numbers fy,, for V € ¥, such that

Ve e XoWW eV Vy eV (If(y) = fvl <e)

Noting that for each V € ¥,

‘/Vf(y)dui(y)—fvuZ(V)‘ M/f(y) dﬂg(y)_/va du;(y)‘

15 = fvl i)
< (V)

IN

it follows that

<e. (1)
ver

‘/f(y) iy (y) — > fvii(V)

Fix finite sets #;, C ¥ and a partition of X, into E-invariant Borel sets XQ(n) with

Y (V) <e (2)

Ver\Vn

> L(flv) <k (7)

Ver\s,
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and
(X \UJ7%) <€/ sup f(z), (9)

foralln € Nand z € X" (actually, (7) follows from (9)). It follows from the f = 1y

case that

Now, for all n € N there exists k,, € N such that for all x € X2 and V € 7,

1o (X \NU ) — i, (X\U"f/\<e/supf<> (8)

and

L(friv) = Iy, (frlv)|+

+ | L(f) = Tge, (1) < €/1%4l;

from which it follows that

> L(fvlv) = > Iy, (fvlv)| <e (4)
Ve Vern
and

10f) — Ty, (D] < e (6)

Noting that for all £ € N,

clx|F 172 D , L
Tiage, (frlv) = Ty, ()] ‘ velelr, (Jv = F () 1y (y) D(y, x)

Zye[x]Fk D(y, )
yelalp, v = FW)[Lv(y)D(y, z)
- Yyelalr, DY)
< €pfalp, (V),

it follows that

Yo e, () = Y Iy (fly)

Vern Vetn
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Finally, we are ready for the main calculation:

[ diw) - L) < [0 i) - X femv

ver
> forn(V) — Ix(f)‘
ver
< e+ Y fm(V)+ Y frn(V (f)‘
Ver\tn Vern
< 2e+ Z ]z(fvﬂv)—fw(f)‘
Vet
< 24| ) Lfvlv) = D T, (frlv)|+
Ve, Ve,
> ][z]Fkn(fvﬂv) - ]x(f)‘
Vern
< Bet | D Ty, (fvly) = > Iy, (f1v)|+
= Vet
Z ][x]Fkn (fﬂv) - Iw(f)‘
=
< 4de+ ‘Ix(f) - I[w]Fkn (f)‘ +

> T, (f1v) = Ty, (f)‘

Ve,

D€ + Z I[m]Fkn (f1y)

VeEN\Yn

D€ + [ifal g, (X\U”//)Supf()
56+‘M[x]% (X\U7) = e (X\NU7)
ne (X AU 70) sup f(x)

IN

IN

sup f(x) +

zeX

IN

Te.

As € > 0 was arbitrary, it follows that I.(f) = [ f(y) dul(y). .

In particular, it follows that p} is a probability measure on X, for every x € Xs.
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As F admits no D-invariant probability measures, it must be the case that
Vo € Xy (u is not D-invariant).
By Proposition 2.10, for each z € X, there exists g € G and U € % such that
) # [ Daly) dissly
By choosing n € N sufficiently large and setting V' = U N X, it follows that
) # [ Dyly) diy

By Sublemma 5.5, we can find a countable partition 2~ of X into E-invariant Borel
sets and natural numbers kg, for B € %2, such that for all B € 2, one of the
following holds:

1. Vx € B (’UJ[I]FkB (g(V)) < I[x]Fkn (Dg]lv)).

2. Vx € B (,u[x]FkB (g(V)) > I[x]Fkn (Dg]lv)).

Noting that
Zye[x]pkB Ng(V) D(y7 l’)

M[I]FkB (g( - Zye[m}FkB D(y, )
and
][x]Fk (Dg]lv) _ ZyE[l‘] £,V D( (y) )D(y, ) _ Zyeg([x]FkB)mg(V)D(y,x)
n ZyE[x}FkB D(y, ) Zye[x}FkB D(y7 q:)

it follows that the above two conditions are equivalent to:
1. Yz € B (D(g([2]r,, ) N g(V), [z]r, Ng(V)) > 1).
2. Vo € B (D(g([z], ) Ng(V),[z]r, Ng(V)) <1).
In case (1), (F},,g,9(V)) is a type 3 witness to D-negligibility. In case (2),
{9(F). 97" g(V))
is a type 3 witness to D-negligibility. .

To complete the proof of the theorem, it is now sufficient to show the following:
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Lemma 5.6. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, D : E — R™" is a Borel cocycle, and E can be partitioned into countably
many E-invariant Borel sets which admit witnesses to D-negligibility. Then E is D-

compressible.

Proof. It is trivial to check that £ must be D-aperiodic. There are now essentially

four cases:

e I is smooth: Let B be a Borel transversal of E, and note that we can easily

build a pairwise disjoint sequence of Borel complete sections B, C X for F,
with By = B, such that

Vn € NVz € X (B, N |[z]g is D-finite and D(B,11 N [x]g, B, N [z]g) > 1).
For each n € N, fix a Borel function ¢, : EN (B, X B,11) — [0, 1] such that:

1. Vx € B, (Eye3n+1m[gc]E Qon(x7y) = 1)'

2. \V/y S Bn+1 (ZmeBnﬂ[y}E gpn(x,y) S 1)

Now define ¢ € [[D]] by

:( on(z,y) ifneN xz € B,, and y € B,41,
o(r,y) = { x if © ¢ Upeny Br and y = z,
{

0 otherwise.

It is clear that ¢ is a D-compression of E.

e X admits a witness to D-negligibility of type 1: Fix a Borel complete section
B C X for E such that the restriction of <p to each class of E|B is a discrete
linear order. As we have already handled the smooth case, we may assume that
each of these restrictions is of type Z. Let + : B — B be the corresponding

successor function, define f € [E] by

(
flz) = i

xt if x € B,

x otherwise,
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and set

( .
vr(x,y) ifx e B,
ez, y) —i :9)

©ia(r,y) otherwise.

Clearly ¢ is a D-compression of E.

X admits a witness to D-negligibility of type 2: Fix a partition of X into Borel
sets B, C X and an increasing sequence of finite Borel equivalence relations of

F,, C E such that:

1. For all z € X and all B in the algebra % generated by the B,,’s, pi[), (B)

converges uniformly in = to some real number p,(B).

2. For each B € £, the map = — u,(B) is E-invariant.

3. Ynen Ha(Br) < 1.

Clearly we can find a countable partition 2" of X into E-invariant Borel sets

such that for each B € 27, there exists eg > 0 and kg € N such that

pa(By) < lnf Ha (U Bk> — €g,

k>n

for all x € B and k > kg. Moreover, we can ensure that
By, is a complete section for F|B.
For a,b € 9B, we will write a < b if there exists ¢ € [D]] such that
domp(p) = a and rng,(p) < b.

We will refer to such maps as injections from a into b.

Sublemma 5.7. Suppose that X is a Polish space, E is a countable Borel
equivalence relation on X, D : E — R™ is a Borel cocycle, a,b € B, and F C E
is a finite Borel subequivalence relation of E such that I3, (a) < Iy, (b), for all
x € X. Then there is an injection ¢ € [[D] of a into b such that

V(z,y) € E (p(x,y) > 0= xFy).
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Proof. Noting that Ij;), (a) < I}, (b) implies that for all z € X,

Y oa)lyla < D0 bW)|yle,

yElz]F yElz]F

the sublemma then follows easily from the smoothness of F'. -

Now fix B € Z5. We will recursively construct injections ¢y, € [D] from By,
into Uy, Be, for k > kg, such that

> mgplpr) < Y 1p,.

k>kp k>kp
Granting that we have accomplished this, set ¢y, = piq for k < kg, let k(x) be

the unique natural number such that x € By(,), and observe that
o(,y) = i) (2, y)
is the desired D-compression. In building the ¢}’s, we will also ensure that
Vel e NVz,y € X (pr(z,y) > 0= xFy),

which implies that
I (domp(pr)) = L.(tngp(pr))-

Suppose that we have accomplished this for kg < ¢ < k, and note that for all
B e %2 and z € B,

L(1g,) < Y L(lp)—es

Jj>k
= Y L(lp)+ > IL(dom(p;)— > L(mg(p;)) —es
Jj>k kp<j<k kp<j<k
= Y L(lz)— Y mg(p;) —es
Jj>kB kp<j<k
It follows that for ¢ € N sufficiently large,
I[I}Fe(13k> < Z ][;r] Z I[LL’ l"Ilg QDJ)) — €.

>k kp<j<k
By Sublemma 5.7, there is an injection ¢, € [[D]] of 1p, into
> Ip,— > mgp(y))
Jj>kp kp<j<k

such that V(x,y) € E (¢r(z,y) > 0= zFpwy).
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e X admits a witness to D-negligibility of type 3: Fix a finite Borel equivalence
relation F' C E, a Borel automorphism f € [E], and a Borel complete section

B C X such that
Ve € X (D(f([z]r) N B, [z]r N B) > 1).
Define R C E|B by
R={(x,y) € E:xz,ye€ Bandy € f([z]r)},
and find a Borel function ¢ : R — [0, 1] such that:

1. V2 € B (X ,ep, ¢(z,y) =1).
2. \V/y €B (erRy w(xay) < 1)

Now define ¢ € [[D]] by

Y(z,y) ifx € Bandye€ R,
1 if v € B,

0 otherwise.

o(z,y) =

e N e

It is clear that ¢ is a D-compression of E.

For the general case, partition X into countably many FE-invariant Borel sets

which fall into one of these categories, and paste the D-compressions together. -

Remark 5.8. In the invariant case, it is not difficult to modify the proof of Lemma
5.6 to show that whenever its hypotheses are satisfied, there is a compression of F.
This gives a new proof of Theorem 3.10, although it is essentially the same proof as

that of Nadkarni [61] in the hyperfinite case.

Next, we note that the results of Becker-Kechris (see [52]) on paradoxicality also
have analogs in the D-invariant setting. We say that E is D-paradoxical if there exist
a,b € B such that a +b = 1 and a = b =~ 1. We refer to such a pair a,b as a

D-paradozxical decomposition.



239

Theorem 5.9. Suppose that X is a Polish space, E is a countable Borel equivalence

relation on X, and D : E — R* is a Borel cocycle. Then the following are equivalent:
1. There is no D-invariant probability measure on X.
2. E 1s D-paradozical.

Proof. To see (2) = (1), simply note that a ~ b ~ 1 implies that both a and
b are complete sections for F, thus any injection of 1 into a or b is necessarily a
D-compression.

To see (1) = (2), suppose that ¢ € [D] is a D-compression of E, set

an = " [1 — 1],

put

(oo = lim " [1],

n—oo

and define
a = Z a9y, and b = ay, + Z 211

neN neN

It is clear that ¢ < b =< 1. We claim that 1 < a. To see this, fix a countable sequence
of Borel automorphisms f,, : X — X such that

Vn e N (E = | graph(fm)> :

m>n
put ¢, = ¢y, | ag, and observe that
vie X (z e (ea)](2) = oo) |
neN

Setting b, = 1 —3,,c,, thgp(pn) and ¥, = @ | by, it follows that Y, oy dom(e),) = 1
and rng(¢,,) < ag for each n € N, thus
m(@,y) = Y [¢" * (2, y)
neN

is an injection of 1 into a.

It only remains to note the following variant of the Schroder-Bernstein Theorem:
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Lemma 5.10. Suppose that X is a Polish space, E/ is a countable Borel equivalence

relation on X, D : E — R* is a Borel cocycle, a,b € B are Borel, and a < b < a.

Then a =~ b.

Proof. Fix injections ¢ and ¢ in [[D]] of a into b and b into a. Set

an = (¢ * )"[a] = (¢ @)™ * Y[b]

and

b = (% )" x P[b] — (¢ * Sp)m_l[a]’

PUt Goo = D pen Ons Doo = Dopen bny and oo = lim,, o (¢ % )™, and define

T=p [ ax+¢" r(ba>+'cm0'

Now note that

and

g p ()

domp(m) = domp(p | e + " | (boo + Co0))
= Goo + boo + Coo

—_= a,’

rngD(@ raa3+‘¢ﬁ r(bm>+'Qm))
Y mgp(e [ an) + Y mgp(Y* | by) +rngp(cs)

neN neN

D o (Px@)a] — @ * (1 x @)™ * [b] +

neN

S (¢ @) w o] — U (% 0)" a] + 4" | Tim (v # )" [al]

neN

Y ()" s pla] — (@ )" bl + Y (9 )" [b] — (0% )" * pla] +

neN neN
lim (¢ * ¥)" * p[a]

n—oo

b.

It follows that a ~ b. =
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Remark 5.11. As in the invariant case, it is not hard to modify the above proof to
show that the D-compressibility of E is equivalent to the existence of a partition of

unity into fractional Borel sets b,, € B such that Ym,n € N (b,, = b,).

Suppose f: X — X is Borel. A probability measure p on X is f-invariant if
VB C X Borel (u(f~'(B)) = u(B)).

When f is injective, the invariance of ;1 with respect to f is equivalent to the invariance
of p with respect to the corresponding orbit equivalence relation. This is false for
many-to-one functions, however. As an application of Theorem 5.2, we will now

answer the following:

Question 5.12 (Nadkarni). Suppose that X is a Polish space and f : X — X
15 a countable-to-one Borel function. Is there a version of compressibility which is

equivalent to the existence of an f-invariant probability measure?

The first step towards answering this question is to give an equivalent version of

invariance in terms of cocycles. The tail equivalence relation associated with f is

2B (f)y < Im,n e N (f"(z) = ["(y)).

Proposition 5.13. Suppose X is a Polish space, f : X — X is a countable-to-1
Borel automorphism, D : E(f) — RT is a Borel cocycle, and p is a D-invariant

probability measure on X. Then
p is f-invariant < Vix € X < > D(y,z)= 1> :
fy)=z

Proof. Fix a partition of X into Borel sets X,,, and note that for B C X Borel,
p(f7H(B) = Y u(fT(B)NX,)
= > [ D)) dula)

neN nf(Xn)

= [ ¥ D(y.2) du(x).

B fy)==
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It follows that if 3=, D(y,z) = 1 for p-almost every x € X, then y is f-invariant.

Conversely, if p is f-invariant then for all Borel sets B C X,
[ Vdu(a) = u(B) = (5 (B) = [ ¥ Dy, dpa).
fly)=
thus 3= ¢(,—, D(y,z) = 1 for p-almost all x € X.

Accordingly, we say that a cocycle D : Ey(f) — R* is f-invariant if

> D(y,z)=

y€[z]lE

for all x € X. Of course, when f is injective this information alone completely

determines D. In the many-to-1 case, this puts a serious limitation on the sorts of

cocycles which can appear, but certainly does not fully determine them. In particular,

f-invariance has nothing to say about the restriction of the cocycle to the smooth

equivalence relation associated with f, which is given by

rE(fly < f(x) = f(y).

In some sense, however, this is the only missing information:

Proposition 5.14. Suppose that X is a Polish space, f : X — X s a Borel auto-

morphism, and D : Es(f) — RT is a Borel cocycle. Then there is at most one way

of extending D to an f-invariant cocycle.

Proof. Suppose that D’ : E;(f) — R* is such an extension. Then

thus
D'z, f(x)) = D(x, []g,5)) D' ([2]5,(5): f(2)) = D(@, [¥]B,(5))-

It follows that

D'(x, f™(x)) = [[ D'(f'(x), [ (2)) = [T D(f' (@), [f'(@)]e.cr)-

<m <m



Now suppose zF;(f)y, find m,n € N such that f™(x)

D'(z,y) = D'(iv,fm(ff))D

= [I D(f'(@).

<m

thus D’ is completely determined by D.

j<n

Finally, we are ready to answer Nadkarni’s question:

= f™(y), and note that
'(fm(ff),f"( ND'(f"(y),y)
' )/ T D (@), [F ()] man)-
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Theorem 5.15. Suppose X is a Polish space and f : X — X is an aperiodic Rg-to-1

Borel function. Then exactly one of the following holds:

1. There is an f-invariant probability measure on X.

2. For every Borel set B C X with f(B) = B and every Borel cocycle D :
E,(f|B) — R* which has an f|B-invariant extension D' :
there is a D'-compression of Ey(f|B).

E(f|B) — RY,

Proof. To see (1) = —(2), suppose that p is an f-invariant probability measure

on X. By Proposition 2.1, there is a conull Borel E(f)-complete section A C X such

that u|A is Ey(f)|A-quasi-invariant. As f~!

(AN f(A) = p(f

thus

p([AN f(A)]Ep)

Similarly, as u(A\ f71HA)) < u(f~H(f(A)

P AN Algp)

HANf(4) =

pAN F( )]z N A)
p(AN F(A)]Ei(1)14)
0.

A)) =0, it follows that

\
p([FHF (AN De)
p(([Aln) \ FH (A san)
(AN 1 (A s)
(AN 1 (A)]s N A)
(AN 1 A)]zp1a)

W

[
[
[
([
[

1

e

(A\ f(A)NA=0, it follows that
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Hence, there is a conull E;(f)-invariant Borel set A" C X such that ANA" = f(A)NA'.
Setting B = AN A’, it follows that B = f(B). Letting D' : Ei(f|B) — RT be the
cocycle associated with p|B, it follows that E;(f|B) is not D’-compressible.

To see =(2) = (1), suppose that B C X is a conull Borel E;(f)-complete section,
f(B) = B, D : Ey(f|B) — R is an f-invariant Borel cocycle, and E;(f|B) is not
D-compressible. By Theorem 5.2, there is a D-invariant probability measure p. It

follows that A — u(A N B) is an f-invariant probability measure. =

We will close this section by showing that whenever E is D-aperiodic, there is a
D-negligible F-invariant comeager Borel set C' C X. This generalizes a theorem of
Wright [80], who proved the special case when X is a perfect Polish space, D = 1,

and F is generated by a countable group of homeomorphisms with a dense orbit.

Theorem 5.16 (Kechris-Miller). Suppose X is a Polish space, E is a countable
Borel equivalence relation on X, D : E — R* is a Borel cocycle, and E is D-aperiodic.
Then there is an invariant comeager Borel set C C X and a smooth D-aperiodic Borel
subequivalence relation of E|C. In particular, E|C admits no D-invariant probability

measures.

Proof. Fix a decreasing, vanishing sequence of Borel sets A, € X which are
complete sections for E. Recursively define Borel functions k, : X — N by setting
ko(xz) = 0 and

knii(x) = min{k € N: Ay N [z]g C Ap, @) N[z]6}-
It is clear that the sets

B,={reX:z¢c Akn(x) \Akn+1(9€)}‘

are complete sections for £ which partition X. By neglecting an F-invariant Borel set
on which F is D-periodic and thus smooth, we may assume each F|B,, is D-aperiodic.

Let ¢ : [E]<* — N be the Borel Xy-coloring of the graph G from the proof
of Proposition 3.1. For a € NV, recursively define an increasing sequence of fsr's

F? C E by setting F§' = A|By, and putting 2 F, ,y if either 2 F'y or

35 € [E]*™ (c(S) =nand z,y € S and 3z € ByIT C C,, (S = [2]p UT)),



245

where C,, = (ByU---U B,) \ dom(FZ). Setting F% = U,y £, we claim that
V'a € N'W*z € X (|[2]pe |, = 00). (1)
Granting this, it follows that there exists o € NV such that
B={zeX: || = oo}
is comeager. Set C' = [B]g, fix Borel automorphisms f,, : X — X such that

fy=id and E = | graph(f,).

neN

let n(z) be the least natural number such that f,)(x) € B, and define F' C E|C by

.Z'Fy - fn(m)F;fn(y)

As By is a transversal of F, it follows that F' is smooth and D-aperiodic.

It remains to prove (1). It is enough to show that
Vo € XV'a € NV (|[z]pe |, = 00),
by the Kuratowski-Ulam Theorem (see Theorem 8.41 of Kechris [51]). Noting that

{0 €N [zl e = oo} = () o € N [falg >

and that the latter sets are clearly open, it suffices to show that each
{a €N |[alegl. > n)

is dense. So suppose that .4, is a basic neighborhood of N with = € Un<s) Bn-
Defining F?

3 as before, it follows that we can find S € [E]<>, containing z, which is

the union of a single F}j-class with a set 7' C Bjy41 \ dom(£5)) such that [T'], > n.
Letting s" = s7(c(.9)), it follows that

Va € Ny (|[z]re |s > n),

which completes the proof. -
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6 Ends of Graphs

Suppose that X is a Polish space and E is a countable Borel equivalence relation
on X. A graphing of E is a Borel graph ¢4 C X? whose connected components are
exactly the equivalence classes of E. Strengthening results of Adams [1] and Paulin
[65] in the measure-theoretic context, here we will examine what sort of information
about E can be extracted from certain features of ¢.

A path through ¢ is a sequence (xg,1,...,x,) of distinct vertices of ¢, with
(xi,xi11) € ¢ for all i < n. A ray through ¢ is an infinite sequence « of distinct
vertices of ¢, with (v, any1) € ¢ for all n. Two rays a, 3 are end-equivalent if
for any finite set S of vertices of ¢, there is a ¢-path from a to § which avoids S.
Equivalently, a and ( are end-equivalent if there are infinitely many paths from «
to B, no two of which have any intermediate vertices in common. The ends of ¢ are

simply the end equivalence-classes of ¢ .

Figure 3.1: «, [ are end-equivalent if there is an infinite ladder of paths between
them.

If (7,x) is a rooted tree, then the ends of (.7, x) can be identified with the
branches of (.7, z). To see this, simply note that every end-class contains some ray
beginning at x, this ray is necessarily a branch of (7, z), and any two such branches
which are end-equivalent are identical.

When ¥ is connected, there is a more substantial sense in which the ends of a
graph generalize the branches of a tree. For each ray x through ¢ and finite vertex
set S, let Ag" be the set of ends of ¢ which contain a ray who is connected to z via a

¢-path which avoids S. It is straightforward to check that the topology 7 generated
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by the #¢"’s is a zero-dimensional, Hausdorff topology on the ends of ¢. Moreover, if
¢ is countable then 7 is second countable, and if ¢ is locally finite then 7 is compact.

One might refer to the ends that we have defined above as combinatorial ends.
There is also a topological notion of an end which is in some sense more natural. For
locally finite graphs, the two notions do not differ. On the other hand, most of the
theorems we shall consider fail for relatively uninteresting reasons if we substitute
topological ends for combinatorial ends. The reader is encouraged to look to Diestel-
Kiihn [22] for more on this distinction.

Now suppose that ¢ is a Borel graph on a standard Borel space X. We use [¢]>
to denote the standard Borel space of rays through ¢, and we use &% to denote the
end-equivalence relation on [4]>°. Although we will prove a variety of stronger results,

the primary information we wish to get across is summarized in Figure 3.2.

Feature of each component of ¢ Information about F
Locally finite and exactly 1 end Aperiodic
Exactly 2 ends Hyperfinite
At least 3 ends, but only finitely many Smooth
At least 3 ends, but fewer than perfectly many Compressible

Figure 3.2: Features of ¢4 which determine information about Fg.

Theorem 6.1. Suppose that X is a Polish space and E is a countable Borel equiva-
lence relation on X. Then there is a locally finite Borel graphing of E whose compo-

nents each have exactly 1 end.

Proof. We begin with the case that E is compressible. By Jackson-Kechris-
Louveau [48], we can find a locally finite graphing s# of E. Define a graphing ¢ of
E x I(N) by putting ((z,m), (y,n)) € ¢ in case

((x,y) € # and m=n) or (xt =y and m =n £ 1).

Clearly ¢ is locally finite. We will show that every component of ¢ has exactly
one end. Suppose that C' is an equivalence-class of £ x I(N), ((x;,m;)), ((yi, ni))
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are rays of 4|C, and S is a finite subset of C. Fix i € N sufficiently large that
(x5, m), (y;,n) ¢ S for all m > m; and n > n;, and fix £ > m;, n; such that

V(z,k) € S (k< ?).

It is clear that the “vertical” ¢-path from (z;, m;) to (z,¢) and the “vertical” ¢-path
from (y;,n;) to (y;,¢) avoids S, as does any “horizontal” path from (z,£) to (y,{),
thus there is a path from (z;,m;) to (y;, n;) which avoids S.

For the general case, we employ a similar idea. By Jackson-Kechris-Louveau [48],
we can partition X into complete sections B,, C X for E. Let n(x) be the unique
natural number such that x € B, and note that by Jackson-Kechris-Louveau [48],
we can find locally finite graphings ¢, of E|B,,. By Theorem 18.10 of Kechris [51], we
can find a Borel function ¢ : X — X such that n(p(z)) = n(z) + 1. By removing an
E-invariant Borel set on which E is compressible, we may assume that ¢ is finite-to-1.

Now define a graphing ¢ of E by
G ={(z,y) EE:p(x) =y orp(y) =z or In €N ((z,y) €%,)}.

Clearly ¢ is locally finite. Again, we will show that every component of ¢ has exactly
one end. Suppose that C'is an equivalence-class of E, (@i, m));cn s (¥is 1)) ;e are

rays of 4|C, and S C C'is finite. Fix ¢ € N sufficiently large that

Vn e N (¢"(x;), " () € 5),

and fix ¢ > n(z;),n(y;) sufficiently large that
Vze S (n(z) < ).

Clearly the path along ¢ from z; to B, avoids S, as does the path along ¢ from y; to
By. As the corresponding elements of B, are ¢,-connected via a path which avoids S,

it follows that there is a path from z; to y; which avoids S. -

Remark 6.2. As noted by Adams [1], the situation is much different for treeings 7
with 1 end. This is because the function f which sends z to its unique .7 -neighbor
in the direction of the end is a Borel function which induces .7, thus E = E;(f) must
be hyperfinite by Jackson-Kechris-Louveau [48].
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Next we turn to the case of 2 ends:

Theorem 6.3. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, ¢ is a Borel graphing of E, and B C [4]*° is an &y-invariant Borel
set consisting of exactly 2 end-classes of every component of 4. Then there is a Borel
E-complete section B C X and a Borel forest £ C 4|B whose restriction to each

class of E is a segment, a ray, or a line. In particular, E is hyperfinite.

Proof. A set S € [E]|<* disconnects $-ends if there are rays a, f € 2 through
“|[S]E which are not connected by a ¢-path that avoids S. Let F' C E be a maximal
fsr whose classes are ¢-connected and disconnect #-ends. The main observation is
that, for each E-class C, there is a canonical way of picking out a tree 7 C ¢|C of
vertex degree < 2, which passes through each (F'|C)-class exactly once. To see this,
we must first establish several facts regarding the manner in which the classes of F'|C
sit within ¢|C.

For S € [E]=*°, define

gS:{<x7y) Eg|05$,y¢8},

and put Bs = BN [Ys|C]>.

Yo Y

Figure 3.3: If «a, § are ¥s-connected, then so too are o/, 3.

Lemma 6.4. Each S € C/F disconnects every pair of end-inequivalent rays of Bs.

Proof. Fix end-inequivalent rays «, 3 € g and suppose, towards a contradiction,
that there is a s-path 7 from a to 5. Fix (¢|C)-rays o’ € [a]g,, 5 € [8]s, which are

disconnected by S, and note that by removing initial segments, we may assume that
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o/, 3 are rays through ¥s. Let v, be a ¥s-path from o' to o whose terminal point is
the initial point of 7, and let v5 be a ¥s-path from 3 to " whose initial point is the

terminal point of . Then 7,773 is a ¥s-path from o to ', a contradiction. 4

Yo VB

Figure 3.4: If S is not ¥s-connected to « or 3, it cannot disconnect them.

Lemma 6.5. If S, S’ are distinct classes of F|C, then S’ is 9g-connected to a ray
though Ys.

Proof. Fix end-inequivalent rays a,3 € s, let 7, be a ¥-path of minimal
length from a to S, let 3 be a ¥-path of minimal length from S to 3, and let v be a
(4 \ 9s)-path from the terminal point of v, to the initial point of 5. Then v,77s is
a Yg-path from « to 5. Together with Lemma 6.4, this contradicts the fact that S’

disconnects ends. 4

Lemma 6.6. Suppose that S, S’,S" are distinct classes of F|C, and S" is Gs-connected
to S”. After reversing the roles of S, S" if necessary, every 4-path from S to S’ goes
through S”.

Proof. Let «, § be end-inequivalent rays of #gusus. Combining our last obser-
vation with the fact that S’, S” are ¥s-connected, it follows that, after reversing the
roles of «, (3 if necessary, we may assume that S’, S” are both ¥s-connected to (.

Let 73,5 be a path of minimal length from 3 to S” U S”, noting that by reversing
the roles of ', 5" if necessary, we may assume that v ¢ avoids S”. Now suppose,
towards a contradiction, that there is a path yg ¢ from S’ to S which avoids S”. Let

Vs« be a ¥-path of minimal length from S to a, let 5 be a (¢ \ ¥s)-path from the
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V51,5 78" Vg5t

&)

Figure 3.5: If vg ¢ avoids S”, then «, § are ¥s/-connected.

terminal point of yg g to the initial point of vg,, and let v¢ be a (¢ \ %5 )-path from
the terminal point of 75 ¢ to the initial point of v¢ s. Then v5 9vsvs 5V5Vs,a 15 @

“sn-path from [ to «, contradicting Lemma 6.4. =

Now let d be the graph metric on ¢|C, let .% be the set of classes of F'|C, and let
Jc be the set of all distinct pairs (S,S’) € %2 such that

vs" e F (5',5" are Ys-connected = d(S,S") < d(S,S5")).
Lemma 6.7. 7¢ is a tree whose vertices are all of degree < 2.

Proof. By our previous observations, it suffices to show that 7 is symmetric and
contains no cycles. To see that J¢ is symmetric, suppose that (S,S") € ¢, and find
S" € F such that S’, S” are 9s-connected and d(S, S”) < d(S,S"). Then S, S” are Y-
connected and every ¥-path from S’ to S goes through S”, thus d(5’, ") < d(5',S),

o(5,S) ¢ Tt.

Now suppose, towards a contradiction, that there is a Jg-cycle (S5;),_,, of length
n > 3. Put S =U,., S, let a, B be end-inequivalent rays in Ag, let v, be a ¥-path
of minimal length from « to S, let v3 be a ¢-path of minimal length from S to f,
and find S,, in our J-cycle which avoids 7,,73. Then there is a ¢-path ~ from the
terminal point of 7, to the initial point of v3, and it follows that 7,773 is a ¥, -path

from « to (3, contradicting the fact that 5, disconnects «, 3. .
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Ve ~ VB

Figure 3.6: Not all elements of a .Zo-cycle can disconnect «, 3.

Finally we are ready to build the desired forest. Set 7 = Iz C ([E]<*°)?, noting
that .7 is a Borel forest. Now associate, in a Borel manner, with each (S,S5") €  a
¢-path g ¢ of minimal length connecting S, S” such that vg s = v¢.5. Also associate,
in a Borel manner, with each F-class S a (¢ \ 9s)-path g which connects g s/, vs.57,
where S’ S” are the Z-neighbors of S (if S does not have two Z-neighbors, let
vs = 0). Setting

L ={(z,y) € £:3(5,5") € 7 ((x,y) occurs in s or vs.s)},

it easily follows that .Z is a Borel subgraph of ¢|dom (%) whose restriction to any

class of F is a tree of vertex degree < 2. -

Remark 6.8. Lemma 3.19 of Jackson-Kechris-Louveau [48] provides a sort of con-
verse for Theorem 6.3. It implies that under (CH), if £ is hyperfinite, then there is a
universally measurable &y-invariant set Z C [¢]|* which consists of 1 or 2 end-classes
of almost every component of ¢. In fact, this is true for graphings as well. This follows
from the simple fact that every Borel graphing of a hyperfinite equivalence relation

has a spanning Borel subforest.
Remark 6.8 leads to the following question:

Question 6.9. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, and every Borel graphing of E has a spanning Borel subforest. Must

E be hyperfinite?

Here we simply note the following related fact:
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Proposition 6.10 (Kechris-Miller). Suppose X is a Polish space, E is a countable
Borel equivalence relation on X, 94 is a Borel graphing of E, and n € N. Then there
1s a spanning Borel subgraphing 7€ C 9 which has no cycles of length < n.

Proof. Let degy(z) denote the vertex degree of x. We say that ¢ is bounded if

sup degy (z) < 0.
rzeX

Lemma 6.11. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, ¢ is a bounded Borel graphing of E, n € N, and 2 C ¥ 1is a
Borel graph with no cycles of length < n. Then there is a spanning Borel graph
0 C A C 4G which has no cycles of length < n.

Proof. Define 2" C [E]<* by
2 ={S € [E]~>: S is a D-cycle of length < n},
and define a graph & on 2" by
(S, T)e® < (S#T and SNT #0).

As ¢ is bounded, so too is &. It follows from Proposition 4.6 of Kechris-Solecki-
Todorcevic [56] that for m € N sufficiently large, there is a Borel coloring ¢ : 2~ —
{0,...,m} of &.

Put 4% =¥, and given ¢4, C --- C %, set

2 =4S € Z :¢(5) =k and S is an ¥-cycle}.

Fix a Borel assignment S — (zg,ys) € (% \ )|S of edges to be cut from S € 2,

and set
Gir1 =% \ U {(zs,ys), (ys, zs)}-
SeZx
Clearly " = ¥, 1 is the desired subgraph of ¢. .

By Feldman-Moore [36], there is an increasing, exhaustive sequence of bounded

Borel graphings %, C ¢. Put % = (), and given a graph %, C %, with no cycles of
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length < n, apply Lemma 6.11 to find a spanning Borel subgraph ¢, C J4..1 C %
with no cycles of length < n. It is clear that J# = U,y 74 is as desired. -

Next, we turn to graphs with more ends:

Theorem 6.12. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, 9 is a Borel graphing of E, and # C [4]>° is an &y-invariant Borel
set consisting of at least three but only finitely many ends from every component of

&. Then E s smooth.

Proof. A ¢-connected set S € [E]<*® is a HAB-isolator if no ray o € Z through
9|[S)k is Ys-connected to another ray in # with which it is not end-equivalent. Let
F C E be a maximal fsr whose classes are ¢-connected %-isolators. It follows from
the maximality of F' and the fact that Z4 contains a non-zero, finite number of ends of
each component of ¢ that every F-class contains an F-class. As no two disjoint finite
subsets of an F-class can both be %-isolators, it follows that every F-class contains

exactly one F-class, thus F is smooth. -

Remark 6.13. Theorem 6.12 was noted independently by Blanc [15].

Given a Borel cocycle D : E — R*, a D-ray of ¢ is simply a D-infinite ray of .
We use [¢]% to denote the standard Borel space of D-rays through 4. The D-ends

of & are simply the equivalence classes of &y|[¥4]%.

Theorem 6.14. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, 4 is a Borel graphing of E, D : E — R™" is a Borel cocycle, and A is
an &g-invariant Borel subset of [9]>°. Then off of a D-negligible E-invariant Borel

set, B contains 0,1,2, or perfectly many D-ends of every connected component of 4.

Proof. It is enough to show that if 4 contains at least three D-ends and at least
one isolated D-end of every component of 4, then X is D-negligible. In fact, we
will show that there is a Borel E-complete section B C X and a smooth D-aperiodic
subequivalence relation of E|B. This easily implies that X is D-negligible.

Let FF C E be a maximal fsr whose classes are %-isolators. As before, if C' is an

E-class, then no two F-classes Sy, S1 C C' can isolate the same end of 4. Moreover, if
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we associate with each F-class S a D-ray ag € % which it isolates from %, as well as
the s-connected component Xg of ag, then it follows that Sy # S; = ag, Nag, = 0.
Setting B = U,cdom(r) X[z} and defining F' C E by

tF'y & 3z € dom(F) (z,y € Xpa,),

it follows that F’ is a smooth D-aperiodic subequivalence relation of E|B. N

A set B C X is dense in the D-ends of ¢ if for every finite set S C X, B intersects
every D-infinite connected component of ¥s. The following fact can be viewed as a

generalization of the Poincaré recurrence lemma:

Theorem 6.15. Suppose that X is a Polish space, E is a countable Borel equivalence
relation on X, 4 is a Borel graphing of E, D : E — R is a Borel cocycle, and B is
a Borel complete section for E. Then off of a D-negligible E-invariant Borel set, B
is dense in the D-ends of 4.

Proof. A %-connected set S € [E]<* is a B-isolator if there is a D-infinite
connected component of ¢¥s which is disjoint from B. It is enough to show that if
every F-class contains a B-isolator, then X is D-negligible. In fact, we will show that
there is a Borel E-complete section A C X and a smooth D-aperiodic subequivalence
relation of F|B. This easily implies that X is D-negligible.

Let FF C E be a maximal fsr whose classes are B-isolators, and associate with

each x € dom(F) the set
I, ={y € [z]p : [y]g,,, is D-infinite and disjoint from B}.

Although it need not be the case that I, NI, = () when x,y are F-inequivalent, the

following two lemmas essentially allow us to proceed as if this were the case:
Lemma 6.16. If I, NI, # 0, then either I, C I, or I, C I,.

Proof. Of course, we may assume that z,y are F-inequivalent. Fix z € I, NI,
and let v be a ¥-path of minimal length from z to [z|r U [y]r. By reversing the
roles of x,y is necessary, we may assume that v avoids [z]r, and therefore that y is

Ylu)p-connected to z. It then follows that I, C [z]g, C I, .
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Lemma 6.17. For each x € dom(F)), there exists y € dom(F') such that
I, C I, andVz € dom(F) (I,NI, #0 =1, C I,).

Proof. Suppose, towards a contradiction, that the lemma fails. It then follows

from Lemma 6.16 that there exists zg, x1, ... € [z]g such that

L, CLyGClL, G .

o -=

Fix w € [z]p N B and let v be a ¢-path of minimal length from w to the set

I=\ L,

neN

Fix n € N sufficiently large that ~ avoids [z,]p. It then follows that w is ¥, -

connected to an element of I, , a contradiction. s

It now follows that the set
Y ={y edom(F): Ve € dom(F) (I,NI, #0=1,CI,)}
is an E-complete section. Set A = U,cy I, and define I’ on A by
tF'z < 3y eY (x,z € I, and z, z are 4,-connected).

It is clear that F” is a smooth D-aperiodic subequivalence relation of E|A. .
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e-approximating for f, 214
3%, 124

A, 8

B, 223

V*, 26

Ve, 14, 119
graph(f), 168
k-chain condition, 12
k-coloring, 127
k-complete, 10
r-full, 76

<, 223

<o, 119

<p, 202

<y, 117

|S]., 200
us(B), 212, 221
@, 134

ORD, 39

z, 37

266



o % 1, 224
w b, 224

© holds D-almost everywhere, 201

wl[bl, 224

p*, 224

m-complete section, 23
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m-invariant, 10
m-saturation, 23
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i, 141
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average displacement, 31
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Borel, 168, 179
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Borel lifting, 168
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bounded displacement, 31
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Chacén automorphism, 41
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coloring, 127
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complete, 10

complete section, 171, 186
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complete section for Ef, 26
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compression, 186

compression of F, 211

conjugate, 29, 70

countable chain condition, 12
countably generated over E;, 164
covering, 42

cycle notation, 21
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dense in <7, 10

dense in the D-ends of ¢, 255
density of S within B, 212
derivatives, 195

descriptive Kakutani equivalent, 135
directable, 141, 145

discretely o-closed, 106
discretely converges to m, 105
disjoint, 10

distance between 7, ¢, 83
distance from 7w to A, 83
distance from x to B, 133
domain of ¢, 224

doubly 7w-recurrent, 25
doubly recurrent, 133

doubly recurrent for f, 113
downward firing paths, 40

embedding, 139

ends of graphs, 189
ergodic, 171

eventually periodic, 128



exact period n, 54
exact period n part of m, 24

extends, 175

finite subequivalence relation, 205
fixed-point free, 19

forest of lines, 141

fractional Borel subsets of X, 223
fractional full semigroup of D, 224
fsr, 205

full domain, 225

full group, ii, 22, 48, 185

full group of T, 1

full group of F, 1, 91, 170, 197
full range, 225

full semigroup of I', 77, 82

full semigroup of F, 186, 211

generates I, 198

generically uncountable, 28

graph, 168

graph associated with f: X — X, 127

has a support, 8
height, 44

height of (T, <), 38
height of t € T', 38
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image of b under ¢, 224
induced automorphism, 48
induced automorphism of 2A,, 65

induced automorphism of A, 113
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Kakutani equivalent, 139, 161
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local A-witness to the I'-periodicity of
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local director, 145

marriage problem, 153

mass of S relative to z, 200
maximal m-discrete section, 10
maximal discrete section, 8
measure algebra, 46

measure on X, 190

non-crossing, 42

normalizer of [E], 170
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nowhere recurrent, 124

odometer, 36, 120, 204

orbit, 26

orbit equivalence relation, 26, 91, 170,
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outer arc, 42

outer measure, 228

paradoxical, 85, 186

partial ['-transversal, 49

partial m-transversal, 23

partial transversal, 133

partial transversal for Ff, 26
partial transversals of Ey/F;, 164
period n part of ¢, 68, 98
periodic, 24, 51

pre-ordering induced by D, 202
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principal ideal induced by a € A, 8
probability algebra, 108
probability measure on X, 191
projection, 126

purely atomic, 12

quasi-ordering induced by f, 117
quotient Borel structure on [T, X;/F;,
168

range of ¢, 224

recurrent, 145

recurrent part, 124

reduction, 117

remainder when [ is divided by n, 34
restriction of ¢ to b, 224

rightmost piece of a, 25

semi-finite, 46
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separating family for A, 12

shift, 122

simultaneously ®,-satisfying, 208
smooth, 24, 50, 119, 146, 163
smooth equivalence relation, 242
Stone space, 17

strict period n, 53

strong triangle inequality, 192
strongly k-Bergman, 82

strongly Bergman, 82

strongly nowhere recurrent, 124
support of m, 8

support of 7, 17

support of f, 169

tail equivalence relation, 117, 241
tight, 193

trajectory equivalent, 137
transversal, 119

transversal of EX, 26

tree, 38

ultrametric, 192

undirectable, 114

uniform topology on Aut(#), 109
uniform topology on Aut(2l), 108
unilateral shift, 14

Vershik automorphism, 40

weak Bergman property, 78
weakly wandering, 211
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